e @sncc .
UMR 6285

§ Gg{t@ ENST2

Capture Basin Characterization for Frugal Extremum Seeking
Cyclic Navigation using Set Methods

Quentin Brateau

ECC2026, Reykjavik, Iceland
July 07, 2026

ENSTA, 2 rue Francois Verny, 29200 Brest, France



https://www.defense.gouv.fr/aid
https://www.gdr-robotique.org/
https://www.ensta-bretagne.fr/fr/
https://labsticc.fr/fr
https://www.ensta-bretagne.fr/robex/

Introduction



'e:‘: IKEN OVATION
gy sioves

General Introduction

Context: Navigation in GNSS-denied environments
- In many scenarios, such as underwater or indoor environments, GNSS

signals are not available.
- This requires the development of new control strategies for

autonomous robots.
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Context: Navigation in GNSS-denied environments

- In many scenarios, such as underwater or indoor environments, GNSS
signals are not available.

- This requires the development of new control strategies for
autonomous robots.

Objective: Navigation without localization

- The goal is to design control laws that enable a robot to navigate
without knowing its precise location.

- This approach focuses on cyclic behaviors and a stabilization of the
robot’ based on sensor measurements.
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Paradigm

- Set-based methods work with sets of values guaranteed to contain the
true state, rather than single point estimates.

- Uncertainties from models and sensors are represented as bounded
sets, like intervals or boxes.
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Paradigm

- Set-based methods work with sets of values guaranteed to contain the
true state, rather than single point estimates.

- Uncertainties from models and sensors are represented as bounded
sets, like intervals or boxes.

Advantages

- Guaranteed results: Provides
robust and verified enclosures.

- Weak noise assumptions: Only
requires noise to be bounded,
no need for statistical
distribution.
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Conservatism: The wrapping
effect can lead to pessimistic
(large) sets over time.

Complexity: Can be
computationally expensive for
high-dimensional systems.
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Formalism

Consider a dynamical system described
by the following equations:

x = f(x, u) ) =
y=9(x) °

Objective 7

- Converge towards the extremum of
the output function g(x).

Figure 1: Navigating following a
- Achieve this with minimal sensing cyclic path
and actuation capabilities.
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Unicycle Model

.
The robot of state x = [x y 6‘] is
following the equations of a unicycle

model:
=
X = Uq - cos(0) °
X=qV=u-sin(f) (2) i
6 =u, s
“‘~.~ X 0

Navigating through a cyclic path
Figure 2: Illustration of the

unicycle model
o {Uq - {VO} N y
uy wo
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ra

INNOVATION
DEFENSE

Discretization

A measurement is taken every Ts
seconds

Ve=9g(x(to+k-Ts)) with ReIN (4)

Q. Brateau, Lab-STICC, ENSTA, France

Figure 3
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Zero Order Hold Control
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Uq Vo “\._.-"“:'
U = = (5) V3. &
{Uz} wo + Kp - (v — ka)} ”
x 4

Figure 4: Taking measurements
along the cycle
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Figure 5: Experimental platform used for the navigation method
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Figure 6: Simulation of the navigation method

Q. Brateau, Lab-STICC, ENSTA, France



nsi 1 ra INNOVATION
|ndIVIdual TrlalS '_ ig{‘ DEFENSE

LAB

Figure 7: First Trial of the navigation method
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Figure 7: Second Trial of the navigation method
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Figure 7: Third Trial of the navigation method
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Figure 8: Experimental trials of the navigation method
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Figure 8: Experimental trials of the navigation method
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Figure 9: Experimental results of the navigation method
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Coordinates of the center

Center Coordinates

P
The center coordinates of the cyclic path °
are given by:
Xp + e . cos(f T
o= [F et an ) g >
yk+@ -sm(9k+wh-TS) 9

Figure 10: Illustration of the
center coordinates
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Coordinates of the center

Center Coordinates

P
The center coordinates of the cyclic path °
are given by:
o, 9V
Vi Co
c X + gt - cos(Bp + wp - Ts) (6) x_4
f Vi + - sin(Bp + wg - Ts) %

Figure 10: Illustration of the
center coordinates
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Coordinates of the center

Center Coordinates

The center coordinates of the cyclic path "
are given by:

Crp = Vi

Cy “#Y1
_ Xk + XTP; o Cos(gh + wy, - TS) (6) .-\_/.C() H
e+ gt sin(O + wp - Ts)

Figure 10: Illustration of the
center coordinates
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Coordinates of the center

Center Coordinates

The center coordinates of the cyclic path

are given by:
o Xp + XTP; -cos(Bg + wy - Ts) (6)
k yk+(\1‘/}f’;'5in(9k+wh'7’s)

Figure 10: Illustration of the
center coordinates
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Center Coordinates

The center coordinates of the cyclic path
are given by:

o Xk+L—i~cos(9h+w,?-Ts) (6)
k yk+(\1‘/}f’;'5in(9k+wh'7’s)

Figure 10: Illustration of the
center coordinates
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Figure 11: Propagation of uncertainties
through the navigation method
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Figure 11: Propagation of uncertainties
through the navigation method
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Figure 11: Propagation of uncertainties
through the navigation method
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Figure 11: Propagation of uncertainties
through the navigation method
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Adding uncertainties

The system can be modeled by the
differential inclusion:

Crt1 € P(Cp, Ug) + [W]
Y € u(cp) +[v],

S: @)

with [w] € W, and [v] e V
representing the uncertainties.

Figure 11: Propagation of uncertainties
through the navigation method
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Adding uncertainties
The system can be modeled by the
differential inclusion:
Chyq € P(Cp U w
S: R41 ¢(k f?)""[ ] (7)
Y € u(Cp) + [v],

with [w] € W, and [v] e V
representing the uncertainties.

Autonomous System Equation

c € (o 8
Figure 11: Propagation of uncertainties e € l](Cr) (®)
through the navigation method
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Positive Invariant Set

A Positively Invariant Set for a
dynamical system is a set IP such
that:

Py,
p(P)CP (9)

Figure 12: Construction of the
positive invariant set
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Positive Invariant Set

A Positively Invariant Set for a
dynamical system is a set IP such
that: Py

p(P)CP (9)

Construction of a Positively Invariant
Set

Py = initial set (10)
Py =P \(P*W (Pr) Figqrg 12.: Coqstruction of the
positive invariant set
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Positive Invariant Set

Positive Invariant Set

A Positively Invariant Set for a
dynamical system is a set IP such

that:
p(P)CP (9)

Construction of a Positively Invariant
Set

Py = initial set
{ ’ (10)

Ppy1 =Py \ @ '(IPy)
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Figure 12: Construction of the
positive invariant set
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Positive Invariant Set

A Positively Invariant Set for a
dynamical system is a set IP such

that: Py,
e(P) C P (9)

Construction of a Positively Invariant

- / ©(Pi) \ Py

Py = initial set (10)
Py =P \(P*W (Pr) Figqrg 12.: Coqstruction of the
positive invariant set
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Figure 12: Construction of the
positive invariant set
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Positive Invariant Set

A Positively Invariant Set for a Pri1
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Initial set

Py = [~ 7] x [0, 5] (11)

Range (m)

-2 0 2
Angle (rad)

Figure 13: Cartesian Plot Figure 14: Polar Plot

Q. Brateau, Lab-STICC, ENSTA, France



.. . . ra
Positive Invariant Set Computation S/ huwoarion

;at' DEFENSE
> LAB

Initial set

Py = [~ 7] x [0, 5] (11)

Range (m)

-2 0 2
Angle (rad)

Figure 13: Cartesian Plot Figure 14: Polar Plot

Q. Brateau, Lab-STICC, ENSTA, France



.. . . ra
Positive Invariant Set Computation S/ huwoarion

;at' DEFENSE
> LAB

Initial set

Py = [~ 7] x [0, 5] (11)

Range (m)

-2 0 2
Angle (rad)

Figure 13: Cartesian Plot Figure 14: Polar Plot

Q. Brateau, Lab-STICC, ENSTA, France



.. . . ra
Positive Invariant Set Computation S/ huwoarion

;at' DEFENSE
> LAB

Initial set

Py = [~ 7] x [0, 5] (11)

Range (m)

-2 0 2
Angle (rad)

Figure 13: Cartesian Plot Figure 14: Polar Plot

Q. Brateau, Lab-STICC, ENSTA, France



.. . . ra
Positive Invariant Set Computation S/ huwoarion

;B%‘ DEFENSE
> LAB

Initial set

Py = [~ 7] x [0, 5] (11)

Range (m)

-2 0 2
Angle (rad)

Figure 13: Cartesian Plot Figure 14: Polar Plot

Q. Brateau, Lab-STICC, ENSTA, France



.. . . ra
Positive Invariant Set Computation S/ huwoarion

;B%‘ DEFENSE
> LAB

Initial set

Py = [~ 7] x [0, 5] (11)

Range (m)

-2 0 2
Angle (rad)

Figure 13: Cartesian Plot Figure 14: Polar Plot

Q. Brateau, Lab-STICC, ENSTA, France



+1 1 (A INNOVATION
Positive Invariant Set 8 \g/ oérense

LAB

Positive Invariant set

The largest positive invariant set contained in P = [—7t, 7] x [0, 5] for our
dynamical system is:
P=0 (12)
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Initial set

Py = [—m, ] x [0,10] (13)

Range (m)

-2 0 2
Angle (rad)

Figure 15: Cartesian Plot Figure 16: Polar Plot
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Positive Invariant set

The largest positive invariant set contained in Py = [—7, 7z] x [0, 10] for
our dynamical system is:

P = [—m, 1] x [0, 6.8944] (14)
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Capture Basin
A Capture Basin B of order k associated with a positively invariant set IP is
a set such that:
JkeN, Bp,=f"o...of '(P) (15)
k
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Capture Basin
A Capture Basin B of order k associated with a positively invariant set IP is
a set such that:
JkeN, Bp,=f"o...of '(P) (15)
k

Construction of a Capture Basin

By = P
{ : (6)
Bpq =B U™ (By)
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Conclusion
- Development of frugal extremum-seeking controller for navigation
without localization.
- Validated method in both simulation and experimental trials.

- Stability of such navigation is proven using set methods.
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Conclusion
- Development of frugal extremum-seeking controller for navigation
without localization.
- Validated method in both simulation and experimental trials.

- Stability of such navigation is proven using set methods.

Outlook
- Try to compute the capture basin for more complex scenarios and on
real bathymetric data.
- Find strategies to explore the area and find the global extremum
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