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Abstract Graph repair, the transformation of a graph into a graph
satisfying some conditions, has recently been proposed as a means of
implementing model repair. Subsequently, the construction of termin-
ating graph repair programs has been investigated, under special con-
sideration of keeping the repaired graph as close to the input graph as
possible. ENFORCe is a system for ensuring correctness of graph pro-
grams. We describe the implementation of graph repair and its usage in
ENFORCe+, a system additionally facilitating graph repair.

1 Introduction

In model-driven engineering, models are required to be consistent wrt. a set of
constraints. During the modelling process, inconsistencies may arise which need
to be repaired. Since models can be represented as graph-like structures [BET12],
the idea of model repair via graph repair has been proposed [HS18,SLO19]. Here,
a model which needs to satisfy a constraint is represented as a graph. A graph
program then calculates a result graph, which satisfies the desired constraint.
Finally, the result graph represents the model which satisfies the desired con-
straint, i.e. the model has been successfully repaired by using graph repair (see
Figure 1).

Model M Model M ′ |= d

Graph G Graph G′ |= d

model repair

graph repair

Figure 1: Model repair via graph repair [HS18]

Graph repair deals with the following: Given a graph constraint, construct a
graph program that is applicable to every graph, such that the result graph
satisfies the constraint. This program is called repair program.
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Figure 2: Repair program construction

ENFORCe is a system to ensure formal correctness of graph programs [AHPZ06].
It implements many of the needed tools, such as graph conditions, graph pro-
grams, and those to verify correctness of graph programs. In this paper, we
extend ENFORCe by a component for graph repair [HS18,San20,HS20], calling
the result ENFORCe+ (see Figure 3), give an overview of the implemented repair
component and show some implementation details.

ENFORCe [AHPZ06]

graph conditions
graph programs
correctness

ENFORCe+ [this work]

graph repair

Figure 3: ENFORCe and ENFORCe+

The structure of the paper is as follows. In Section 2 we state results for graph
repair. In Section 3, we describe the tool ENFORCe+, while in Section 4 we
describe the implementation of graph repair in ENFORCe+, give some details on
its structure and implementation and show an example of its usage. An overview
of related concepts and implementations is given in Section 5. In Section 6, we
draw some conclusions and describe further work. In an Appendix, we collect
the the preliminaries on graph transformation and graph programs.

2 Graph repair

In this section, we recall the main results of graph repair as presented in [San20].
For the basic concepts, one may look in the paper [HS18]. Moreover, the basics
of graph transformation can be found in the Appendix.

Repair programs are graph programs constructed from a graph condition, that,
given any input morphism, yield a result morphism which satisfies the condition.

Definition 1 (repair programs). A program P is a repair program for a con-
straint d if, for all graphs G, ∃G ⇒P H and ∀G ⇒P H, H |= d. A program P
with interface A is a repair program for a condition ac over A, if, for all injective
morphisms g : A ↪→ G, ∃g ⇒P,i h and ∀g ⇒P,i h, h ◦ i |= ac.
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The application of a repair program to a graph yields a repaired graph.

A repair program is

1. stable, if it does nothing whenever the condition is already satisfied.

2. maximally preserving, if, informally, items are preserved whenever possible.
For a formal definition, see [SH19].

3. terminating, if the relation ⇒ is terminating.

Example 1 (repair program). Consider the constraint @a with a : ∅ ↪→ ◦
1
◦
2 ,

intuitively meaning that there is no real outgoing edge, i.e. an edge that is not a
loop. Then 〈 ◦1 ◦

2 ⇒ ◦
1
◦
2 〉
y is a repair program for @a. The repair program

works by removing an edge between two nodes as long as possible.

The construction of the repair programs is based on the construction for the basic
conditions ∃(A ↪→ C) and @(A ↪→ C). Given an inclusion morphism a : A ↪→ C,
we construct repairing sets Ra and Sa, respectively.

Lemma 1 (basic repair). For basic conditions, there are repair programs.

Construction 1. For d = ∃a (@a) with real inclusion a : A ↪→ C, i.e. A ⊂ C, the
repair programs are P∃a = try Ra (P@a = S ′a↓) with repairing sets Ra and Sa:

1. Ra =

{
〈b, B ⇒ C, ac∧ acB , a〉 | A

b
↪→ B ⊂ C

}
where ac = Shift(A ↪→ B, @a), acB =

∧
B⊂B′⊆C @B′,

2. Sa =

{
〈a,C ⇒ B, b〉 | A b

↪→ B ⊂ C and (∗)
}

where (*) if EC ⊃ EB then |VC | = |VB |, |EC | = |EB |+ 1 else
|VC | = |VB |+ 1,

and ′ is the dangling edges operator as described below.

For a rule set S, the set S ′ denotes that each node-deleting rule in it shall
be applied as in the SPO-approach, i.e. first to remove the dangling edges1, and
afterwards to apply the rule in the DPO-style. Note that this style of replacement
also can be described by a DPO-program.

Example 2 (basic repair). Consider the condition ∃a with a : ◦1 ↪→ ◦
1
◦ .

The repairing set for a is

Ra =

%1 = 〈x1, ◦1 ⇒ ◦
1
◦ ,@ ◦1 ◦ , a〉,

%2 = 〈x2, ◦1 ◦
2 ⇒ ◦

1
◦
2 ,@ ◦1 ◦ ◦

2 ∧ @ ◦1 ◦
2 , a〉


1 The dangling condition for a rule % = 〈L ←↩ K ↪→ R〉 and an injective morphism
g : L ↪→ G requires: ‘no edge in G− g(L) is incident to a node in g(L−K)’.
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where the interface morphisms are x1 = ◦1 ↪→ ◦
1 and x2 = ◦1 ↪→ ◦

1
◦
2 .

The first rule requires a node and connects it via an edge to another newly
created node, provided that there do not already exist two nodes. The second
rule requires two nodes and connects them with an edge, provided that there
does not already exist an edge between the nodes and provided that there does
not exist another node to which the image of node 1 is already connected to.
Thus try Ra is a repair program for ∃a.

Conditions are proper if they are composed of alternating quantifiers ending with
true or of the form ∃ (a,@ b) or @ b. A proper condition of the form ∀(a, c) and
∃ (a, c) that ends with true is universal and existential, respectively. A condition
of the form ∃ a (@ a) is positive (negative).

The condition ∀( ◦ ,∃ ◦ ) is proper since the quantifiers alternate and it ends

with true. The condition @ ◦ ◦ ∧∀( ◦1 ,∃( ◦1 ◦ , false)) is not proper since it
contains a conjunction. The right-most subcondition is also not proper since it
ends with false.

2.1 Repair programs for proper conditions

For proper conditions, repair programs can be constructed.

Theorem 1 (repair). There is a repair program for proper conditions.

Construction 2. For proper conditions d, the repair program Pd is constructed
inductively as follows.

1. For d = true, Pd = Skip.

2. For d = ∃a, Pd = try Ra.

3. For d = @a, Pd = S ′a↓.

4. For d = ∃(a, c), Pd = 〈P∃a; 〈Sel(a);Pc; Uns(a)〉〉2.

5. For d = ∀(a, c), Pd = 〈Sel(a,¬c);Pc; Uns(a)〉↓,

where c is a condition over C, Pc is a repair program for c with interface C, and
Ra and S ′a are as in Construction 1.

Remark 1. In very special cases, conditions are checked twice: for the condi-
tion d = ∀(o,∃ a), the repair program is Pd = 〈Sel(o,@ a); try Ra; Uns(o)〉↓.
The first rule in Ra is the rule with left-hand side A and application condition
2 For a morphism a : A ↪→ C, Sel(a, ac) = 〈a, idC , ac〉 and Uns(a) = 〈idC , a〉 denote
the rule for selection and unselection of selected elements, respectively, where idC

denotes the identity rule 〈C ←↩ C ↪→ C〉. We abbreviate Sel(a, true) as Sel(a).
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containing Shift(idA,@ a) ≡ @ a. Thus, the condition @ a is checked by Sel(o,@ a)
as well as in the application of the first rule in Ra. (Construction 2 can be modi-
fied in the way that, for d = ∀(o,∃ a), the subprogram P∃ a = try Ra is replaced
by the program P−∃ a = try R−a where R−a is obtained from Ra by replacing the
first rule by the rule without the application condition @ a.)

For a condition d = ∀(o, c) with c = ∃ (a, c′), the repair program is similar:
Pd = 〈Sel(o,¬c); try Ra; . . . ; Uns(o)〉↓. Then the condition ¬c = @ (a, c′) as
well as the application condition @ a of the first rule in Ra is checked. Since,
generally, @ (a, c′) 6=⇒ @ a, both conditions have to be checked.

We do not consider these simplifications further since they provide only insigni-
ficant runtime improvements.

Example 3.

1. Consider the constraint d = ∃ ◦ , intuitively meaning that there exists a
node. Since d is positive, by (2) of the construction, the corresponding repair
program is Pd = try 〈∅ ⇒ ◦ ,@ ◦ 〉. The program adds a node, provided that
there does not exist one, and does nothing otherwise.

2. Consider the constraint d = @ ◦ , intuitively meaning that there does not
exist a node. Since d is negative, by (3) of the construction, the corresponding
repair program is Pd = 〈 ◦ ⇒ ∅〉′↓. As long as possible, the program selects
a node, removes dangling edges attached to the node, and removes it.

3. Consider the constraint d = ∃( ◦ ,@ ◦ ). Since d is existential, i.e. of the

shape ∃(a, c), with morphism a : ∅ ↪→ ◦ and subcondition c = @ ◦ ↪→ ◦ ,
by (4) of the construction, the corresponding repair program is

Pd = 〈try 〈∅ ⇒ ◦ ,@ ◦ 〉; Sel( ◦ ); 〈 ◦ ⇒ ◦ 〉↓; Uns( ◦ )〉.

The program creates a node provided that there does not exist one, selects a
node, removes loops from the node as long as possible, and finally unselects
the node.

4. Consider the condition d = ∃( ◦1 ↪→ ◦
1
◦
2 ,∀( ◦1 ◦

2 ,∃ ◦1 ◦
2 )), intuitively

meaning that there exists another node apart from the image of 1, such that
for all real outgoing edges between 1 and 2, there exists a corresponding
opposite edge, i.e. an edge from 2 to 1. The corresponding repair program is

Pd = 〈try Ra; Sel(a); 〈Sel(b,@ ◦ ◦ ); try Rc; Uns(b)〉↓; Uns(a)〉,

with morphisms a : ◦1 ↪→ ◦
1
◦
2 , b : ◦1 ◦

2 ↪→ ◦
1
◦
2 , c : ◦1 ◦

2 ↪→ ◦
1
◦
2 , re-

pairing setsRa = 〈 ◦1 ⇒ ◦
1
◦ ,@ ◦1 ◦ 〉 andRc = 〈 ◦1 ◦

2 ⇒ ◦
1
◦
2 ,@ ◦1 ◦

2 〉.
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To create the repair program, first case (4) is applied for the outer nested
existential condition, then case (5) is applied for the universal condition,
followed by case (2) for the inner existential condition.

The repair program first creates another node apart from 1, provided that
there does not exist one, and selects two nodes. As long as possible, the
program proceeds with the selected nodes as follows: an edge between the
nodes is selected, provided that there is no opposite edge. The opposite edge
is created, provided that it does not exist, and the previously selected edge
is unselected. Finally, once every edge between the selected nodes has an
opposite edge, the two nodes are unselected, and the program terminates.

5. Consider the constraint d = ∀( ◦1 ,∃ ◦1 ◦ ), intuitively meaning that, for
each node, there exists a real outgoing edge. d is of the shape ∀(a, c) for the
morphism a : ∅ ↪→ ◦

1 and subcondition c = ∃ ◦1 ↪→ ◦
1
◦ , such that (5) of

the construction is applied. Thus, the general shape of the repair program
for d is Pd = 〈Sel(a,¬c);Pc; Uns(a)〉↓. The subcondition c is of the shape
∃b with the morphism b : ◦1 ↪→ ◦

1
◦ , such that (2) of the construction is

applied and thus Pc = try Rb, where Rb is the repairing set constructed in
Example 2.

The repair program selects a node without a real outgoing edge, e.g. the
third node from left (see below), applies the rule, and unselects the selected
part. Afterwards all nodes possess a real outgoing edge.

◦ ◦ ◦ ◦ ◦ • ◦ ◦ • ◦ ◦ ◦
Sel(a,¬c) Rb Uns(a)

2.2 Repair programs for some conjunctive conditions

In the following, the graph repair of some conjunctions of conditions as intro-
duced in [San20] is recalled.

A building block of repair programs for conjunctions of conditions are preserving
repair programs. The construction of constraint-preserving rules ([HP09], see
Appendix) can be extended to programs by replacing all rules in the input
program with the preserving version.

A repair program can be constructed for a conjunction of negative constraints
followed by universal and preserving constraints.

Lemma 2. For every repair program P2 for a universal condition d2 = ∀(a : A ↪→
C, c) and every conjunction of negative constraints d1, there is a d1-preserving
repair program P ′d1

2 for d2 .
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Given an occurrence of a graph A, the repair program could destroy all occur-
rences of a graph C extending the occurrence of A. It also could preserve as
much as possible and apply the d1-preserving repair program P d1

2 of P2 and,
afterwards destroy all occurrences of C for which the condition c is not satisfied.

Construction 3. For a repair program P2 for d2 = ∀(a, c) and a conjunction
of negative constraints d1, let P ′d1

2 = 〈P d1
2 ;P id

@a〉 where
P id
@a = 〈Sel(a,¬c);S ida 〉↓, S ida is obtained from S ′a by replacing the left interface

with idC , and P d1
2 is the d1-preserving program of P2 (see appendix).

Example 4. Consider the conditions d1 = @ ◦ and d2 = ∀( ◦ ,∃ ◦ ),
where d1 is negative and d2 is universal and proper without negations. Then
by the construction above, P ′d1

2 below is a d1-preserving repair program for d2.

P ′d1
2 = 〈P d1

2 ;P id
@a〉,

where P d1
2 = 〈Sel( ◦1 ,@ ◦1 );Pc; Uns( ◦1 )〉↓,

Pc = try 〈 ◦1 ⇒ ◦
1 ,∃ ◦ ◦ ∨ ∃ ◦ ∨ (@ ◦ ◦ ∧ @ ◦ )〉 and

P id
@a = 〈Sel( ◦1 ,@ ◦1 ); 〈 ◦1 ⇒ ∅〉

′〉↓.

The program works in two stages: in the first stage, as long as possible, a node is
selected provided that it has no loop, and the loop created. In the second stage,
as long as possible, any node that does not have a loop is selected and removed
as in the SPO-approach.

In the following, we consider a sequence of proper constraints together with their
repair programs. We generalize the notion of preservation for transformation
steps to sequences of transformations.

Definition 2 (preservation). Let Ps = P1, . . . , Pn be a sequence of programs
and ds = d1, . . . , dn be a sequence of proper constraints. The sequence Ps is
ds-preserving (and the sequence ds is preserving) if, for k = 2, . . . , n, Pk is
∧k−1i=1 di-preserving.

Example 5 (preservation). The sequence d1, d2 of the conditions
d1 = ∀( ◦ ,∃ ◦ ) and d2 = ∀( ◦ ,∃ ◦ ) is preserving since the repair pro-
gram for d1 only adds a loop to a node provided that there does not exist one
and the repair program for d2 adds a loop for every loop, provided that there
are not two. Thus P2 is d1-preserving.

We obtain repair programs for conjunctions of suitable constraints. In the fol-
lowing, ds1 = d1, . . . , dk, ds2 = dk+1, . . . , dn with conjunctions e1 = ∧ki=1di and
e2 = ∧ni=k+1di.
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Theorem 2. There is a repair program Pd for a conjunction d = ∧ni=1di of
proper conditions provided that d is satisfiable and

1. all di negative (positive), or

2. all di preserving, or

3. ds1 is negative, and ds2 is universal & preserving.

Construction 4.

1. For negative (positive) d1, . . . , dn, let Pd = 〈P1, . . . , Pn〉.

2. For preserving d1, . . . , dn, let Pd = 〈P1, . . . , Pn〉.

3. For negative d1, . . . , dk, universal & preserving dk+1, . . . , dn, let Pd = 〈Q1;Q
′e1
2 〉.

where 〈P1, . . . , Pn〉 are repair programs for d1, . . . , dn, respectively,Q1 = 〈P1; . . . ;Pk〉,
Q2 = 〈Pk+1; . . . ;Pn〉, and Q′e12 = 〈P ′e1k+1; . . . ;P

′e1
n 〉 where e1 = ∧ki=1di and

e2 = ∧ni=k+1di.

Remark 2. In case 3, the order of the conditions as specified is important. To
satisfy negative conditions, items must be removed from the input graph, if a
structure forbidden by the condition exists. Universal constraints, however, are
satisfied if all occurrences satisfy their subcondition, or no occurrence exists.
Ordering the sequence of conditions such that negative conditions are repaired
first allows to only delete occurrences for universal constraints if it is strictly
necessary due to the negative constraints.

Example 6.

1. Consider the condition d = @ ◦ ∧ @ ◦ ◦ . Then the corresponding repair
program is

Pd = 〈〈 ◦ ⇒ ◦ 〉↓; 〈 ◦1 ◦
2 ⇒ ◦

1
◦
2 〉↓〉

The program deletes a loop, followed by removing any edges between any
two nodes, as long as possible.

2. Consider the condition d = ∃ ◦ ∧ ∃ ◦ ◦ . Then the corresponding repair
program is 〈Pd1 ;Pd2〉, where

Pd1 = try

〈∅ ⇒
◦
1 ,@ ◦ 〉

〈 ◦1 ⇒ ◦
1 ,@ ◦1 ◦ ∧ @ ◦ 〉


Pd2

= try


〈∅ ⇒ ◦ ◦ ,@ ◦ 〉

〈 ◦1 ⇒ ◦
1
◦
2 ,@ ◦1 ◦ 〉

〈 ◦2 ⇒ ◦
1
◦
2 ,@ ◦ ◦

2 〉
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The program first adds a node with a loop provided that there is no node, or
a loop to a node, provided that there is a node and no loop, and then adds
two nodes provided that there is no node, or adds another node provided
that there is a node and not two loops.

3. Consider the condition d = ∀( ◦ ,∃ ◦ )∧∀( ◦ ,∃ ◦ ), intuitively mean-
ing that for all nodes there exists a loop, and for every loop there exists
another loop on the same node. Then the corresponding repair program is
〈Pd1

;Pd2
〉, where

Pd1
= 〈Sel( ◦1 ,@ ◦1 ); try

{
〈 ◦1 ⇒ ◦

1 ,@ ◦1 〉
}
; Uns( ◦1 )〉↓

Pd2 = 〈Sel( ◦1 ,@ ◦
1 ); try

{
〈 ◦1 ⇒ ◦

1 ,@ ◦
1 〉

}
; Uns( ◦1 )〉↓.

The first program as long as possible selects a node without loop, adds a
loop and then unselects the node. Similarly, the second program as long as
possible selects a node with loop, provided that it does not have two loops,
adds a second loop and then unselects the selected node with loop. Since the
subconditions of d are preserving, the sequential composition of the repair
programs for the subconditions in the order that they appear is a repair
program for d.

4. Consider the condition d = d1∧d2, where d1 = @ ◦ and d2 = ∀( ◦ ,∃ ◦ ).
Then by Theorem 2.3, the repair program for d is

Pd = 〈Pd1
;P ′d1

2 〉,

where
Pd1 =

{
〈 ◦1 ⇒ ◦

1 〉
}
↓

is the repair program for d1 and P ′d1
2 is the d1-preserving repair program

from Example 4.

The program starts by removing one loop from every node with two loops in
order to satisfy d1. Then, as long as possible, one node is selected provided
that it does not have a loop, a loop is added to the selected node, provided
that this does not lead to an occurrence of a node with two loops, and
the node is unselected. Finally, the program ensures to delete occurrences
of nodes which do not have a loop, such that at the end of the program
application, d2 is satisfied while d1 has been preserved, and thus d itself is
satisfied.

3 ENFORCe+

ENFORCe is a framework for verifying graph program specifications. It was
originally written in Java 6 and provides suitable data structures, for instance,
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graphs, categories, morphisms, conditions, rules, programs, as well as operations
on these structures, such as, enumeration of all epimorphisms for a given do-
main, a construction of weakest liberal preconditions, and so forth. The basic
design of ENFORCe is presented in [AHPZ06]. The source code of ENFORCe is
available in the repository svn://homer.informatik.uni-oldenburg.de/svn/
graphtrans/trunk (login required).

The system ENFORCe+, an extension of ENFORCe, is a framework for graph
repair. In the system, there are two main components:

1. Construction of repair programs

2. Application of a repair program to a graph (called ‘repair’).

To implement graph repair in ENFORCe+, we enhanced ENFORCe with some
additional features. Table 1 gives an overview of features of ENFORCe and
features in ENFORCe+.

Table 1: Features of ENFORCe and additional features for graph repair
Features in ENFORCe Extensions and additions

Graph conditions
Shift-construction
Programs with left partial interface Programs with interfaces
Application of programs with left partial interface Application of programs with in-

terfaces
try-statement
Check for proper conditions

The construction of a repair program takes a graph condition as input and
creates a repair program for the condition if possible. Otherwise, if the shape of
the condition is not one of those specified in Theorems 1 and 2, an exception is
thrown since it is undecidable if a sequence of conditions is preserving [Sag19].
The input is given in a textual form while the output may be graphical (or
textual).

Input. The input is a graph condition specified in Java.
Output. The output (a repair program or repaired graph) may be rendered to
PDF via LATEX (see Example 7), or given in textual form.

The following simplifications are made in the output:

1. Rules % = 〈x, p, ac, y〉 (with interfaces X,Y ). If both interfaces X,Y are
empty, we write % = 〈p, ac〉. If additionally ac = true, we write % = 〈p〉 or
short p.

2. Programs. Every rule % with interface X (and Y ) is in Prog(X) (no brackets)
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3. Singleton rule sets. Whenever R = { % }, we write R = %.

The repair programs are composed of rules with interface morphisms. Internally,
repair programs are represented with their interface morphisms. As output, one
may get the full version with interface morphisms, as well a more readable ver-
sion without interfaces (instead of the interface morphisms). For our purposes,
the long form of graph programs can be inferred from the short form since the
left interface usually coincides with the left graph of rules and the right interface
usually coincides with the left interface (to enable iteration). Thus, no informa-
tion is lost.

Given a rule % = 〈X ↪→ L, p, ac, R ←↩ Y 〉 with plain rule p = 〈L ←↩ K ↪→ R〉,
the short form of % is obtained as follows:

1. Abbreviate p, i.e. p = 〈L←↩ K ↪→ R〉 becomes p = 〈L⇒ R〉.

2. Remove the interfaces, i.e. % = 〈X ↪→ L, p, ac, R←↩ Y 〉 becomes % = 〈p, ac〉.

3. Abbreviate negations, i.e. write ¬Q in ac as 6Q, where Q ∈ { ∀,∃ }.

4. If ac = true, remove ac.

Example 7 (graphical output). In the following, we show the long and short
form of the graphical output of ENFORCe+ based on the first rule in the repair-
ing set Rb of Example 3.4. The long form of the rule, shown in Figure 4a, shows
both interfaces of the rule and uses ¬∃ in the application condition of the rule.
In the short form of the output shown in Figure 4b, the left and right interfaces
are omitted (but can be inferred) and ¬∃ is abbreviated to @.

〈 ◦1 ↪→ ◦
1 , 〈 ◦1 ←↩ ◦1 ↪→ ◦

1
◦ 〉, ◦1 ◦ ←↩ ◦1 ,¬∃ ◦1 ◦ 〉

(a) Long form

〈 ◦1 ⇒ ◦
1
◦ , @ ◦1 ◦ 〉

(b) Short form
Figure 4: ENFORCe+’s graphical output modes

The following design decisions have been made with regard to the implementa-
tion.

Properness check. There is an algorithm to check properness of a condition
which returns true if the condition is proper, and false otherwise. The check
is used before constructing a repair program. Design decision. If the input
condition is proper, a repair program is created according to Construction 2.
Otherwise, an IllegalArgumentException is thrown, informing the user why the
condition is not proper, and no repair program is created.

Preservation check. Checking whether a conjunctive condition is preserving
is undecidable in general (see Theorem 6, [Sag19]); decidable cases (apart from
all subconditions negative (positive)) have not yet been identified. Design de-
cision. The question is deferred to the user (but has to be answered a priori),
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they can specify whether preservation is known or unknown. In the first case,
the system constructs a program and creates a message ‘Assuming preservation
(requested by user)’, in the second case a warning ‘Preservation status unknown,
program may not be a repair program’ is emitted.

Dangling edges. The dangling edges operator instructs to apply a rule as in the
SPO-approach, i.e. if a node is to be deleted, to delete dangling edges attached
to the node and then remove the node itself.Design decision. Since ENFORCe
supports only the DPO-approach, we simulate the SPO-approach via a program
that selects the nodes to be deleted, removes dangling edges, removes the nodes
and finally performs the unselection.

Invariant approximation. ENFORCe+ implements as long as possible iter-
ation of a program P as 〈P ∗; Sel(idC ,Wlp(P, false))〉, where Wlp(P, c) for a
program P and condition c denotes the weakest liberal precondition [Pen09]; this
guarantees the existence of results (see Fact 2, [HPR06]). Since in general, the
weakest liberal precondition is unbounded, the computation may not terminate.
Design decision. We use invariant overapproximation to compute an approx-
imation of a finite representation of the weakest liberal precondition (cf. [Pen09])
during the execution of programs to obtain termination of the computation.

4 Graph repair in ENFORCe+

In this section, we outline how graph repair has been incorporated into ENFORCe+
and provide some examples of the application of ENFORCe+. The section is di-
vided into three parts: first, the handling of proper conditions is described in
Section 4.1, and second the handling of conjunctions in graph repair is described
in Section 4.2. Finally, in Section 4.3, we summarise the features of our imple-
mentation.

4.1 Graph repair for proper conditions

Graph repair is supported in ENFORCe+ as a repair component in its
transformations package (see Figure 5).

Figure 6 shows the structure of our graph repair implementation in a UML class
diagram. The main part of the repair component is the class
ProperRepairTransformer, which contains a method transform(Condition d) re-
turning a repair program for the condition according to Construction 2, or throw-
ing an IllegalArgumentException if the condition is not proper. The implement-
ation of Construction 2 in ProperRepairTransformer is straightforward due to
ENFORCe+’s simple and highly readable graph program implementation, and
the inductive definition of Construction 2.
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Figure 5: Integration of graph repair in ENFORCe+

Uses engines, core, transformations

enforce.transformations.repair

SaPrimeTransformer

+transform(condition: Condition): Program
+transformJustSa(a: Morphism): Program

RaTransformer

+transform(condition: Condition): Program

ProperRepairTransformer

+transform(condition: Condition): Program

1
-raTransformer

1
-saTransformer

Figure 6: Class diagram of our repair component in ENFORCe+
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To construct a repair program, the construction of repairing sets Ra and Sa for
morphisms a : A ↪→ C is essential.

Repairing sets Ra and Sa as well as the program S ′a are implemented in
RaTransformer and SaPrimeTransformer, respectively. RaTransformer has a method
transform(Condition d) which returns Ra, SaPrimeTransformer has a method
transform(Condition d), which returns S ′a, and a method
transformJustSa(Morphism a), which returns Sa. The latter rule set plays a part
in the implementation of Theorem 2.3, see Section 4.2.

Algorithm 1 shows the implementation of the RaTransformer.transform method
in pseudocode form. The loop in line 4 iterates over all subgraphs between A
and C. Line 5 ensures that the repairing set does not contain identity rules.
Line 7 creates the application condition of the rule under creation, while the lines
8 and 9 define the rule’s left, right morphisms and left, right interface morphisms,
respectively. Lines 10 and 11 create the rule instance from the morphisms and
add it to the repairing set. The repairing set is returned in line 13.

Algorithm 1: Pseudocode for repairing set Ra

1 function transform(Condition d)
2 ruleSet = {}
3 A := dom(d.morphism), C := codom(d.morphism)
4 foreach B in graphsBetween(A, C) do
5 if B ∼= C then continue
6
7 applCond := createApplCond(d.morphism, A, B, C)
8 right := B’ ↪→ C, left := B ↪→ B
9 leftInterface := A ↪→ B’, rightInterface := d.morphism

10 rule = Rule(leftInterface, left, right, rightInterface, applCond)
11 ruleSet.add(rule)
12 end
13 return ruleSet
14

15 function createApplCond(Morphism a, Graph A, B, C)
16 condition = new Conjunction
17 condition.add(Shift(A ↪→ B, @a))
18 foreach B’ in graphsBetween(B, C) do
19 if B’ ∼= B then continue
20
21 condition.add(@(B ↪→ B′))
22 end
23 return condition

For the creation of application conditions (line 15), a conjunction is created.
The shifted @ a condition is computed in line 17, while lines 18 through 22
implement the termination condition acB , i.e. the conjunction of @(B ↪→ B′) for

14



all subgraphs B′ between B and C, unless B′ is isomorphic to B. The resulting
conjunction is returned at the end of the procedure.

Example 8 (application of ENFORCe+). In the following examples, we
use ENFORCe+ to generate repair programs for the conditions from example
Example 3. The code snippet in Java below is used to generate a PDF repres-
entation of the repair programs. Line 1 defines the condition d in each case, line
2 instantiates a ProperRepairTransformer, line 3 constructs the repair program
for d, and finally line 4 renders the repair program to PDF via LATEX.

1 Condition d = ... // construct input condition;
2 ProperRepairTransformer repairTransformer = new

ProperRepairTransformer ();
3 Program program = repairTransformer.transform(d);
4 TeXScreenRenderer.renderTeX(program , "example");

1. For d = ∃ ◦ , the repair program is

try ∅ ⇒ ,@

2. For d = @ ◦ , the repair program is

Sel ;
⇒ ,
⇒ ,
⇒

y ; ⇒ ∅ ; Uns ∅

y
The program deletes a node by simulating the SPO-approach, i.e. it selects
a node, removes dangling edges from the node as long as possible, removes
the node and finally unselects it.

3. For d = ∃( ◦ ,@ ◦ ), the repair program is

try ∅ ⇒ ,@ ; Sel ; ⇒
y ; Uns

4. For ∃( ◦1 ↪→ ◦
1
◦
2 ,∀( ◦1 ◦

2 ,∃ ◦1 ◦
2 )), the repair program is

try ⇒ ,@ ;
Sel ;

Sel , @ ; try ⇒ ,@ ; Uns
y ;

Uns

Note that in this example, an application condition is checked twice as out-
lined in Remark 1.
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5. For d = ∀( ◦1 ,∃ ◦1 ◦ ), the repair program is

Sel , @ ; try
⇒ ,@ ,

⇒ ,
@

∧ @
; Uns

y
While the representation of the output repair program looks different from
that in Example 3.5, it is equivalent by commutativity.

All preceeding repair programs are equivalent to those shown in Example 3.

4.2 Conjunctive repair

Repair of conjunctive constraints according to [San20] is implemented in a class
ConjunctionRepairer (see Figure 7) which has a function transform(Conjunction
conjunction, PreservationMode mode), where the second parameter is optional,
defaulting to UNKNOWN. It makes use of ProperRepairTransformer to generate the
repair programs needed to construct repair programs for supported conjunctions.

ProperRepairTransformer

+transform(condition: Condition): Program

«enumeration»
PreservationMode

PRESERVING
UNKNOWN

ConjunctionRepairer

+transform(conjunction: Conjunction): Program
+transform(conjunction: Conjunction, mode: PreservationMode): Program
-doPresRepairProgram(d1: Condition, d2: Condition)

enforce.transformations.repair

«uses»

Figure 7: Class diagram of the conjunction repairer

Algorithm 2 shows the pseudocode for the implementation of repair programs
for conjunctive conditions. Line 2 first flattens3 the conjunction if necessary, and
then decomposes the conjunction into lists of positive, negative and universal
conditions, respectively. Lines 3 through 18 make use of the different condition
shapes which are available in the previously decomposed conjunction, and calls
the relevant subroutines to create repair programs in each case. If no specific pat-
tern could be discerned in the conjunction, then the preservation mode provided
by the user is taken into account, a warning is printed to the console, and the con-
dition is handled as if it consisted of a preserving sequence of subconditions, i.e.
3 Flattening a conjunction pulls any conjunctive subconditions of it up a level.

16



the repair programs for each subcondition are sequentially composed. Conjunc-
tions of positive or negative conditions are handled similarly, but no warning is
printed to the user, because the subconditions are preserving in those cases. This
is different for conjunctions of negative and universal & preserving conditions,
where the warning about the preservation mode is printed and the subroutine
doNegativeAndUniversal is called, which uses the ProperRepairTransformer
to construct the repair programs for negative conditions, and then constructs
the negation-preserving repair program for the universal & preserving condi-
tions, according to Construction 4.

Line 30 shows the code for the function doPresRepairProgram(Condition d1,
Condition d2). Lines 31 and 32 construct the repair program for d2 and the
d1-preserving version of the repair program for d2, respectively. The repairing
set Sa and the set S ida are created in lines 33 and 34, respectively, where a
function constructSaId is used to construct S ida . To construct the version of S ida
which deletes dangling edges, the SaPrimeTransformer is used in line 35. The
lines 36 to 38 construct the sequential composition of the selection of elements
which violate d2’s inner subcondition and S ′ ida . The program P id

@ a is created in
line 39, by the as-long-as-possible iteration of S ida , and in line 40, the result of
the whole construction (the sequential composition of P2d1 and P_nexists_a_id)
is returned.

Remark 3. The order of the conditions is implicitly changed during the pre-
processing, unless the conditions are assumed to be preserving. This is because
Theorem 2.3 needs to handle negative conditions before the universal conditions.
The order of the conditions within their groups, however, is unchanged.

Example 9 (conjunctive repair). We apply ENFORCe+ to generate repair
programs for each example in Example 6 via the following Java code.

1 Conjunction d = // construct input conjunction;
2 PreservationMode mode = PreservationMode.PRESERVING;
3 ConjunctionRepairer conjunctionRepairer = new

ConjunctionRepairer ();
4 Program program = conjunctionRepairer.transform(d, mode);
5 TeXScreenRenderer.renderTeX(program , "example");

Line 1 creates the condition d and line 2 defines the preservation mode as
PRESERVING. Line 3 instantiates the ConjunctionRepairer, which is used in line 4,
to create the repair program for d, and in line 4, the PDF output for the gener-
ated program is printed.

1. Consider the condition d = d1 ∧ d2, where d1 = @ ◦ and d2 = @ ◦ ◦ .
Then the repair program is

⇒
y ; ⇒

y
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Algorithm 2: Pseudocode for conjunctive repair
1 function transform(Conjunction conjunction, PreservationMode mode)
2 checkResults := checkShape(conjunction) // flatten, sequentialize,

separate
3 switch checkResults.shape do
4 case NEGATIVE do
5 return doNegative(checkResults.negativeConditions)
6 end
7 case POSITIVE do
8 return doPositive(checkResults.positiveConditions)
9 end

10 case NEGATIVE_AND_UNIVERSAL do
11 printPreservationMode(mode)
12 return doNegativeAndUniversal(checkResults.negativeConditions,

checkResults.universalConditions)
13 end
14 otherwise do
15 printPreservationMode(mode)
16 return doPreserving(checkResults.allConditions)
17 end
18 end
19

20 function doNegativeAndUniversal(Conjunction negatives, Conjunction
universals)

21 seq = Sequence()
22 foreach negative in negatives do
23 seq.add(ProperRepairTransformer.transform(negative))
24 end
25 foreach universal in universals do
26 seq.add(doPresRepairProgram(negatives, universal))
27 end
28 return seq
29

30 function doPresRepairProgram(Condition d1, Condition d2)
31 P2 := ProperRepairTransformer.transform(d2)
32 P2d1 := HlrcTransformations.transformPres(P2, d1)
33 Sa := SaPrimeTransformer.transformJustSa(d2)
34 Sa_id := constructSaId(Sa)
35 Sa_id_prime := SaPrimeTransformer.transformSaPrime(S_a_id)
36 seq := Sequence()
37 seq.add(Sel(d2.morphism, ¬d2.innerCondition))
38 seq.add(Sa_id_prime)
39 P_nexists_a_id := AsLong(seq)
40 return Sequence(P2d1, P_nexists_a_id)
41
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2. Consider the condition d = d1 ∧ d2, where d1 = ∃ ◦ and d2 = ∃ ◦ ◦ .
Then the repair program is

try

∅ ⇒ ,@ ,

⇒ ,
@

∧ @

; try
∅ ⇒ ,@ ,
⇒ ,@ ,
⇒ ,@

Note that, in the repair program for d2, there are two rules containing iso-
morphic graphs because one rule is created for each of the nodes, which has
to be added. This cannot be avoided since, in general, it cannot be decided
if two rules are semantically equivalent.

3. Consider the condition d = ∀( ◦ ,∃ ◦ ) ∧ ∀( ◦ ,∃ ◦ ). Then the repair
program is

Sel , @ ; try ⇒ ,@ ; Uns

y ;

Sel , @ ; try ⇒ ,@ ; Uns

y
4. Consider the condition d = @ ◦ ∧∀( ◦ ,∃ ◦ ). Then the repair program

is

⇒ ,

⇒

y ;

Sel , @ ; try ⇒ ,

∃

∨ ∃

∨ @

∧ @

; Uns

y
;

Sel , @ ;

Sel ;
⇒ ,
⇒ ,
⇒

y ; ⇒ ∅ ; Uns ∅

y
All preceeding examples are equivalent to those in Example 6.

4.3 Feature summary

Based on the above examples, the features of our implementation can be sum-
marised as follows. ENFORCe+’s graph repair component can be used to auto-
matically repair proper conditions and some conjunctive conditions according
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to the theory in [HS18,San20]. Hence, the implementation generates graph pro-
grams that are stable, maximally preserving and terminating. User interaction
is limited to providing the conditions to construct repair programs for, and the
preservation mode for conjunctive constraints. At the moment, it is not possible
for the user to pause the repair process and, for instance, select specific matches
at runtime.

5 Related systems

In this section, we give an overview on some closely related systems as well as
some general graph transformation tools. A sophisticated survey and a feature-
based classification of model repair approaches can be found in [MTC17].

Henshin/EMF Model Repair. Henshin is a transformation language and
tool environment for attributed graph transformation for the Eclipse Modeling
Framework (EMF). Among its features are mixing of the double and single
pushout approach to graph transformation, a graphical editor, and critical pair
analysis. It supports various editors, execution engines and toolchains [SBG+17].
At the moment, ENFORCe+ does not support EMF or attributed typed graphs.
In Nassar et al. [NRA17,NKR17], a rule-based approach to guide modelers in an
automated, interactive way in the setting of model repair in EMF is presented.
The authors give a rule-based algorithm that works in two steps, model trimming
andmodel completion. The algorithm assumes the existence of a rule-based model
transformation system, which the authors describe how to derive from a given
meta model. The approach is implemented in two Eclipse plug-ins based on
Henshin, where the resolution strategy is semi-interactive, and the tool guides
modellers to valid models. In contrast, ENFORCe+ only interacts with the user
when preservation of conjunctive constraints cannot be handled directly due to
unknown preservation status, where the user is warned and asked to provide the
status. Another difference is that the Henshin implementation allows moving
actions, i.e. violation of upper bounds of multiplicities may be resolved by moving
items to a compatible node without exceeded multiplicity constraint, or such a
node may be created first and then the items moved [NKR17]. This is currently
not supported in ENFORCe+. Since our tool focuses on graph repair instead of
model repair, the implementation does not depend on a given meta-model, but
the conditions to repair are supplied by the user directly as graph conditions.

AutoGraph. In Schneider et al. [SLO18], a logic of attributed graph prop-
erties, where the graph and attribution part are separated, is introduced. This
is accompanied by a dedicated implementation called Autograph, written in
Java. In Schneider et al. [SLO19], a logic-based incremental approach to graph
repair is presented, generating a sound and upon termination complete over-
view of least changing repairs. The graph repair algorithm takes a graph and a
first-order graph constraint as inputs and returns a set of graph repairs. Given
a condition and a graph, they compute a set of symbolic models, which cover
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the semantics of a graph condition. Both approaches are proven to be correct,
i.e. the repair (programs) yield to a graph satisfying the condition. The delta-
based repair algorithm in [SLO19] is a dynamic approach since it takes the
graph update history into account. This is in contrast to the approach in [HS18]
which statically generates a repair program for a given graph condition, upon
which ENFORCe+’s repair component is based. The approach implemented in
ENFORCe+ is furthermore guaranteed to terminate, whereas the approach in
[SLO19] may not terminate if repair updates influence each other.

VIATRA-Solver. The VIATRA-Solver (Semaráth et al., [SNV18]) is an open
source tool and graph solver for the automated generation of consistent, domain-
specific models, which is available as an Eclipse plugin, a standalone Java ap-
plication or an API. The basis of the approach are partial models. Formally, an
initial partial model is refined via so-called decision- and unit-propagation rules
(which are derived in a pre-processing step from a given meta-model), reducing
the number of uncertainties and violations, to converge to a valid model. Thus,
our approach is different in that labelled, directed graphs are the underlying
structure and that the actual repair process is encoded directly via graph pro-
grams; no exploration is used to find valid models. In contrast to ENFORCe+,
VIATRA-Solver used a meta-model to extract constraints, whereas the con-
straints must be supplied to ENFORCe+ manually.

Some further systems for graph transformation are:

AGG, AGG2.0. AGG (attributed graph grammar system) is a development
environment for attributed graph transformation systems with an extensible ar-
chitecture. It aims at specifying and rapid prototyping of applications dealing
with complex, graph structured data [Tae04]. As of AGG 2.0, it supports the
creation of inverse, concurrent, amalgamated and minimal rules, as well as crit-
ical pair analysis [RET12]. The latter are not supported by ENFORCe+ as of
yet since its focus is on ensuring correctness of graph programs and performing
graph repair.

Progres. Progres is a hybrid visual/textual language that supports pro-
gramming with graph rewriting systems and also comes with a development
environment. It is based on attributed graph transformation, rule oriented and
imperative in nature and supports type checking, compiling and debugging graph
transformation specifications via its internal tools [SWZ99].

groove. groove, which started as a state space generation tool, is a graph
transformation tool of which some supported features are modelling via attrib-
uted typed graphs, regular expressions, priority control of transformation rules
and model checking via LTL- and CTL-formulas [GdMR+12]. As far as we know,
graph repair is not supported in groove.

Java-Graph. Java-Graph is a programming library for rapid development of
graph tools currently in alpha stage, featuring graphs and morphisms, basic cat-
egorical constructions and application of graph transformation steps. It also of-
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fers a graphical interface for visualization and manipulation of graphs [BKM+20].
As far as we know, no support for graph repair is included in the library as of
yet.

6 Conclusion

In this paper, we have summarised the capabilities of our graph repair tool
ENFORCe+ and shown how graph repair has been implemented in it. We have
shown that our system generates not only equivalent, but also structurally al-
most equal repair programs to those obtained by hand according to the theory
in all considered cases. Hence, simple generation of repair programs for graph
conditions is a core feature of ENFORCe+.

For further topics, we propose the following.

1. Typed graphs. ENFORCe+ does not currently support transformation of
typed graphs (see, e.g. [EEPT06]). With their support, it could also facilitate
repair of typed graphs as considered in [San20].

2. Redirection of edges. The repair programs generated by ENFORCe+ try
to preserve items, but delete them if this is not possible. Nassar et al. [NRA17]
consider the option of redirecting edges instead of trimming them. It would be
nice to support this option in our framework.
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Appendix

In this section, we recall some preliminaries on graph conditions and graph pro-
grams [Pen09]. We assume, that the reader is familiar with graph transformation
[EEPT06]. The presentation is based on [San20].

Definition 3 (Graphs & morphisms). A (directed) graph G = 〈VG, EG, sG, tG〉
consists of a set VG of nodes and a set EG of edges, as well as source and tar-
get functions sG, tG : EG → VG. Given graphs G and H, a (graph) morphism
g : G → H consists of total functions gV : VG → VH and gE : EG → EH that
preserve sources and targets, that is, sH ◦gE = gV ◦ sG and tH ◦gE = gV ◦ tG.
The morphism g is injective (surjective) if gV and gE are injective (surjective),
and an isomorphism if it is injective and surjective. In the latter case, G and H
are isomorphic, denoted by G ∼= H.

Convention 1. Drawing a graph, nodes are drawn as circles and edges as ar-
rows. Arbitrary morphisms are drawn by usual arrows →, injective ones by ↪→.

Graph conditions consist of injective morphisms equipped with quantifiers and
Boolean connectives.

Definition 4 (Graph conditions). A (graph) condition over a graph A is
of the form (a) true or ∃(a, c), where a : A ↪→ C is a real injective morph-
ism4 and c is a condition over C. (b) For conditions ¬c over A, ¬c is a con-
dition over A. (c) for conditions ci (i ∈ I for some finite index set I) over A,∧

ci is a condition over A. Conditions over the empty graph ∅ are called con-
straints. In the context of rules, conditions are called application conditions.

Any morphism p : A ↪→ G satisfies true.
A morphism p satisfies ∃(a, c) with a : A ↪→ C,
if there exists a morphism q : C ↪→ G, such that
q ◦ a = p and q satisfies c.

∃( A C, c

G

a

p q |==

)

A morphism p satisfies ¬c if p does not satisfy c, and p satisfies
∧

i∈I ci if p
satisfies each ci (i ∈ I). We write p |= c if p satisfies the condition c (over A). A
graph G satisfies a constraint c, G |= c, if the morphism p : ∅ ↪→ G satisfies c. A
constraint c is satisfiable if there is a graph G that satisfies c.
4 An injective morphism a : A ↪→ C is real if a(A) is a proper subgraph of C.
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Notation 1. Graph conditions may be written in a more compact form: ∃a :=
∃(a, true), false := ¬true, and ∀(a, c) := @(a,¬c), and @ := ¬∃. The expres-
sions

∨
i∈I ci and c =⇒ c′ are defined as usual. For an inclusion morphism

a : A ↪→ C in a condition, we just depict the codomain C, if the domain A can
be unambiguously inferred.

Definition 5 (Conditions with alternating quantifiers). A condition without
conjunctions or disjunctions is linear. Linear conditions of the form
Q(a1, Q(a2, Q(a3, . . .))) with Q ∈ { ∀,∃ }, ∀ = ∃, ∃ = ∀ ending with true or
false are conditions with alternating quantifiers. A condition is proper if it is
of alternating quantifiers ending with true or if it is of the form ∃b or ∃(a,@b).

Fact 1 (normal form). For every linear condition, there exists an equivalent
condition with alternating quantifiers.

Rules are specified by a pair of morphisms, interface morphisms, and an applica-
tion condition. Constraints can be integrated into left application conditions. By
the interfaces, it becomes possible to hand over information between the trans-
formation steps.

Definition 6 (rules & transformations). A rule % = 〈x, p, ac, y〉 (with inter-

faces X,Y consists of a plain rule p = 〈L `←↩ K r
↪→ R〉 of injective morphisms,

injective morphisms x : X ↪→ L, y : Y ↪→ R, the (left and right) interface morph-
isms, and a left application condition ac over L. Empty interfaces and acL = true

may be left out.

A direct transformation from G to H applying % at g : X ↪→ G consists of the
following steps:

1. Select a match g′ : L ↪→ G such that g = g′ ◦ x and g′ |= ac

2. Apply the plain rule5 p at g′ possibly yielding a comatch h′ : R ↪→ H

3. Unselecting h : Y ↪→ H, i.e. defining h = h′ ◦ y.

The semantics of a rule % is the set J%K of all triples 〈g, h, i〉 of a morphism
g : X ↪→ G, a morphism h : Y ↪→ H, and a partial interface morphism i : X ↪→ Y
with i = y−1 ◦ r ◦ `−1 ◦ x. Instead of 〈g, h, i〉 ∈ J%K, we write g ⇒%,i h or

5 The application of a plain rule is as in the double-pushout approach [EEPT06]. A
plain rule p = 〈L←↩ K ↪→ R〉 is applicable to a graph G wrt. a morphism g : L ↪→ G,
iff G satisfies the dangling condition: ‘no edge in G − g(L) is incident to a node in
g(L−K).’
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short g ⇒% h.
ac

X L K R Y

G D H

g

i

x

g′ (1)

` r

d (2) h′

y

h

`′ r′

= =

Rules with interfaces enable the control over selection and unselection of elements
in a typed graph and are capable of handling the selections over transformation
steps. The left interface restricts the application of the rule to a previously
selected context: Given a morphism g : X ↪→ G the application is restricted to
those morphisms g′ : L ↪→ G that fit to g, i.e. g = g ◦ x. The right interface
restricts the application of the next rule: By the morphism h : Y ↪→ H, the next
rule can only be applied at Y .

Notation 2. Usually, rules are depicted with all their components, i.e. their
left interface, the left graph, the interface graph, the right graph, and the right
interface. To save space, rules can be written in a more compact short form. If
p = 〈L ←↩ K ↪→ R〉 is the plain rule, then the interface graph may be omitted
and we write p = 〈L ⇒ R〉. If % = 〈X ↪→ L ←↩ K ↪→ R ←↩ Y, ac〉 is a rule with
interfaces, then we omit the interfaces write % = 〈L ⇒ R, ac〉. If additionally
ac = true, we write % = 〈L⇒ R〉.

Graph programs are made of sets of rules with interfaces, non- deterministic
choice { P,Q }, sequential composition 〈P ;Q〉, as-long-as possible iteration P↓,
and the try-else-statement try P else Q.

Definition 7 (Graph programs with interface). The set of graph programs
with interface X, Prog(X), is defined inductively:

1. Every rule % with interface X (and Y ) is in Prog(X).

2. If P,Q ∈ Prog(X), then { P,Q } is in Prog(X).

3. If P ∈ Prog(X) and Q ∈ Prog(Y ), then 〈P ;Q〉 is in Prog(X).

4. If P ∈ Prog(X), then P↓ and try P else Q are in ∈ Prog(X)

The statement Skip is the identity element Sel(id, true) of sequential composi-
tion, try P abbreviates try P else Skip. The semantics of a program P with
interface X, denoted by JP K, is a set of triples such that, for all 〈g, h, i〉 ∈ JP K,
X = dom(g) = dom(i)6 and dom(h) = ran(i):

6 For a partial morphism i, dom(i) and ran(i) denote the domain and codomain of i,
respectively.
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1. J%K as in Definition 6,

2. J{ P,Q }K = JP K ∪ JQK,

3. J〈P ;Q〉K = { 〈g1, h2, i2 ◦ i1〉 | 〈g1, h1, i1〉 ∈ JP K, 〈g2, h2, i2〉 ∈ JQK, g2 = h1 },

4. JP↓K = { 〈g, h, id〉 ∈KP ∗J| @h′.〈h, h′, id〉 ∈ JFix(P )K },

5. Jtry P else QK = JP K ∪ { 〈g1, h2, i2〉 ∈ JQK | @h1.〈g1, h1, i1〉 ∈ JP K },

where P ∗ =
⋃∞

j=0 P
(j) with P (0) = Skip, P (j) = 〈Fix(P );P (j−1)〉 for j > 0 and

JFix(P )K = { 〈g, h ◦ i, id〉 | 〈g, h, i〉 ∈ JP K }.

In the following, we consider the basic transformations [HP09]. The construction
Shift ‘shifts’ existential conditions over morphisms into a disjunction of exist-
ential application conditions. The construction Left ‘shifts’ a right application
condition over a rule into a left application condition. Constraints can be integ-
rated into left application conditions of a rule such that every transformation is
constraint-preserving.

Lemma 3 (Shift, Left, Pres). There are constructions Shift, Left and Pres such
that the following holds. Let d be a condition over P and b : P ↪→ R, n : R ↪→ H.
Then n ◦ b |= d ⇐⇒ n |= Shift(b, d). For each rule p = 〈L←↩ K ↪→ R〉 and each
condition ac over R, for each G ⇒p,g,h H, g |= Left(p, ac) ⇐⇒ h |= ac. For
each rule % and each constraint c, a condition ac = Pres(%, x) can be constructed
such that for all G⇒〈%,ac〉 H, G |= c implies H |= c.

Construction 5. The construction is as follows.
P R

C R′

c c

a

b

(0) a′

b′

Shift(b, true) := true.
Shift(b,∃(a, d)) :=

∨
(a′,b′)∈F ∃(a′,Shift(b′, d)) where

F =
{
(a′, b′) | b′ ◦ a = a′ ◦ b, a′, b′ inj, (a′, b′) joinly surjective2

}
.

Shift(b,¬d) := ¬Shift(b, d), Shift(b,
∧

i∈I di) :=
∧

i∈I Shift(b, di).

R K L

R′ K ′ L′

ac ac ac

a (1) (2) a′

Left(p, true) := true.
Left(p,∃(a, ac)) := ∃(a′,Left(p′, ac)), if p−1 is applic-
able wrt. the morphism a, p′ = 〈L′ ←↩ K ′ ↪→ R′〉 is the
derived2 rule, and false, otherwise.
Left(p,¬ ac) := ¬Left(p, ac). Left(p,

∧
i∈I aci) :=∧

i∈I Left(p, aci).

Pres(%, c) := Shift(∅ ↪→ L, c) =⇒ Left(%, Shift(∅ ↪→ R, c))

5 A pair (a′, b′) is jointly surjective if for each x ∈ R′ there is a preimage y ∈ R with
a′(y) = x or z ∈ C with b′(z) = x.

6 For a rule p = 〈L ←↩ K ↪→ R〉, p−1 = 〈R ←↩ K ↪→ L〉 denotes the inverse rule. For
L′ ⇒p R′ with intermediate graph K′, 〈L′ ←↩ K′ ↪→ R′〉 is the derived rule.
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