
Chapter 17
Semilinearity

Abstract In this chapter, the reachability graphs of – possibly unbounded – persistent
Petri nets will be examined. It turns out that they, too, have a special structure. Even
though the reachability sets of unbounded persistent nets contain infinitely many
markings, it turns out that they are still semilinear. Semilinearity is a generalisation
of the notion of “ultimately periodic”, known for infinite words,1 to vectors of natural
numbers. Semilinear sets are decidable, a fact which can be exploited in proving that
persistence is decidable, too. Semilinearity is also related to a special logic on the
natural numbers called Presburger logic.
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17.1 Introduction

Persistent Petri nets and persistent labelled transition systems have been the main
topics of Chapters 12 and 14. Keller’s theorem, described in Chapter 12, is valid
for all deterministic and persistent labelled transition systems, even for infinite ones,
and hence also for all persistent Petri nets. For the small cycle decompositions, also
described in Chapter 12, finiteness and weak periodicity were added as premises;
these decomposition theorems are thus also valid for bounded persistent Petri nets.
In Chapters 14 and 15, the focus has been narrowed to subclasses of persistent tran-
sition systems (marked graph and choice-freely synthesisable ones, respectively). In
the present chapter, we shall, instead, widen the focus and consider what happens
for infinite persistent lts, where we assume from the beginning that they are syn-
thesisable by a finite (not necessarily choice-free) Petri net. Of course, such a Petri
net cannot be bounded. The reachability graphs of such nets are infinite, but it turns
out that persistence enforces a certain structure called semilinearity. We start with a
definition of semilinearity.

17.2 Semilinear sets

The reachability graph of a bounded persistent Petri net 𝐿 = (𝑀,𝑁 , 𝑂,𝑃0) has a
special structure, as described in Section 12.4. In particular, it has a unique maximal
strongly connected component (Corollary 12.17) which contains precisely all the
home states of 𝐿 (Corollary 12.16), and from any state of which all cycles can be
executed.
Of course, it could be the case that some (infinite) firing sequence in such a net always
remains outside the set of home states, but – informally and very roughly speaking
– the more tokens are produced by such a sequence, the greater the chance that a
home state will eventually be reached. In a sense, firing (small) cycles inside the
home state component is analogous to concatenating the periods 𝑄1 of an ultimately
periodic word 𝑄0𝑄1𝑄1𝑄1 . . ., while firing sequences that lead from 𝑃0 into the set
of home states are broadly analogous to the initial o!set 𝑄0.
For unbounded persistent Petri nets, a similar statement can be made. This similarity
is manifested in the notion of a semilinear set of markings. Since the idea of semilin-
earity pertains not just to sets of markings, but to arbitrary subsets of vectors in N𝑀,
the next definitions are rather general ones. In order to formulate them concisely, a
notation that is inspired by regular expressions can be used.

Notation 17.1 N!"#"$!% &!’ ($%)#’ #%* +),$($%)#’ +-.+)"+ !& N𝑀

For a vector 𝑅 → N𝑀, 𝑅 also denotes the singleton set {𝑅}.
For two subsets 𝑆 ,𝑇 ↑ N𝑀, 𝑆 + 𝑇 denotes the set {𝑈 + 𝑉 | 𝑈 → 𝑆 ↓ 𝑉 → 𝑇 }.
For a subset 𝑆 ↑ N𝑀, N·𝑆 denotes the set
{𝑄 → N𝑀 | ↔𝑊1, . . . , 𝑊𝑁 → N ↔𝑈1, . . . , 𝑈𝑁 → 𝑆 : 𝑄 = 𝑊1·𝑈1+𝑊2·𝑈2+. . .+𝑊𝑁 ·𝑈𝑁 }.
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The last line simply means that N·𝑆 contains all semipositive linear combinations
of the vectors in 𝑆 (including 0).

Example 17.2 A% )/#,0() $((-+"’#"$%1 N!"#"$!% 17.1
Let 𝑋 = 2.
The expression (0, 1) + N·(1, 0) denotes the infinite set of vectors
{(0, 1), (1, 1), (2, 1), (3, 1), . . .}.
The expression N·(0, 3) + N·(2, 0) denotes the infinite set of vectors (𝑅, 𝑄)
such that 𝑅 is divisible by 2 and 𝑄 is divisible by 3.

Definition 17.3 L$%)#’ #%* +),$($%)#’ +-.+)"+ !& N𝑀

Let 𝑆 ↑ N𝑀.
• 𝑆 is called linear if there is a vector 𝑅 → N𝑀 and a finite set of vectors
𝑌 ↑ N𝑀 such that 𝑆 = 𝑅 + N·𝑌. In this representation, 𝑅 is called the
o!set or the base and the elements of 𝑌 are called periods.

• 𝑆 is called semilinear if it is the union of finitely many linear sets, that
is, if 𝑆 = (𝑅1 + N·𝑌1) ↗ . . . ↗ (𝑅𝑂 + N·𝑌𝑂) with 𝑊 o!sets and 𝑊 sets of
periods.

Example 17.4 A% )/#,0() !& # +),$($%)#’ ’)#23#.$($"4 +)"
Figure 17.1 reproduces the net shown in Figure 1.1. Its reachability set has a
representation as a semilinear subset of N3 as follows:

(0 1 2)T

↗ (0 0 4)T

↗ (1 0 3)T + N·(0 0 1)T

↗ (2 0 2)T + N·(0 0 1)T

↗ (3 0 1)T + N·(0 0 1)T

↗ (4 0 0)T + N·(1 0 0)T + N·(0 0 1)T

↗ (1 1 1)T + N·(0 0 1)T

↗ (2 1 0)T + N·(1 0 0)T + N·(0 0 1)T

with eight bases and two periods combined in appropriate ways. Note that
the first two lines are subsumed by the definition of linear sets, using 𝑌 = ↘.
The net is choice-free and, therefore, persistent. The existence of a semilinear
representation for it is guaranteed by Theorem 17.21 below (the main result
of this chapter).
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Fig. 17.1: A Petri net whose reachability set [𝑃0≃ is semilinear.

17.3 Presburger arithmetic and Presburger sets

In this section, we define a predicate logic which allows one to talk about semilinear
sets. First, we briefly chart some of the wider terrain occupied by predicate logic. The
language of first-order predicate logic consists of formulae F which are composed
of:

• propositional connectives ¬ and ⇐;
• the existential first-order quantifier ↔;
• operation symbols such as + and ⇒;
• predicate symbols such as = and ⇑ and >;
• constant symbols such as 0 and 1;
• variables that may be assigned values from some domain.

A formula is closed if it does not contain any free variables, such as, for instance,
⇓𝑋↔𝑍 : 𝑍 > 𝑋 + 1. Closed formulae are also called sentences.
Presburger formulae are distinguished by restricting operation symbols and predi-
cate symbols. Basically, only the operation symbol + (to denote addition) and the
predicate symbol = (to denote equality) are allowed. Importantly, the multiplication
symbol is not allowed inside a Presburger formula, nor will it (in general) turn out to
be derivable from the other operators and predicates. Some operators can be derived
“syntactically”, though, including:

• propositional operators such as ↓ (e.g., F1 ↓ F2 abbreviates ¬(¬F1 ⇐ ¬F2));
• the universal first-order quantifier ⇓: ⇓F abbreviates ¬↔¬F;
• further predicate symbols such as ⇑ and > (for instance, 𝑈 ⇑ 𝑉 abbreviates
↔𝑎(𝑈 + 𝑎 = 𝑉), and 𝑈 > 𝑉 abbreviates ¬(𝑈 = 𝑉) ↓ ↔𝑎(𝑈 = 𝑉 + 𝑎).2

2 These abbreviations make sense when considering, as is usually done, Presburger logic to be
interpreted over the set N.
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Formulae of the first-order predicate logic will be interpreted over some domain,
say D. The shorthand

FF = (D, op, pred, const)
denotes the set of first-order formulae, to be interpreted in the domain D, whose
operation symbols are op, whose predicate symbols are pred, and whose constant
symbols are const. Every sentence in FF has a truth value (either true or false). Non-
closed formulae have a truth value only when all free variables have been assigned
a value from the domain. The set of all sentences in FF whose truth value is true is
denoted by Th(FF) and is called a theory. In particular,

Th(N,+, ⇒,=, <, 0, 1) is called arithmetic, or number theory
Th(N,+,=, 0, 1) or, briefly, Th(N,+) is called Presburger arithmetic
Th(R,+,=, <, 0, 1) is called theory of reals with addition

Example 17.5 S!,) +)%")%2)+ ($.)., 2(!+)* &!’,-(#))
• F1 = ⇓𝑋↔𝑍 : 𝑍 > 𝑋 + 1. On the domain N (and with the usual meaning

of < and +), this formula is true. Hence F1 → Th(N,+).
• F⇔

1 = ↔𝑋⇓𝑍 : ¬(𝑍 > 𝑋 + 1) is logically equivalent to the negation of F1,
and hence false on N. Therefore, F⇔

1 ω Th(N,+).a
• F2 = ↔𝑍⇓𝑋 : 𝑍 > 𝑋 + 1. While F2 is not logically equivalent to F⇔

1, it is
still false on N. Again, F2 ω Th(N,+).

• F3 = ⇓𝑏↔𝑐⇓𝑈, 𝑉 : (𝑐 > 𝑏 ↓ (𝑈, 𝑉 > 1 ↖ 𝑈 ⇒ 𝑉 ε 𝑐)) is in Th(N,+, ⇒,=
, <, 0).b

• F4 = ⇓𝑏↔𝑐⇓𝑈, 𝑉 : (𝑐 > 𝑏 ↓ (𝑈, 𝑉 > 1 ↖ (𝑈 ⇒ 𝑉 ε 𝑐 ↓ 𝑈 ⇒ 𝑉 ε 𝑐+2))) is a
sentence which is not known to be in Th(N,+, ⇒,=, <, 0).c

F1, F⇔
1 and F2 are Presburger sentences, but F3 and F4 are not.

a Note the subtle di!erence: F⇔
1 is a Presburger sentence, but it is not in Presburger

arithmetic, which comprises only the true sentences.
b This is actually https://en.wikipedia.org/wiki/Euclid’s_theorem.
c See https://en.wikipedia.org/wiki/Polignac’s_conjecture for twin primes.

Theorem 17.6 D)2$*#.$($"4 !& P’)+.-’1)’ #’$"3,)"$2
Th(N,+) is decidable. A lower time bound is 2(2𝑅·𝑀 ) where 𝑋 is the length
of a formula and 𝑑 is a constant.

Theorem 17.7 D)2$*#.$($"4 !& "3) ’)#( %-,.)’+ 5$"3 #**$"$!%
Th(R,+,=, <, 0, 1) is decidable and NEXPTIME-hard.

Both theories are thus incredibly di"cult to decide in general, but, at least, they are
decidable. However, adding multiplication is a “game changer”:
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Theorem 17.8 U%*)2$*#.$($"4 !& #’$"3,)"$2 (C3-’23/G6*)()
Th(N,+, ⇒,=, <, 0, 1) is undecidable.

Intuitively, this theorem states that there is no terminating algorithm which, given an
arbitrary sentence F of (N,+, ⇒,=, <, 0, 1), decides in finite time whether F is true
or false, that is, whether F is in Th(N,+, ⇒,=, <, 0, 1) or not.
Incidentally, in conjunction with Theorem 17.6, Theorem 17.8 confirms that mul-
tiplication cannot be “simulated” by the operators and predicates of Presburger
arithmetic.3

Proof: (Sketch.)
By reduction from the empty tape halting problem, i.e., the problem to decide, for a
given deterministic Turing machine 𝑃 , whether 𝑃 accepts the empty word or not.
Assume that the configurations and computations of a Turing machine can be coded
e!ectively, uniquely, and retrievably, as numbers. Let 𝑒𝑆 (𝑓) be true if and only if 𝑓
encodes a computation accepting the empty word such that no configuration is larger
than 𝑍. Then ↔𝑓↔𝑍(𝑒𝑆 (𝑓)) encodes the empty tape halting problem in arithmetic.
Encodings that serve the purpose of this argument can be constructed in several
possible ways. One of them is to exploit the uniqueness of prime number factorisation.
This method is known as “Gödelisation”. The details are slightly cumbersome but
conceptually straightforward.4 17.8
Arithmetic and real numbers with addition, along with Theorems 17.7 and 17.8,
were only given in order to illustrate the wider context. In the sequel, we can simply
forget about them and concentrate on Presburger formulae.
Suppose that some formula F = F(𝑈1, . . . , 𝑈𝑀) in Presburger logic has 𝑋 free variables
𝑈1, . . . , 𝑈𝑀, with 𝑋 → N. Then the set

{ (𝑈1, . . . , 𝑈𝑀) → N𝑀 | F(𝑈1, . . . , 𝑈𝑀) }

is a well-defined subset of N𝑀, collecting exactly those points in N𝑀 for which F
evaluates to true. It is called the truth domain of F. Conversely, a subset 𝑔 ↑ N𝑀 is
called a Presburger set if there is a formula F = F(𝑈1, . . . , 𝑈𝑀) (with 𝑋 free variables)
in Presburger logic such that 𝑔 is the truth domain of F. The formula F is said to
define 𝑔.

Corollary 17.9 P’)+.-’1)’ +)"+ #’) *)2$*#.()
The problem to determine whether 𝑑 → 𝑔 or 𝑑 ω 𝑔, for a given Presburger
set 𝑔 ↑ N𝑀 and a point 𝑑 = (𝑑1, . . . , 𝑑𝑀) → N𝑀, is decidable.

Proof: Let F = F(𝑈1, . . . , 𝑈𝑀) be a Presburger formula defining 𝑔. Let a point
𝑑 = (𝑑1, . . . , 𝑑𝑀) → N𝑀 be given. Apply Theorem 17.6 to the sentence
3 Making di"culties encountered with multiplication in Chapter 10 all the less surprising.
4 Of course, multiplication is essential for such constructions. Presburger formulae, having only
addition, are decidedly insu"cient.
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G = ↔𝑈1 . . . ↔𝑈𝑀 ((𝑈1 = 𝑑1) ↓ . . . ↓ (𝑈𝑀 = 𝑑𝑀) ↓ F(𝑈1, . . . , 𝑈𝑀))

If G is true, answer “𝑑 → 𝑔”, else answer “𝑑 ω 𝑔”. 17.9
The following theorem connects Presburger formulae with semilinearity.

Theorem 17.10 P’)+.-’1)’ +)"+ #%* +),$($%)#’ +)"+ 2!$%2$*)
Every semilinear set is e!ectivelya Presburger, and vice versa.

a Meaning that from the set, a formula can be computed algorithmically.

Now we recognise that the e!ort spent in giving an explicit semilinear representation
of the reachability set of the net shown in Figure 17.1 (Example 17.4 above) was
slightly redundant. Recall that in Section 1.3, the following formula (1.1) was given
for this reachability set:

{ (0 1 2)T
, (0 0 4)T } ↗ { (𝑓 𝑕 𝑊)T | 𝑓 ↙ 1 ↓ 𝑕 ⇑ 1 ↓ 𝑓 + 2 𝑕 + 𝑊 ↙ 4 }

This is a Presburger formula with three free variables 𝑓, 𝑕 , 𝑊; well, at least it (or its
truth domain) can be brought into strictly Presburger form:

{ (𝑓, 𝑕 , 𝑊) → N3 | (𝑓=0↓ 𝑕=1↓𝑊=2)⇐(𝑓=0↓ 𝑕=0↓𝑊=4)⇐(𝑓 ↙ 1↓ 𝑕 ⇑ 1↓𝑓+2 𝑕+𝑊 ↙ 4) }

What is more, Corollary 17.9 solves its reachability problem.

17.4 Minimal nondecreasing transition sequences

Throughout this section, let 𝐿 = (𝑀,𝑁 , 𝑂) be an (initially unmarked) Petri net and
let 𝑖 be its incidence matrix. The proof of the main result in the next section makes
use of the idea that, out of a set of markings, or out of a set of Parikh vectors, the
minimal elements are of paramount interest.

Definition 17.11 M$%$,#($"4 !& 7)2"!’+ $% +-.+)"+ !& N𝑀

Let 𝑆 be a subset of N𝑀, for some 𝑋 → N. An element 𝑈 → 𝑆 is called minimal
(with respect to ⇑)a if there is no element 𝑉 → 𝑆 with 𝑉 ε 𝑈 and 𝑉 ⇑ 𝑈. The
set of minimal elements of 𝑆 is denoted by min(𝑆).
a For 𝑇 = (𝑇1, . . . , 𝑇𝐿 ) → N𝐿 and 𝑈 = (𝑈1, . . . , 𝑈𝐿 ) → N𝐿, 𝑇 ⇑ 𝑈 means that
⇓1⇑𝑉⇑𝑀 : 𝑇𝑀 ⇑ 𝑈𝑀 , and 𝑇 < 𝑈 means that 𝑇 ⇑ 𝑈 and 𝑇 ε 𝑈. See Section 3.6.

Lemma 17.12 E7)’4 𝑉 → 𝑆 *!,$%#")+ +!,) 𝑈 → min(𝑆)
Let 𝑆 be a subset ofN𝑀. For every point 𝑉 → 𝑆 there is some point 𝑈 → min(𝑆)
with 𝑈 ⇑ 𝑉.
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Proof: We may first observe that, if 𝑆 = {𝑎 → N𝑀 | ↔𝑈 → 𝑆 : 𝑈 ⇑ 𝑎} is the set of
majorants of 𝑆 , then min(𝑆) = min(𝑆) and 𝑆 ↑ 𝑆 . We shall more generally prove
that the above property is true if 𝑉 → 𝑆 .
Call 𝑎 → N𝑀 an immediate predecessor of 𝑉 = (𝑉1, . . . , 𝑉𝑀) → N𝑀 if

𝑎 = (𝑉1, . . . , 𝑉𝑉∝1, 𝑉𝑉 ∝ 1, 𝑉𝑉+1, . . . , 𝑉𝑀)

for some 1 ⇑ 𝑓 ⇑ 𝑋, i.e., 𝑎 is the same as 𝑉, except for the 𝑓’th element where 1 is
subtracted (supposing 𝑉𝑉 > 0).
Suppose 𝑉 → 𝑆 . We construct a point 𝑈 → min(𝑆) with 𝑈 ⇑ 𝑉.
If no immediate predecessor of 𝑉 is in 𝑆 , then 𝑉 is itself in min(𝑆), and 𝑉 ⇑ 𝑉

by reflexivity. Otherwise, the process can be continued with any of the immediate
predecessors of 𝑉 in 𝑆 . This may not be continued indefinitely and, when the process
stops (at the latest, at (0, . . . , 0), which could itself be in 𝑆 , but is then also its
minimal element), we are done. 17.12

Lemma 17.13 V#’$#%" !& D$28+!%’+ 2!’!((#’4
Let 𝑆 be a subset of N𝑀. Then the set min(𝑆) is finite.

Proof: First, observe that the elements of min(𝑆) are mutually incomparable. To see
this, pick any two 𝑈, 𝑉 → min(𝑆) with 𝑈 ε 𝑉. If 𝑈 ⇑ 𝑉, then 𝑉 is not minimal, and if
𝑉 ⇑ 𝑈, then 𝑈 is not minimal. Hence neither 𝑈 ⇑ 𝑉 nor 𝑉 ⇑ 𝑈.
The finiteness of min(𝑆) follows by (Dickson’s) Corollary 3.21. 17.13
It is important to keep in mind that 𝑆 could be an arbitrary infinite set. The set
min(𝑆) is still finite.
If 𝑃

𝑊∝↖ 𝑃
⇔ for some markings 𝑃 and 𝑃

⇔, then 𝑃
⇔ = 𝑃 + 𝑖 · P(𝑗) by the

marking equation (Lemma 4.8). If, in addition, the e!ect of 𝑗 is semipositive, i.e., if
𝑖 · P(𝑗) ↙ 0, then 𝑃 ⇑ 𝑃

⇔. In particular, every firing sequence from 𝑃 (including
𝑗 itself) can be repeated from 𝑃

⇔. Therefore, with a view on analysing the repetitive
behaviour of a Petri net, the following definition is of interest.

Definition 17.14 N!%*)2’)#+$%1 +)9-)%2)+, )/")%*)* P#’$83 7)2"!’+
A nonempty sequence 𝑗 → 𝑁

+ is called nondecreasing if 𝑖·P(𝑗) ↙ 0.a The
extended Parikh vector EP(𝑗) is defined as the vector (P(𝑗),𝑖·P(𝑗)) →
N |𝑋 |+|𝑌 | , and it is called nondecreasing if 𝑗 is.

a
𝑋
+ = 𝑋

⇒\{𝑍}.

We will be interested in decomposing what could be a very long nondecreasing
firing sequence into a sequence of smaller (preferably minimal) ones which are also
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nondecreasing.5 Therefore, we might be interested in minimality with respect to the
Parikh vector of a sequence. But this is not good enough.

𝑃

𝑎 𝑏

2
𝑐 𝑎 𝑏

𝑃 2 ∝1

Fig. 17.2: A simple, unbounded, persistent Petri net. Both (1) 𝑎∝↖ (3), (1) 𝑎𝑏∝↖ (2)
and (1) 𝑎𝑏𝑏∝↖ (1) are minimal (in terms of EP) nondecreasing: neither can be
decomposed into successive nondecreasing subsequences. The sequence (1) 𝑎𝑎𝑏∝↖
(4) is nondecreasing but not minimal: it can be decomposed into two successive
minimal nondecreasing sequences (1) 𝑎∝↖ (3) 𝑎𝑏∝↖ (4).

Example 17.15 W34 )/")%*)* P#’$83 7)2"!’+ #’) %))*)*
Consider the nondecreasing sequence 𝑏𝑐 in Figure 17.2. Its Parikh vector
dominates the Parikh vector of the sequence 𝑏, but its e!ect on the place 𝑘

is less than the e!ect of 𝑏 on 𝑘. It is impossible to decompose 𝑏𝑐 into two
smaller nondecreasing sequences, because EP(𝑐) = (0, 1,∝1), so that the
sequence 𝑐 fails to be nondecreasing. Therefore, not only 𝑏 but also 𝑏𝑐 will
be called minimal, even though its Parikh vector alone is not minimal.

Definition 17.16 M$%$,#( %!%*)2’)#+$%1 &$’$%1 +)9-)%2)+ &’!, 𝑃

Let 𝑃 → N |𝑌 | be some arbitrary marking of 𝐿 . The set of all extended Parikh
vectors of (nonempty) nondecreasing sequences which are firable from 𝑃 is
denoted by S𝑑 . Also, let F𝑑 = min(S𝑑 ) and F =

⋃
𝑑→N|𝑁 | F𝑑 .

Observe thatS𝑑 may be empty, even if 𝑃 is not a deadlock.S𝑑 may also be infinite,
although F𝑑 is always finite:

Corollary 17.17 U+$%1 L),,# 17.13 !% N |𝑋 |+|𝑌 |

Let 𝑃 → N |𝑌 | be an arbitrary marking of 𝐿 . Then the set F𝑑 = min(S𝑑 ) is
a finite set.a

a Not containig the empty sequence, since S𝑂 contains only nonempty ones.

Even so, F might still be infinite. However, this is not the case:

Lemma 17.18 F$%$")%)++ !& F ; -+$%1 L),,# 17.13 !% N |𝑋 |+|𝑌 |+|𝑌 |

F =
⋃

𝑑→N|𝑁 | F𝑑 is a finite set.

5 This is why the empty sequence has been excluded in Definition 17.14. Allowing it would permit
many uninteresting ways of decomposing a given sequence.
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Proof: Define S̃𝑑 = S𝑑 ′ 𝑃 . That is, S̃𝑑 is a vector with three components: a
Parikh T-vector of a sequence 𝑗; an e!ect S-vector𝑖·P(𝑗); and an S-vector denoting
the marking at which 𝑗 originates. By Lemma 17.13, min(S̃𝑑 ) is finite. Claim:

F𝑑 ↑ {(𝑈, 𝑙) | (𝑈, 𝑙,𝑃 ⇔) → min(S̃𝑑 ) ↓ 𝑃
⇔ ⇑ 𝑃} (17.1)

To see this, choose any (𝑈, 𝑙) → F𝑑 . If (𝑈, 𝑙,𝑃) → min(S̃𝑑 ), there is nothing to
prove. If (𝑈, 𝑙,𝑃) ω min(S̃𝑑 ), then, by Lemma 17.12, there is some (𝑈⇔, 𝑙⇔,𝑃 ⇔) →
min(S̃𝑑 ) with (𝑈⇔, 𝑙⇔,𝑃 ⇔) < (𝑈, 𝑙,𝑃). If (𝑈⇔, 𝑙⇔) < (𝑈, 𝑙), then (𝑈⇔, 𝑙⇔) → S𝑑 since
(𝑈⇔, 𝑙⇔) → S𝑑

⇔ and 𝑃
⇔ ⇑ 𝑃 (i.e., essentially by the monotonicity of firing, Lemma

1.13), which means that (𝑈⇔, 𝑙⇔) would not be minimal in S𝑑 . Hence 𝑃
⇔
< 𝑃 , and

(𝑈, 𝑙,𝑃 ⇔) → min(S̃𝑑 ) proves (17.1).
Hence, F =

⋃
𝑑→N|𝑁 | F𝑑 ↑ {(𝑈, 𝑙) | (𝑈, 𝑙,𝑃) → min(S̃𝑑 ),𝑃 → N |𝑌 | }.

17.18
In this proof, the symbol (𝑈, 𝑙) was used to denote a vector whose first component
𝑈 is a Parikh vector and whose second component 𝑙 is an e!ect.

17.5 Persistent nets have semilinear reachability sets

Now, assume that 𝐿 = (𝑀,𝑁 , 𝑂,𝑃0) is not just an arbitrary (marked) Petri net, but a
persistent one which is marked initially by 𝑃0. Of course, (𝑀,𝑁 , 𝑂,𝑃) is persistent
for every 𝑃 → [𝑃0 ≃. The next lemma shows that in this case, the e!ect of any
nondecreasing firing sequence 𝑃

𝑒∝↖ starting at any arbitrary reachable marking
𝑃 → [𝑃0≃ can equally be achieved by a sequence of minimal nondecreasing firing
sequences.

Lemma 17.19 D)2!,0!+$"$!% !& &$’$%1 +)9-)%2)+ $% # 0)’+$+")%" %)"
Let 𝐿 = (𝑀,𝑁 , 𝑂,𝑃0) be persistent, let 𝑃 → [𝑃0≃, and let 𝑃 𝑒∝↖ 𝑃

⇔ for
some sequence 𝑚 → 𝑁

+ satisfying 𝑖·P(𝑚) ↙ 0 (i.e., 𝑚 is nondecreasing).
Then there are sequences 𝑛1, . . . , 𝑛𝑁 → 𝑁

+ with
1. EP(𝑛𝑉) → F , for all 1 ⇑ 𝑓 ⇑ 𝑜 (i.e., 𝑛𝑉 is minimal nondecreasing).
2. 𝑃

𝑓1...𝑓𝑃∝∝∝∝∝∝∝∝↖ (i.e., the sequence 𝑛1 . . . 𝑛𝑁 can be fired at 𝑃).
3. 𝑖·P(𝑛1 . . . 𝑛𝑁 ) = 𝑖·P(𝑚) (i.e., the e!ects of 𝑛1 . . . 𝑛𝑁 and 𝑚 are equal).

Proof: By induction on the length of 𝑚.
|𝑚 | = 1 (recall that 𝑚 is nonempty): EP(𝑚) is minimal; so 𝑚 = 𝑛1.
|𝑚 | > 1: If EP(𝑚) → F𝑑 , then 𝑚 = 𝑛1 will again do fine.
Otherwise, EP(𝑚) is not minimal in 𝑀𝑑 , and by Lemma 17.12, there is some 𝑃 𝑔∝↖
𝑃

⇔⇔ such that 𝑝 ε 𝑞, EP(𝑝) → F𝑑 , and EP(𝑝) < EP(𝑚). If P(𝑚) = P(𝑝), then
also 𝑃

⇔ = 𝑃
⇔⇔, contradicting EP(𝑝) ε EP(𝑚). Hence P(𝑝) < P(𝑚). Hence,

using the terminology of Section 12.4, 𝑝∝• 𝑚 = 𝑞.
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By Keller’s theorem (Theorem 12.12), 𝑃 ⇔⇔ 𝑒∝• 𝑔∝↖ 𝑃
⇔, with P(𝑝(𝑚∝• 𝑝)) = P(𝑚).

Moreover, 𝑚∝• 𝑝 ε 𝑞 since P(𝑝) < P(𝑚). Also:

𝑖·P(𝑝(𝑚∝• 𝑝)) = 𝑖·P(𝑝) + 𝑖·P(𝑚∝• 𝑝) = 𝑖·P(𝑚)

By P(𝑝) < P(𝑚), 𝑖·P(𝑚∝• 𝑝) ↙ 0, and 𝑚∝• 𝑝 is nondecreasing.
The induction hypothesis can now be applied to 𝑚∝• 𝑝, yielding a suitable sequence
𝑛1 . . . 𝑛𝑁 for 𝑚∝• 𝑝. Then 𝑝𝑛1 . . . 𝑛𝑁 is a suitable sequence for 𝑚. 17.19

𝑃1

𝑃2

𝑃3

𝑎

𝑏

𝑅

2

2

𝑐 𝑄1 𝑄2 𝑄3

𝑃1 1 ∝2 0
𝑃2 2 ∝1 ∝1
𝑃3 1 0 ∝1

Fig. 17.3: An unbounded persistent Petri net and its incidence matrix.

Example 17.20 F$1-’) 17.3
The net shown in Figure 17.3 is persistent, since

𝑃 (𝑘2) ↙ 𝑃 (𝑘1) + 𝑃 (𝑘3)

for every reachable marking. Table 17.1 lists some sequences 𝑚 in {𝑏, 𝑐, 𝑑}+
and their properties. Note that 𝑏𝑑 is minimal, even though its e!ect dominates
(i.e., is > than) the e!ect of 𝑏2

𝑐𝑑
2, and that 𝑏2

𝑐𝑑
2 is minimal even though its

Parikh vector dominates that of 𝑏𝑑.

𝑒 𝑑0
𝑄∝↖ ? nondecreasing? minimal? decomposition

𝑎 yes 𝑐 ·P (𝑎) = (121)T ↙ 0 yes 𝑎

𝑎𝑏 no 𝑐 ·P (𝑎𝑏) = (∝1 11)T ⊋ 0 — —
𝑎𝑅 yes 𝑐 ·P (𝑎𝑅) = (110)T ↙ 0 yes 𝑎𝑅

𝑎
2
𝑏𝑅 yes 𝑐 ·P (𝑎2

𝑏𝑅) = (001)T ↙ 0 yes 𝑎
2
𝑏𝑅

𝑎
2
𝑏𝑅

2 yes 𝑐 ·P (𝑎2
𝑏𝑅

2 ) = (010)T ↙ 0 yes 𝑎
2
𝑏𝑅

2

𝑎
3
𝑏𝑅

3 yes 𝑐 ·P (𝑎3
𝑏𝑅

3 ) = (120)T ↙ 0 no (𝑎𝑅) (𝑎2
𝑏𝑅

2 )
Table 17.1 Some sequences relating to the net in Figure 17.3.

The main result is next. The basic idea is to take the e!ects of minimal nondecreasing
sequences as the periods of the semilinear representation we are looking for. What
remains is the determination of the bases. Along any nondecreasing path, the set
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of minimal sequences that are firable at most increases.6 For the proof to work,
however, we have to make sure that this number stays exactly constant, because we
want to know at the beginning of such a path which are the periods that may follow.
The bases of the semilinear representation will be chosen in such a way that this
property is guaranteed.

Theorem 17.21 T3) +)" !& ’)#23#.() ,#’8$%1+ !& 𝐿 $+ +),$($%)#’
Let 𝐿 = (𝑀,𝑁 , 𝑂,𝑃0) be persistent. Then [𝑃0≃ is semilinear.

Proof: Let 𝑟 = {𝑛1, . . . , 𝑛𝑀} be the set of transition sequences 𝑛 → 𝑁
+ such that

EP(𝑛) → F . By Lemma 17.18, 𝑟 is finite. Let 𝑆 ↑ 𝑟 be any subset of 𝑟; of course,
𝑆 is also finite. Let

𝑔𝑕 = {(P(𝑚),𝑃) → N |𝑋 |+|𝑌 | | 𝑃0
𝑒∝↖ 𝑃 and 𝑆 = {𝑛 → 𝑟 | 𝑃 𝑓∝↖ }}

𝑠𝑕 = min(𝑔𝑕)
𝑃𝑕 = {𝑃 | ↔𝑐 → 𝑠𝑕↔𝑚 → 𝑁

+ : 𝑐 = (P(𝑚),𝑃)}

𝑃𝑕 is simply the set of markings associated with 𝑠𝑕, and 𝑠𝑕 is finite by Lemma
17.18 (while 𝑔𝑕 may be infinite). 𝑔𝑕 describes the set of all (Parikh vectors of)
firing sequences which lead from 𝑃0 to some marking 𝑃 from which all sequences
in 𝑆 (and no other sequences in 𝑟 \𝑆) can be fired. Note that because all of these
sequences are nondecreasing, they can be fired from 𝑃 arbitarily often, and in any
arbitrary order.
Consider the set

R =
⋃
𝑕↑𝑖

⋃
𝑑→𝑑𝑅

{ 𝑃 +
∑
𝑓 →𝑕

N·(𝑖·P(𝑛)) } (17.2)

In words: for every (finite) set of “potential periods” 𝑆 , all the markings 𝑃 → 𝑃𝑕

will be considered as bases, i.e., all the markings which enable exactly the set 𝑆
of periods, which are reachable from 𝑃0 in a shortest possible way, and which
are themselves minimal with these properties. From such an 𝑃 onwards, (firing
sequences corresponding to) the periods in 𝑆 are executable arbitrarily often in an
arbitrary order. It will be shown that
(i) every marking in R is reachable, i.e., R ↑ [𝐿≃;
(ii) every reachable marking is in R, i.e., [𝐿≃ ↑ R.
Proof of (i): This is the easier part.
The markings 𝑃 under the second union symbol are reachable from 𝑃0 by the
definition of 𝑃𝑕. By definition of 𝑔𝑕, all of the sequences 𝑛 in 𝑆 can be fired from
𝑃 (in arbitrary order and frequency).
Proof of (ii): For this part, persistence and Lemma 17.19 are relevant.

6 Just like, in the bounded case, the set of firable small cycles at most increases.
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Let 𝑃 → [𝑃0≃ be an arbitrary reachable marking, i.e., 𝑃0
𝑒∝↖ 𝑃 for some sequence

𝑚. Let 𝑆 be the set of sequences in 𝑟 that are firable from 𝑃 .7 If 𝑃 is in 𝑃𝑕, then
it is also in R. If not, then, by Lemma 17.12, there is some firing sequence 𝑃0

𝑔∝↖
𝑃 → 𝑃𝑕 such that (P(𝑝),𝑃) → 𝑠𝑕, and such that (P(𝑝),𝑃) < (P(𝑚),𝑃).
The latter inequality has two consequences: firstly, 𝑃 < 𝑃 , since if 𝑃 = 𝑃 , then
𝑝 would be a witness for 𝑃 being in 𝑃𝑕, contradicting 𝑃 ω 𝑃𝑕; and secondly,
P(𝑝) < P(𝑚), since if P(𝑝) = P(𝑚), then 𝑃 = 𝑃 .
By P(𝑝) < P(𝑚) and because the net is persistent, Keller’s theorem 12.12 yields

𝑃0
𝑔∝↖ 𝑃

𝑒∝• 𝑔∝↖ 𝑃

Moreover, 𝑃 < 𝑃 implies that 𝑚∝• 𝑝 is nondecreasing. Hence by Lemma 17.19,
𝑚∝• 𝑝 = 𝑛1 . . . 𝑛𝑁 with 𝑛𝑉 → F for all 1 ⇑ 𝑓 ⇑ 𝑜 .
In fact, all 𝑛𝑉 are in 𝑆 . To see this, consider the sequence

𝑃 = 𝑡0
𝑓1∝↖ 𝑡1 ∝↖ . . . ∝↖ 𝑡𝑁∝1

𝑓𝑃∝↖ 𝑡𝑁 = 𝑃

in detail. First, by the definition of 𝑃 , 𝑆 is the set of 𝑟-sequences which are firable
from 𝑃 . Then consider any intermediate marking 𝑡 𝑗 . Suppose that from 𝑡 𝑗 , some
𝑛 → 𝑟 \ 𝑆 was firable. Then 𝑛 would also be firable in 𝑃 , due to all 𝑛𝑉 being
nondecreasing. This contradicts 𝑆 comprising all 𝑟-sequences firable at 𝑃 . Hence
all 𝑛𝑉 are in 𝑆 . Thus, 𝑃 satisfies

𝑃 = 𝑃 +
∑
𝑓 →𝑕

N·(𝑖·P(𝑛)), with 𝑃 → 𝑃𝑕

and is, therefore, in R. This concludes the proof of (ii).
Combining (i) and (ii), the reachability set [𝐿 ≃ of 𝐿 equals R, and since R is
semilinear, the proof is finished. 17.21

17.6 Decidability of persistence

Theorem 17.21 can be used in order to solve the following decision problem.

Decision Problem 17.22 T3) P)"’$ %)" 0)’+$+")%2) 0’!.(),
Input: A Petri net 𝐿 = (𝑀,𝑁 , 𝑂) and an initial marking 𝑃0 → N𝑌 .
To decide: Is (𝑀,𝑁 , 𝑂,𝑃0) persistent?

7 The good news is that this set is finite.
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Theorem 17.23 T3) P)"’$ %)" 0)’+$+")%2) 0’!.(), $+ *)2$*#.()
Problem 17.22 is decidable.

Proof: Let 𝐿 = (𝑀,𝑁 , 𝑂,𝑃0) be an arbitrary marked Petri net. The idea is to
approximate the reachability set of 𝐿 set “from below” and to test, at each step,
whether a violation of persistence has already been found or whether the semilinear
set R from (17.2) has been reached. To this end, let us define for each 𝑊 → N the set
of extended markings

ER𝑂 = {(P(𝑚),𝑃) | ↔𝑚 → 𝑁
⇒ : 𝑃0

𝑒∝↖ 𝑃 ↓ |𝑚 | ⇑ 𝑊}

All the markings in the second components of ER𝑂 are reachable from 𝑃0 in at
most 𝑊 steps (they correspond, in some sense, to a breadth first exploration of the
reachability graph of 𝐿), and therefore the reachability set of 𝐿 is underapproximated
by them. This set is finite and may e!ectively be constructed.
Consider some stage at which

ER𝑀 = { (0,𝑃0) , (𝑈1,𝑃1) , . . . , (𝑈𝑆,𝑃𝑆) }

has been computed thus far. Let 𝑀𝑀 be the semilinear set

𝑀𝑀 =
⋃

0⇑𝑉⇑𝑆
{
(𝑈𝑉 ,𝑃𝑉) + N·F (𝑀)

𝑉

}
where

F (𝑀)
𝑉

= min
(
𝑒

(𝑀)
𝑉

)
and

𝑒
(𝑀)
𝑉

=
{
(P(𝑛),𝑖·P(𝑛))

++
𝑛 → 𝑁

⇒ ↓ |𝑛 | ⇑ 𝑋 ↓ 𝑃𝑉

𝑓∝↖ ↓𝑖·P(𝑛) ↙ 0
}

Since 𝑁 is finite, 𝑒 (𝑀)
𝑉

and F (𝑀)
𝑉

are also finite and can be constructed e!ectively.
Moreover, since the sequence of sets ER𝑀 is weakly increasing, F (𝑀)

𝑉
↑ F (𝑀+1)

𝑉
.

Indeed, if (𝑈𝑉 ,𝑃𝑉) belongs to ER𝑀, it also belongs to ER𝑀+1 and 𝑒
(𝑀)
𝑉

↑ 𝑒
(𝑀+1)
𝑉

.
In general, min is not monotonic, since it may happen that 𝑔 ↑ 𝑠 ↑ N |𝑋 |+|𝑌 | while
¬
(
min(𝑔) ↑ min(𝑠)

)
, if 𝑠 \ 𝑔 contains a member smaller than a minimal one in 𝑔.

But this does not occur here since the extra members in 𝑒
(𝑀+1)
𝑉

have larger Parikh
vectors than the ones in 𝑒

(𝑀)
𝑉

.
Referring back to Definition 17.16, lim𝑀↖∞ F (𝑀)

𝑉
= F𝑑𝑀

since any non-decreasing
firing sequence from 𝑃𝑉 will eventually occur in some 𝑒

(𝑀)
𝑉

. Since F𝑑𝑀
is finite and

composed of integer vectors, we even have that, for some 𝑋𝑉 , F (𝑀𝑀 )
𝑉

= F𝑑𝑀
(=F (𝑘)

𝑉
for

𝑢 ↙ 𝑋𝑉). Note that, while F𝑑𝑀
is finite, it may not in general be constructed e!ectively

(we know that 𝑋𝑉 exists, but we cannot compute it easily: it may in particular happen
that F (𝑀)

𝑉
= F (𝑀+1)

𝑉
ε F (𝑀+2)

𝑉
).

As a consequence, we also have that
⋃

0⇑𝑉⇑𝑆 F (𝑀)
𝑉

↑ ⋃
𝑑→N|𝑁 | F𝑑 = F and, since

F is finite (see Lemma 17.18) and composed of integer vectors, for some 𝑋̂ and the
corresponding 𝑍,

⋃
0⇑𝑉⇑𝑆̂ F (𝑀̂)

𝑉
= lim𝑀↖∞

⋃
0⇑𝑉⇑𝑆 F (𝑀)

𝑉
=

⋃
𝑑→ [𝑑0 ≃ F𝑑 . But in
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general, it is not guaranteed that
⋃

0⇑𝑉⇑𝑆 F (𝑀)
𝑉

grows to F since the latter uses all
the possible markings while the first one only uses the markings reachable from 𝑃0.
For each 𝑋, 𝑀𝑀 may be infinite, of course, but it is semilinear and can e!ectively be
constructed from ER𝑀 and the various F (𝑀)

𝑉
’s. Moreover, ER𝑀 ↑ 𝑀𝑀, for all 𝑋, since

0 → N.
The second components of F (𝑀)

𝑉
are the e!ects of minimal, nondecreasing firing

sequences firable from 𝑃𝑉 with a length bounded by 𝑋. Thus, 𝑀𝑀 is the finite union
of the linear sets having (𝑈𝑉 ,𝑃𝑉) as a base and all linear combinations of pairs from
F (𝑀)
𝑉

as corresponding periods. Since all sequences 𝑛 → F𝑑𝑀
are firable from 𝑃𝑉 ,

and 𝑃𝑉 is reachable from 𝑃0, all markings occurring as the second components of
𝑀𝑀 are reachable from 𝑃0, so that again they approximate the reachable set of 𝐿

from below. In e!ect, they are a subset of the set R in (17.2).
Now the extended markings in 𝑀𝑀 will be tested by means of two Presburger formulae,
(17.3) and (17.4). The sentence

↔(𝑈,𝑃) → 𝑀𝑀 ↔𝑃 ⇔ → N𝑌 ↔𝑣 → 𝑁 :
(𝑃 𝑄∝↖ 𝑃

⇔) ↓ ¬((𝑈 + P(𝑣),𝑃 ⇔) → 𝑀𝑀)
(17.3)

is a Presburger formula. It checks whether some marking 𝑃
⇔ ω 𝑀𝑀 can be reached

by firing a single transiton 𝑣 from a marking 𝑃 → 𝑀𝑀. By Theorem 17.6, (17.3) is
decidable. The sentence

↔(𝑈,𝑃) → 𝑀𝑀 ↔(𝑈⇔,𝑃 ⇔) → 𝑀𝑀 ↔𝑣 → 𝑁 ↔𝑣⇔ → 𝑁 :
𝑣 ε 𝑣

⇔ ↓ (𝑃 𝑄∝↖ ) ↓ (𝑃 𝑄
⇔

∝↖ 𝑃
⇔) ↓ ¬(𝑃 ⇔ 𝑄∝↖ )

(17.4)

is also a Presburger formula. It checks whether, within 𝑀𝑀, there is a transition 𝑣

which is enabled at some marking 𝑃 but becomes disabled at 𝑃 ⇔ by the firing of
another transition 𝑣

⇔.
If (17.4) is true, then we can conclude that “𝐿 is not persistent” and stop the algorithm.
This is justified by the definition of persistence, since we just identified a situation
of non-persistence amongst reachable markings.
If both (17.3) and (17.4) are false, this means that the second components of
𝑀𝑀 already comprise all reachable markings, amongst which no situation of non-
persistence has been identified. Thus we may conclude that “𝐿 is persistent” and
stop the algorithm.
If (17.3) is true and (17.4) is false, the algorithm proceeds by producing ER𝑀+1.
Finally, we show that for any Petri net 𝐿 , one of the first two cases must arise.
If 𝐿 is not persistent, its non-persistence will eventually be detected by the sentence
(17.4); indeed, the witness 𝑃 of non-persistence belongs to some ER𝑀 so that (17.4)
will detect the non-persistence at last at step 𝑋.
If 𝐿 is persistent, then (17.4) never becomes true. However, from the remarks above
and from (the proof of) Theorem 17.21, at some point 𝑀𝑀 contains all reachable
markings, sentence (17.3) evaluates to false, and the algorithm terminates with the
output “𝐿 is persistent”. 17.23
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17.7 Weakly persistent Petri nets

Definition 17.24 W)#8 0)’+$+")%2)
A labelled transition system (𝑤,↖,𝑁 , 𝑥0) with states𝑤 and labels𝑁 is weakly
persistent if for any reachable state 𝑘 → [𝑥0≃, label 𝑣 → 𝑁 , and label sequence
𝑝 → 𝑁

⇒, if 𝑘

𝑄∝↖ and 𝑘

𝑔𝑄∝↖ , then there is a label sequence 𝑦 → 𝑁
⇒ with

P(𝑦) = P(𝑝) and 𝑘

𝑄𝑙∝↖ . A Petri net is weakly persistent if its reachability
graph is weakly persistent.

The same results as in the previous sections can be obtained for weakly persistent Petri
nets. Every persistent labelled transition system is also weakly persistent. However,
the converse is not true; see Figure 17.4.

𝑃1 𝑃2 𝑃3𝑎

𝑏

𝑅

2

𝑃1 𝑃2 𝑃3𝑎

𝑏

𝑅 𝑚𝑛

2
2

Fig. 17.4: Left-hand side: a weakly persistent, non-persistent Petri net. Right-hand
side: the same net, augmented with two “periods” 𝑧 and 𝑙.

Lemma 17.25 A 23#’#2")’$+#"$!% !& 5)#8 0)’+$+")%2)
An lts (𝑤,↖,𝑁 , 𝑥0) is weakly persistent iff for any two sequences 𝑝, 𝑦 → 𝑁

⇒

with P(𝑦) ↙ P(𝑝), and for any state 𝑘 → [𝑥0≃, if 𝑘 𝑔∝↖ 𝑘
⇔ and 𝑘

𝑙∝↖ 𝑘
⇔⇔,

then there is a sequence 𝛥 → 𝑁
⇒ with 𝑘

⇔ 𝑜∝↖ 𝑘
⇔⇔ and P(𝑝𝛥) = P(𝑦).

This lemma is the part of Keller’s theorem which has been used in the proof of the
Section 17.5 and can thus be used there instead of Keller’s theorem. Lemma 17.25
can also be used in place of Condition (17.4) in Section 17.6, in the following form:

↔(𝑈,𝑃) → 𝑀𝑀 ↔(𝑈⇔,𝑃 ⇔) → 𝑀𝑀 :
( 𝑈 < 𝑈

⇔ ) ↓ ¬↔𝑣 → 𝑁 : ( 𝑈(𝑣) < 𝑈
⇔ (𝑣) ↓ 𝑃

𝑄∝↖ ) (17.5)

If (17.5) is true, then we can conclude that the net is not weakly persistent.

Example 17.26 T3) ’)#23#.$($"4 +)" !& "3) %)" +3!5% $% F$1-’) 17.4
From 𝑃0 = (1 1 0)T, both 𝑏𝑐 and 𝑏𝑐𝑐 are minimal nondecreasing sequences.
The former corresponds to the period (1 0 1)T, the latter to the period (2 1 0)T.
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Since they can be fired from 𝑃0 and hence from any reachable marking, it is
admissible to represent them as two new transitions 𝑧 and 𝑙, shown in green
in Figure 17.4. It turns out that the state space can be represented semilinearly
using these two periods:

(1 1 0)T + N·(1 0 1)T + N·(2 1 0)T

↗ (0 0 1)T + N·(1 0 1)T

and in Presburger form as

{ (2𝑋 + 𝑍 + 1, 𝑋 + 1,𝑍) | 𝑋,𝑍 → N } ↗ { (𝑍, 0,𝑍 + 1) | 𝑍 → N }

17.8 Some non-semilinear Petri nets

After reading so much about (weakly) persistent Petri nets, one might wonder how
a Petri net with a non-semilinear state space looks like. This section contains two
examples. Both are actually AC-nets. A first non-semilinear Petri net is shown in
Figure 17.5.

𝑃1

𝑃2

𝑃3

𝑃4

𝑃5

𝑄1

𝑄2

𝑄3

𝑄4

Fig. 17.5: An unbounded AC Petri net whose state space is not semilinear.

Proposition 17.27 F$1-’) 17.5
The reachability set of the net shown in Figure 17.5 is not semilinear.

Proof: Any reachable marking 𝑃 satisfies

𝑃 (𝑘1) + 𝑃 (𝑘2) = 1
𝑃 (𝑘3) + 𝑃 (𝑘4) = number of firings of 𝑣2 and 𝑣4
𝑃 (𝑘5) = total number of transitions fired
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With 𝑃 (𝑘3) + 𝑃 (𝑘4) = 𝑋 being constant, the maximum number of tokens that can
be assembled on 𝑘5 is

( 𝑀+1∑
𝑉=1

𝑓

)
∝ 1 =

(𝑋 + 1) · (𝑋 + 2)
2

∝ 1 (17.6)

This is because both 𝑣2 and 𝑣4 modify 𝑋. Moreover, the maximum in (17.6) can be
realised by firing in this way:

% comment: initially 𝑋 = 0 and (𝑀+1) · (𝑀+2)
2 ∝ 1 = 0

repeat fire 𝑣2;
fire 𝑣3 until 𝑘3 has no token;
% comment: the maximum is obtained if 𝑋 is odd
fire 𝑣4;
fire 𝑣1 until 𝑘4 has no token
% comment: the maximum is obtained if 𝑋 is even

endrepeat

Hence the relationship between the number of tokens on 𝑘3, 𝑘4, 𝑘5 is multiplicative
by (17.6) and cannot be described by a Presburger formula. The claim follows by
Theorem 17.10. 17.27
Just for fun, a coverability graph is shown in Figure 17.6. Notice the oscillation
between (10𝛩𝛩𝛩) 𝑄2∝↖ (01𝛩𝛩𝛩) and (01𝛩𝛩𝛩) 𝑄4∝↖ (10𝛩𝛩𝛩) in the first two
components of these states.

(1 0 0 0 0)𝑃0 (0 1 1 0 1)
𝑃1

(0 1 0 1 2) 𝑃2

(1 0 𝑝 𝑝 𝑝)
𝑃3

(1 0 0 𝑝 𝑝) 𝑃4

(0 1 𝑝 𝑝 𝑝) 𝑃5

𝑄2 𝑄3

𝑄4 𝑄4

𝑄1

𝑄2

𝑄2

𝑄4
𝑄1

𝑄3

Fig. 17.6: The coverability graph of the net shown in Figure 17.5.

Another non-semilinear (asymmetric choice) net is shown in Figure 17.7.
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Proposition 17.28 F$1-’) 17.7
The reachability set of the net shown in Figure 17.7 is not semilinear.

Proof: (Sketch.)
Let the net be called (𝑀,𝑁 , 𝑂,𝑃0) and consider the sets

Q1 = {(1, 0, 𝑈1, 𝑈2, 𝑈3) | 0 < 𝑈2 + 𝑈3 ⇑ 2𝑇1 }
Q2 = {(0, 1, 𝑈1, 𝑈2, 𝑈3) | 0 < 2𝑈2 + 𝑈3 ⇑ 2𝑇1+1}
Q = Q1 ↗ Q2

where 𝑈1, 𝑈2, 𝑈3 denote the number of tokens on places 𝑘3, 𝑘4, 𝑘5, respectively. Then
[𝑃0≃ = Q and Q is not semilinear.
[𝑃0≃ ↑ Q: First, 𝑃0 → Q1; secondly, by considering the four transitions individually,
one can show that no firing sequence leads to markings outside Q1 ↗ Q2.
[𝑃0≃ ∈ Q: One can show that if 𝑃 → Q, then ↔ firing sequence 𝑚 : 𝑃0

𝑒∝↖ 𝑃 , by
induction over 𝑈1 = 𝑃 (𝑘3).8
The relationship between the markings of 𝑘3, 𝑘4, 𝑘5 in reachable states is “highly
multiplicative” and cannot be expressed by Presburger logic. 17.28

𝑃3

𝑃1

𝑃2

𝑃4 𝑃5

𝑄1

𝑄2

𝑄3 𝑄4

2

Fig. 17.7: Another Petri net 𝐿 with a non-semilinear reachability set.

The coverability graph of this net contains two oscillating states which behave very
much like the other two states in the previous coverability graph. This net is related
to the Petri net given at the end of Chapter 10 (Figure 10.11).

17.9 Bibliographical remarks and further reading

The notion of semilinearity is due to Rohit J. Parikh [Par61; Par66].
Presburger arithmetic goes back to [Pre29] (Moj#esz Presburger, who proved its
decidability, that is, Theorem 17.6). Turing machines are, of course, due to Alan

8 This is, however, slightly tricky.
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Turing.9 For Turing machines, and for the proof of Theorem 17.7, see, e.g., [HU79]
(John E. Hopcroft, Je!rey D. Ullman). It is not entirely easy to attribute Theorem
17.8 to a single author since, in the mid-1930s, there were a number of closely
related publications, such as [Göd31] (by Kurt Gödel) and [Chu36] (by Alonzo
Church). Church’s encodings are quite di!erent from the ones sketched in the proof
of Theorem 17.8. In fact, for the purpose of constructing his brand of encodings of
computations, he invented the lambda-calculus.10

Theorem 17.10 is due to [GS66] (Seymour Ginsburg and Edwin H. Spanier).
The semilinearity proof closely follows Lawrence H. Landweber and Edward L.
Robertson’s seminal paper [LR78]. This paper also contains the semilinear net in
Figure 17.5. A more algorithmic proof of the same result is described in [May81a],
by Ernst W. Mayr.
Independent proofs of the decidability of the Petri net persistence problem have
been given nearly at the same time by Jan Grabowski in [Gra80], Horst Müller in
[Mül80],11 Ernst W. Mayr in [May81b], and Hideki Yamasaki in [Yam81]. Our pre-
sentation follows Yamasaki’s paper, except that his proof applies to weakly persistent
nets directly.
The non-semilinear net in Figure 17.7 is from John E. Hopcroft / Jean-Jacques
Pansiot in [HP79b]. In this paper, the authors also proved that loop-free P/T nets
with ⇑ 5 places have semilinear reachability sets.12

Various other classes of nets have also turned out to have semilinear reachability
sets. Amongst them are normal and sinkless nets ([Yam84], by Hideki Yamasaki),
simple circuit nets ([YY03], by Hsu-Chun Yen and Lien-Po Yu), and cyclic nets,
i.e., nets whose initial marking is a home state (see [AK77], by Toshiro Araki
and Tadao Kasami, and [BF97], by Zakaria Bouziane and Alain Finkel).13 Cyclic
net reachability graphs have a particularly simple form which is, again, vaguely
reminiscent of the ultimate periodicity property of infinite words: for every cyclic
Petri net 𝐿 with initial marking 𝑃0,

[𝐿≃ = 𝛬 +𝛯
⇒
, where 𝛬 = min( [𝐿≃) and 𝛯 = min(( [𝐿≃ ∝ {𝑃0}) ∋ N𝑌)

where, for vector sets 𝑆 ,𝑇 , 𝑆 ∝ 𝑇 = {𝑈 ∝ 𝑉 | 𝑈 → 𝑆 , 𝑉 → 𝑇 }. That is, the bases
are the minimal reachable markings, and the periods are their minimal semipositive
extensions. Lemma 17.13 ensures that there are only finitely many periods.

9 See https://en.wikipedia.org/wiki/Turing_machine.
10 See https://en.wikipedia.org/wiki/Lambda_calculus.
11 Actually, in that paper, the e!ective constructibility of the R is proved.
12 The nets shown in Figures 17.5 and 17.7 have 5 places, but do not disprove this. They have two
loops, and if these loops are split according to the recipe given in Section 5.2, then each of them
has 7 places.
13 Cyclic nets have been called “reversible” in the present text.
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17.10 Exercises

Exercise 17.1 P’)+.-’1)’ +)"+
Display the reachability set of the (choice-free, hence persistent) Petri net shown in
Figure 17.8 as a Presburger formula.

𝑃1 𝑃2

𝑃3 𝑃4

𝑃5 𝑃6

𝑎 𝑏

𝑅 𝑚 𝑛

Fig. 17.8: A persistent Petri net (Exercise 17.1).

Exercise 17.2 S),$($%)#’$"4
Display the reachability set of the Petri net of Exercise 17.1 as a semilinear set.
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Solution 17.1 (E/)’2$+) 17.1)
Starting from the initial marking (1 1 0 0 0 0)T, 𝑏 and 𝑐 can be fired once, reach-
ing (0 0 1 1 0 0)T. From then on, all reachable markings are either of the form
(0 0 1 𝑈 0 𝑉)T, with 𝑈 ↙ 1 or of the form (0 0 0 𝑈 1 𝑉)T, with 𝑉 ↙ 1. More pre-
cisely, a token alternates between 𝑘3 and 𝑘5, while both 𝑘4 and 𝑘6 are unbounded
and carry at least one token, such that 𝑘4 carries at least one token if 𝑘3 does and 𝑘6
carries at least one token if 𝑘5 does. The question is whether all such markings can
actually be reached.
Markings of the form (0 0 1 𝑈 0 𝑉)T, with 𝑈 ↙ 1, can be reached from (0 0 1 1 0 0)T

by firing 𝑧𝑑 𝑈+ 𝑉∝1 times, and then 𝑙 𝑈∝1 times (this includes (0 0 1 1 0 0)T itself).
Markings of the form (0 0 0 𝑈 1 𝑉)T, with 𝑉 ↙ 1, can be reached from (0 0 1 1 0 0)T

by firing 𝑧, and then 𝑑𝑧 𝑈 + 𝑉 ∝ 1 times, followed by 𝑈 times 𝑙.
Hence, the set of reachable markings of this Petri net can be written in (nearly)
Presburger form as

{(1 1 0 0 0 0)T
, (0 1 1 0 0 0)T

, (1 0 0 1 0 0)T} ↗

{(0 0 1 𝑈 0 𝑉)T | 𝑈 ↙ 1} ↗ {(0 0 0 𝑈 1 𝑉)T | 𝑉 ↙ 1}

Solution 17.2 (E/)’2$+) 17.2)
The analysis of the reachable markings is the same as before. The set of reachable
markings can be written in semilinear form as follows:
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,-------
.

1
1
0
0
0
0

/


↗

,-------
.

0
1
1
0
0
0

/


↗

,-------
.

1
0
0
1
0
0

/


↗

,-------
.

0
0
1
1
0
0

/


+N·

,-------
.

0
0
0
1
0
0

/


+N·

,-------
.

0
0
0
0
0
1

/


↗

,-------
.

0
0
0
0
1
1

/


+N·

,-------
.

0
0
0
1
0
0

/


+N·

,-------
.

0
0
0
0
0
1

/


The first line contains the markings reachable before 𝑏 and 𝑐 are dead. The second
line describes the markings in the first set of the semilinear representation (Solution
17.1). The third line contains the markings in the second set of this representation.


