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Zusammenfassung

Die fortschreitende Einbindung erneuerbarer Energiequellen in das Energienetz
stellt neue Herausforderungen an die Koordination von Netzteilnehmern und
die zugrundeliegende Infrastruktur. Diese Entwicklung ist ein zentraler Teil der
Dekarbonisierung der europaischen Energieerzeugung. Folglich ist die Unter-
suchung dieser Herausforderungen von kritischer Wichtigkeit.

Diese Arbeit présentiert Stochastische Ressourcen (SR) — ein Modell un-
sicherer und volatiler verteilter Energieressourcen. Als Teil des Stochastic Re-
source Optimization (SRO) Problems untersuchen wir ihre Nutzung zur Ein-
satzplanung verteilter Energieanlagen. Stochastische Ressourcen sind ein ein-
faches Modell, das univariate Vorhersagen mit einer zugehorigen Kostenfunktion
kombiniert. Diese Kostenfunktion kann z.B. den Verkaufswert der erzeugten
Energie darstellen. SRO beschreibt die Aufgabe Energieressourcen aus einer
vorgegebenen Menge fiir ein bestimmtes Ziel kosteneffizient auszuwahlen. Dieser
Prozess bezieht die Korrelationsinformationen und die resultierende multivari-
ate Verteilung der Ressourcen mit ein.

Dieser Arbeit definiert das formale Modell Stochastischer Ressourcen und
fiihrt eine Analyse zu ihrer Aufsummierung durch. Diese Berechnung ist ein
kritischer Teil des untersuchten Optimierungsproblems. Fir SRO fithren wir
eine formale Kategorisierung und Komplexitatsanalyse durch und ordnen SRO
in den Kontext kombinatorischer und stochastischer Optimierungsprobleme ein.
Wir zeigen, dass stark SRO NP-hart ist.

Unsere Komplexitétsanalyse zeigt, dass SRO in einigen Féllen effizient von
metaheuristischen Algorithmen gelost werden kann. Die Losungsqualitdt hangt
stark von einer vollstandigen und genauen Modellierung der unterliegenden Kor-
relationen der Ressourcen ab. Selbst kleine Ungenauigkeiten und fehlende Infor-
mationen konnen zu einer drastischen Verschlechterung der Ergebnisse fiihren.

Die entwickelten Optimierungsmethoden werden im Rahmen einer Sensi-
tivitdtsanalyse auf ihre Stabilitat unter kleinen Anderungen der Eingangsparam-
eter untersucht. Diese Analyse zeigt, dass die untersuchten Methoden generell
stabil auf kleine Verdnderungen reagieren.

Abschlielend préasentieren wir zwei Anwendungsfallstudien fiir SRO. Die
erste untersucht ein idealisiertes Engpassmanagementszenario fiir ein kleines
Nachbarschaftsnetz. Die zweite beschreibt ein grofiflachiges Planungsproblem
fiir Nordsee Windparks. Diese Studien zeigen, dass das SR Modell und SRO fiir
realweltliche Planungsprobleme nutzbar sind.






Abstract

Continued integration of renewable energy resources into the power grid provides
a challenge for the coordination of grid participants and considerations for the
underlying infrastructure. As a core part of the decarbonization of European
power generation, it is vital that these issues are addressed.

This work presents a model of uncertain distributed energy resources, called
Stochastic Resources (SR) and investigates their economic commitment plan-
ning as part of the Stochastic Resource Optimization (SRO) problem. Stochastic
Resources are a simple model of univariate forecasts for energy resources com-
bined with a cost function for selling their generated energy or power. SRO
is the task of selecting the most cost-efficient subset from a set of resources
for a given task (determined by a target value). This process considers the
correlations of resources and the joint probability of meeting the target.

This thesis contributes the formal model of Stochastic Resources, as well as a
formal analysis of their summation. Based on this, we analyze the various prop-
erties of the optimization problem. We provide a categorization and complexity
analysis of SRO in the context of stochastic and combinatorial optimization
problems. SRO is proven to be strongly NP-hard in general.

The complexity analysis shows that SRO can be efficiently solved by meta-
heuristic algorithms in some cases. Solution quality depends heavily on the
availability of complete and accurate correlation models. FEven small incon-
sistencies in the correlation information can result in large drops in solution
quality.

We investigate the implemented solvers for their sensitivity to minor changes
in the input values and their performance under imperfect correlation informa-
tion. The analysis shows that SRO solutions show only minor variation under
small changes in the inputs.

Lastly, SRO is evaluated on two application studies — an idealized congestion
management problem for a small neighborhood grid as well as a large scale
planning problem for North Sea wind parks. The studies show that the SR model
and the SRO problem can be used for real world unit commitment problems.
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Chapter 1

Introduction

Over the past years, the European energy system has seen a continually increas-
ing share of distributed renewable energy resources. These resources, mostly
photovoltaic and wind generators, play a vital role in the decarbonization of
our energy production. At the same time they pose big challenges for an energy
grid originally designed for centralized energy production. Moving generation
to the outer branches of the power grid creates an increased demand for proper
coordination to not damage power lines while the increasing number of grid par-
ticipants complicates this same coordination process. This is especially relevant,
as weather-dependent generators have uncertain outputs.

The aim of this thesis is to propose a model for the commitment planning of
uncertain energy resources. Operation planning for energy systems is separated
into deciding which units to use for a given task (Unit Commitment (UC)|) and
the efficient operation of the committed units (Economic Dispatch (ED))). This
planning involves detailed physical models of the devices and their interconnec-
tion. The optimization problem developed in this thesis operates at a higher
level, attempting to answer questions like: ”Can a given set of renewable energy
sources, distributed all over the country, match an expected demand peak on the
following day?” It takes their stochastic nature and their various correlations
into account but sacrifices physical model detail to incorporate more units and
cover larger (physical) areas. This makes it suitable for higher level planning
tasks like which types of generators to build and where to put them and thus
bridges the gap between the two areas of planning and operation — two areas
which have been analyzed separately for conventional systems so far.

The remainder of this chapter gives a short overview of the state of the art
in energy system forecasting and methods of dealing with uncertainty in energy
systems. Based on this, we derive a set of requirements for a planning model
and the core research questions of this thesis.
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1.1 Forecast Methods

This section gives an overview of forecast methods for load [27], wind generation
[2] and photovoltaic generation [20]. Forecasting in these areas is typically
grouped by the time horizon into:

e Very Short Term - seconds or minutes to several hours
e Short Term - one hour to one week

e Medium Term - one week to multiple months

e Long Term - multiple months to years

This summary is focused on Short Term forecasts. These time frames offer the
most beneficial trade-off between prediction accuracy and time to act on pre-
dictions. Longer term forecasts are similarly suitable for this work in principle
but do not cover the intended gap between commitment planning and opera-
tion planning for this thesis. Very Short Term forecasts are better suited to the
execution of pre-planned strategies.

State-of-the-art forecast methods can be broadly categorized into:

e statistical and probabilistic methods (e.g. based on time series)
e Al methods (e.g. neural network and meta-heuristic algorithms)
e hybrid methods (some combination of the above)

Over the past years, there has been a clear trend in all three forecast areas
from statistical methods towards Al and hybrid methods. For example, Konda-
iah et al. [27] list an Ant Colony Optimization approach using fuzzy logic and
deep learning by Soares et al. [45] as achieving particularly high accuracy for
load forecasts. A similar result for photovoltaic forecasting is achieved by a hy-
brid approach of fuzzy logic, neural networks and Particle Swarm Optimization
in Dawan et al. [5].

The outputs of different forecast methods vary between giving a single pre-
diction point or a likelihood range of outcomes. Methods that provide a predic-
tion interval are called probabilistic and — if they assume a specific distribution
of outcomes — parametric. E.g. if they assume outputs always follow a Gaussian
or Beta distribution. Many Al methods produce non-deterministic outcomes so
while they may make point predictions, repeated runs of the inference may re-
sult in different points, yielding a non-parametric distribution of predictions.
Naturally, the same applies to hybrid methods incorporating these Al tools.

Forecasts methods are constantly evolving. As a consequence, the tools
developed in this thesis should be general enough to incorporate outputs of
most (ideally all) existing and future forecast methods. The issue of different
forecast methods can be partially addressed by using the forecast error as the
source of uncertainty. The deviation from any given forecast is modeled per
time step. The error is commonly assumed to have a Gaussian distribution, e.g.
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in Wu et al. [51] although in some cases it may be more accurate to assume
other distributions like a hyperbolic distribution as shown in a report by Hodge
et al. [16].

1.2 Planning under Uncertainty

This section covers existing methods for the planning of energy systems under
uncertainty. It lays out that existing methods with highly detailed physical
models are not well suited for the high level commitment planning of energy
resources. Secondly, it shows that general stochastic knapsack formulations do
not cover all requirements for this task either.

1.2.1 Enmnergy System Planning

In the past years, various methods of addressing uncertainty in energy sys-
tems have been developed. The majority of these works can be broadly divided
into [Stochastic Optimization (SO)|and [Robust Optimization (RO)|approaches.
Stochastic optimization assumes a model of the underlying probability distribu-
tion of uncertain resources. Robust optimization makes no such assumptions to
avoid errors introduced by false distribution models and instead tends to rely
on a fixed set of scenarios and pre-defined acceptability bounds.

Works can be divided by the type of problem they attempt to solve. A
first level problem like [UC| usually requires a less detailed model of the devices
than an operation scheduling problem like [ED]or a physical calculation like the
[Optimal Power Flow (OPF)l which additionally considers physical constraints
of power lines.

Generally, energy resource forecasts are not independent. E.g. if a PV unit is
predicted to produce a certain amount of power, then it would be unreasonable
to assume a different PV unit 500 meters down the road would have a completely
different output. Some existing works consider correlations [18, 48, [40] [8, [0,
47, 51]. The majority of existing works ignore correlations [4], [19] [32] 85}, 37, 50,
59l 30, [39, [46], 14, 56, (3].

For example, Huo et al. [I8] solve the planning and operation problem for
an energy hub considering uncertainties in wind power generation. Their model
uses hourly time steps and Gaussian copulas to model correlations. The non-
linear formulation of the power and gas flows is then relaxed into a convex
second-order cone problem. The model is evaluated on a network of six energy
hubs.

Taking a limited number of possible components, formulating their physical
constraints and relaxing the resulting problem to be tractable is archetypal for
the majority of works in this field. The amount of detail captured in these
models naturally limits their scope. If an energy hub network model is to be
expanded by a new energy hub, it requires details on the gas and electricity grid
between the new units as well as any energy resources present in the energy



8 CHAPTER 1. INTRODUCTION

hub. This quickly puts a physical limit on the tractable system size (of course,
this is subject to change if computing power increases substantially).

As a result, these methods are a poor fit for higher level planning problems
with many energy resources spread over large physical distances. Their physical
connections would impose a huge number of optimization constraints, if physical
models for the relevant infrastructure exist at all.

1.2.2 Stochastic Knapsacks

If detailed physical models are ill-suited for high level energy resource planning,
then perhaps more general selection methods should be applied. The classical
knapsack problem describes the task of putting the highest possible value of
available items into a knapsack, considering the weight limitation of the knap-
sack and the value of each item. The commitment planning of energy resources
can similarly be formulated as a knapsack-like problem where a limited number
of possible energy resources are considered for a task and should be selected to
minimize the expected operational costs.

Stochastic variants of the knapsack problem like this have a long history.
Different variants consider uncertainty in any part of the knapsack problem,
e.g.:

e Available items may be uncertain (chosen from a given pool).

e Costs of items may be uncertain.

e Weights of items may be uncertain.

When the goal is to select an optimal set of items with a minimum amount of
certainty (e.g. 95%), then this is called a chance constraint and the optimization
task is called a[Chance-Constrained Knapsack Problem (CCKP)| [52].

One of the most common assumptions is that knowledge of the properties of
a selected item is revealed when it is put into the knapsack [7, [0, 26, [54]. That
means while the weight of an item may be uncertain in a range from 5 kg to 10
kg, the moment it is actually selected, it becomes known that is weighs 6 kg.
This assumption is clearly infeasible for energy system planning. Decision on
resources like PV or wind generators has to be made at the time of the forecast
and the true value only becomes known after all selection decisions have been
made.

Xie et al. [62] show evolutionary algorithms and surrogate functions for the
chance constraint of the [CCKP| Their items have fixed costs and independent
weights. To our knowledge, this is the closest existing knapsack formulation to
the [Stochastic Resource Optimization (SRO)| problem described in this thesis.
In fact, this [CCKP]is a strict subset of [SRO| For energy system predictions,
independence of generation is not a viable assumption. Energy resources tend
to be correlated to varying degrees and these correlations can not be simply
ignored. Additionally, costs between different energy resources can vary by time
and amount of generation, making the assumption of fixed costs unnecessarily
restrictive.
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Energy systems require a more generalized formulation than has been stud-
ied for knapsack problems thus far. One main reason for this is that existing
works prefer strong assumptions on knapsack items. This is mostly used to
derive provable properties and closed-form solutions that are of interest from
a theoretical viewpoint. Typically, this type of research starts with the sim-
plest possible formulations and reduces assumptions until the problem stops
exhibiting a desired property.

On the flip-side, the aims of this thesis are motivated by the application
context of energy systems. The ability to incorporate energy system methods as
they exist takes precedence. This comes at the cost of strong provable theoretical
results for the general formulation of [SRO| but allows the model to encapsulate
practically relevant system models.

1.3 Research Gap and Research Questions

As shown in the previous section, there exists a research gap for a chance-
constrained high-level planning approach for distributed energy resources. Ex-
isting methods for the planning of energy systems under uncertainty are un-
suited for this task due to their reliance on highly detailed physical models and
constraints. General stochastic problem formulations are similarly unsuited due
to their use of strong assumptions that are not fulfilled by the energy systems
to be considered here.

As a result, the aim of this thesis should be to develop a middle-ground
formalism that enables the high-level commitment planning of energy resources.
This new approach should cover the following functional requirements (FR):

FR 1: Incorporate energy resources with large geographic distances.
The stated aim of this thesis is to enable high-level commitment planning of
energy resources. This is only possible if sets of widely distributed resources
can be considered within the formalism.

FR 2: Be applicable to most state-of-the-art forecast methods. As
we have shown in the previous sections, forecast methods for energy systems are
highly diverse in their inputs, outputs, and accuracy. The methods developed
here need to be able to encapsulate these different methods to be of practical
use.

FR 3: Incorporate available correlation information and generation
costs. Correlations between energy resources are critically important to com-
mitment planning problems. Even for larger geographic distances, resources
can generally not be assumed to be independent. Consequently, the ability to
incorporate all available correlation information into the decision-making pro-
cess is required. This includes both situations when correlation information is
complete (i.e. all correlations between all resources are modeled) and when it is
incomplete or partial (i.e. only some correlations between resources are known).
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Additionally, we define two non-functional requirements (NFR):

NFR 1: Be suitable for Short Term forecasts. While the developed
methods and implementations should in principle be applicable to any time
horizon, suitability for Short Term and Medium Term forecasts is explicitly
required. As outlined in the Forecast Methods section, Short Term forecasts
offer the best trade-off between prediction accuracy and the available time to
compute cost-effective and reliable commitment plans.

NFR 2: Be efficiently solvable. Here, efficiently means that optimization
solutions should be computed or approximated sufficiently quickly for the given
prediction horizon. For example, for a week-ahead planning problem, solution
times of up to 24 hours may be acceptable. For a time horizon of an hour,
solutions (or approximations) need to be available within minutes. In essence,
this requirement encapsulates the need for multiple solution strategies applicable
to vastly different time horizons to enable any-time decision-making.

From these requirements, we derive the following research question (RQ)
and sub research questions (S-RQ) listed in Table

1D Question Req.

RQ How can Short Term chance-constrained economic de- FR 1,2,3

cisions be made for widely distributed energy resources
based on arbitrary forecast methods, considering their
correlations and generation costs?

S-RQ1 How can widely distributed energy resources be incor- FR 1
porated into the decision-making process?

S-RQ2 How can a generally applicable stochastic model with  FR 2, 3
full correlation information for distributed energy re-
sources be constructed?

S-RQ3 How can partial correlation information be incorporated FR 3
in the model?

Table 1.1: Research Questions

Artifacts To answer these questions, this work presents three main artifacts.
First, the theoretical formulation of the [SRO]model. Second, the corresponding
software implementation and solvers. Third, evaluation of the effects of correla-
tion information on [SRO|solutions and its applicability to a real world scenario.
Table shows where in this document each artifact is described.

Publications Parts of this thesis were previously published [4I] or are cur-
rently being prepared for submission [2I]. Table lists the publications and
where their contents are used in this work.
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Artifact Chapters
Formulation Stochastic Resources (3| Stochastic Resource Optimization
Software Stochastic Resource Optimization
Evaluation SRO| Solution Quality |5, Case Studies (6]

Table 1.2: Artifacts and Chapters

Publication Contents Chapters

[41] [Stochastic Resource (SR)|and [SRO|definitions, so- |3} |41 [5
lution quality under full correlation information,
ﬁ

congestion management case study
[21] [SRO] under partial correlation information, sensi-
tivity analysis, North Sea case study

Table 1.3: Previous publications and their use in this work.

The remainder of this document is structured as follows. Chapter [2] gives an
overview of the mathematical preliminaries of the developed model. Chapters
[ and @ introduce the Stochastic Resource model and the Stochastic Resource
Optimization problem, respectively. Chapter [5] provides analysis of the solution
quality of [SRO] solvers under different conditions and describes a sensitivity
analysis of [SRO] solutions under small changes. Chapter [6] shows two applica-
tion studies for the [SRO] model. One for an idealized congestion management
scenario in a residential power grid and a second for the planning of correlated
wind parks around the North Sea. Lastly, Chapter [7] gives an overview of open
questions and future work as well as a summary and conclusion to this thesis.
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Chapter 2

Preliminaries

This section introduces some preliminaries from probability theory that are used
in this document and their chosen notations.

2.1 Random Variables

Sample spaces and random variables are the fundamental mathematical building
blocks to talk about randomness. Their definitions, as used in this work are
taken from [3]:

Definition 1 (Sample space and event). The sample space S of an experiment
is the set of all possible outcomes of the experiment. An event A is a subset of
the sample space S, and we say that A occurred if the actual outcome is in A.

Definition 2 (Random variable). Given an experiment with sample space S,
a random variable is a function from the sample space S to the n-dimensional
real numbers R. It is common to denote random variables by capital letters.

Throughout this dissertation, the focus is on the forecast of load and renew-
able generation through random variables. For the most part, these random
variables are continuous. This means that the image of a random variable X
is uncountably infinite as opposed to a discrete random variable, where it is
countable.

Probability Density and Cumulative Distribution Function To reason
about the probability that a certain range of values occurs (called the distri-
bution of X), we use the [Probability Density Function (PDF)|and [Cumulative]
[Distribution Function (CDF);

Definition 3 (CDF and PDF). The cumulative distribution function (CDF) of
a random variable. X is the function Fx given by Fx (z) = P(X < x).

The probability density function (PDF) of a continuous random variable is
the derivative f of the given by f(x) = F'(x). The support of X, and of
its distributions, is the set of all x where f(z) > 0.

13



14 CHAPTER 2. PRELIMINARIES

A [PDF|is valid if the following properties hold:
e Nonnegative: f(z) >0
e Integrates to 1: [*_ f(z)dz =1

The equivalent of the [PDF] for discrete random variables is called a
[bility Mass Function (PMF)|

Expectation, Variance, and Standard Deviation The expected value,
expectation, or mean of a random variable is the measure of its average outcome.

Definition 4. The expected value of a discrete random variable X is defined
as:

E(X) = ij(IP(X = ;) (2.1)

In the continuous case:

E(X) = /OO zf(x)dz (2.2)

— 0o

We use EX as a shorthand for E(X)

The expectation of the sum of any random variables is always equal to
the sum of their expectations. This property will later be important for the
calculation of expected costs in stochastic resources.

Theorem 1 (Linearity of Expectation). For any random variables X and Y
and any constant c:

E(X +Y) = E(X) + E(Y) (2.3)
E(cX) = cE(X) (2.4)

The variance and standard deviation of a random variable area measures of
how spread out the distribution is from its mean.

Definition 5 (Variance and Standard Deviation). The variance of a random
variable X is:
Var(X) = E(X — EX)?% (2.5)

Its standard deviation (SD) is the square root of its variance:
SD(X) = +/Var(X) (2.6)

Independence Random variables are called independent if knowing the value
of one provides no information on the value of another. In this case, probabil-
ities of joint events can be calculated by multiplying each of the constituent
probabilities.

Definition 6 (Independence). Random variables X1, ..., X, are independent if
for all z4,...,x, € R:
P(X1 < 21,0, Xn S 20) = [[P(XG < 20) (2.7)

i=1
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Sums of Random Variables One of the core operation of Stochastic Re-
source Optimization is summing up sets of random variables to find out how
much value can be expected to be generated from them and at what cost. The
sum of independent random variables is called a convolution.

Theorem 2 (Sums of Random Variables). If X and Y are independent discrete
random variables, then the [PMF| of their sum 7= X + Y is:

P(T=t)=> P(Y=t-2)P(X=2)=>» P(X=t—yPY =y) (28)

If X and Y are independent continuous random variables, then the[PDF]of their
sum T'= X +Y is:

o) = [ T (- o) (@) = / T - @dy (29

Similarly for the (note the use of both and on the right-hand
side):

Fro = [ " Fy(t— o) fx(a)de = / T Et-niwdy (210

For dependent random variables, summation requires knowledge of the joint
distribution function fx y:

el = [ "y (@t — a)de = / T b oydy (@11)

Example 1. Consider tossing two independent fair coins where we encode heads
as 1 and tails as 0. Then the sum of the results of the two coin tosses T' = C; +C»
can take on values in {0, 1,2} with:

P(T = 0) = P(Cy = 0)P(Cy = 0) =0.25
P(T = 1) = P(C; = 1)P(Cy = 0) + P(Cy = 0)P(Cy = 1) =05
P(T =2) = P(Cy = 1)P(Cy = 1) =0.25

Example 2. In an energy system context, we may be interested in the sum of
multiple generation forecasts to estimate how much power output we can expect
at a given time. Let’s say we have two independent resources X and Y with
expected power outputs of {3,5} MW and a normally distributed forecast errors
with variance {2,3}. From the linearity of expectation we can immediately tell
that the expected sum output will be:

E(X +Y) =E(X) +E(Y) = (3+5)MW = 8MW

Additionally, the sum of two Gaussian distributions is again a Gaussian dis-
tribution. In this case, the sum distribution will have the sum variance of its
parts:

U§<+Y=U§(+O'32/=2+3=5
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Functions of Random Variables Given any function g : R — R and ran-
dom variable X, g(X) is also a random variable. If X is discrete, then the m
of g(X) can be computed as a sum:

Theorem 3 (PMF of g(X)). Let X be a discrete random variable and g : R —
R. Then the support of g(X) is the set of all y such that g(x) = y for at least
one z in the support of X, and the of g(X) for all y in the support of
g(X) is:
Pg(X)=y)= Y 6 PX=n2) (2.12)
z:g(w)=y
For continuous random variables this becomes more complicated and requires

differentiation (the multivariate case requires a Jacobian matrix which is omitted
here).

Theorem 4 (PDF of g(X)). Let X be a continuous random variable with
fx and let Y = g(X), where g is differentiable and strictly monotonous. Then

the [PDF|of Y is given by
dz

fy(y) = fx() dy (2.13)

where = g~*(y). The support of Y is all g(X) with 2 in the support of X.
The special case where g(X) is linear with positive incline has a name:

Definition 7 (Location-scale transformation). Let X be a random variable and
Y = aX + b where a and b are constants with a > 0. Then we say that Y has
been obtained as a location-scale transformation of X where b controls how the
location is changed and a controls how the scale is changed.

The location-scale transformation is particularly useful because it allows us
to easily fit a given base distribution to a desired range of values. For example,
we may have a forecast of solar irradiance for the following day given by a Beta
distribution. We can use a location-scale transformation to map this distribution
to different PV generators to get an estimate of the distribution of their power
outputs by scaling the distribution to their respective nominal power (this is
of course a bit more complicated in practice and multiple factors can introduce
nonlinear behavior in the relationship between solar irradiance and PV output).

2.2 Univariate Distributions

This section introduces a number of univariate random distributions that are
repeatedly used in this work as defined in [3].

Definition 8 (Uniform Distribution). A continuous random variable U is said
to have the Uniform distribution on the interval (a,b) if its is:

1 .
_ ) if a <x <b, 914
/(@) {0 otherwise (2.14)
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This is denoted by U ~ Unif(a, b).

The uniform distribution has equal probability for any value along its sup-
port (the is a horizontal line). The uniform distribution Unif(0, 1) is called
the standard uniform distribution.

Definition 9 (Gaussian Distribution). A continuous random variable Z is said
to have the Gaussian or Normal distribution if its [PDF] f is given by

]. (2—u)2 /202
f(x):\/me( w*/207 (2.15)

Here, o is the standard deviation (and consequently, o2 the variance) of the
distribution with mean p. Gaussian distributions are commonly denoted by
these two values as N (u,0?).

Gaussian distributions are ubiquitous in a wide variety of fields and applica-
tions. In this work they are most notable for the distribution of forecast errors
for different energy resources. Other distributions, like Beta and Weibull dis-
tributions have also been used for the same purpose in wind power forecasting
[I7]. Although, as Hodge et al. point out, hyperbolic distributions may be
better suited in some cases [16].

Within this work, we limit our models to Gaussian, Beta, and Weibull dis-
tributions. Here, Beta and Weibull distributions serve as stand-ins for PV and
Wind forecasting, respectively. This is not an exhaustive list of distributions
commonly used in energy system forecasting. As outlined in the introduction,
modern forecast methods may not even provide analytical formulations of their
output distributions. The aim of this selection is to represent some variety in
the forecast distributions. The methods developed in this thesis can operate on
any probability distribution.

Definition 10 (Beta Distribution). A continuous random variable X is said
to have the Beta distribution with parameters a,b with a > 0 and b > 0, if its
[PDH is: .
flz)= ——zv 11 -2 0<z<1 2.16
@) = e (1= ) (216)
Here, 5(a,b) is a constant chosen to make the integrate to 1. The
distribution is commonly denoted as Beta(a,b).

Definition 11 (Weibull Distribution). A continuous random variable X is said
to have the Weibull distribution with parameters k, A with £ > 0 and A > 0, if
its PDH is:

(2.17)

%(%)’C_le_(ﬂ”/)‘)’c ifzx>0
0 otherwise

Here, k is called the shape parameter and X the scale parameter.
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Normal Distributions
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Figure 2.1: Gaussian distributions with different means and standard deviations.

2.3 Multivariate Distributions

Multivariate or joint distributions capture the relationship between multiple
(univariate) random variables. The concepts of this section are again taken
from Blitzenstein and Hwang [3]. The definitions of the [CDF} |PMF| and [PDF]|
are analogous to the univariate case.

Definition 12 (Joint CDF, PMF, PDF). The joint of random variables
X and Y is given by:

Fxy(z,y) =P(X <z,Y <y) (2.18)
The joint [PME] of discrete random variables X and Y is given by:
pX7Y(x7y) :P(X:,’I,‘7Y:y) (219)

For continuous joint distributions, we additionally require the [CDF] to be dif-
ferentiable for with respect to x and y. We then can derive the joint [PDF|

as:
2

5o P (@) (2:20)

Just as in the univariate case, joint are required to be nonnegative and
integrate to 1. The joint [CDE|, [PMFE| and [PDF| of n random variables are defined
analogously.

fX,Y(l‘,y) =
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Beta Distributions
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Figure 2.2: Beta distributions with different parameters.

A joint distribution naturally contains full information on its constituent
univariate distributions. These are called the marginal distributions.

Definition 13 (Marginal PMF and PDF). For discrete random variables X
and Y, the marginal [PMEF]of X is:

P(X=12)=)» P(X=2Y =y) (2.21)

Similarly, for the continuous case:

fx(x) = /_OO fxy(z,y)dy (2.22)

The covariance of two random variables is a measure of the relation between
two random variables. If two random variables X and Y have positive covari-
ance, then if the outcome of X is high, the outcome of Y is likely to be high too.
If they have negative covariance, then if the outcome of X is low, the outcome
of Y tends to be high.

Definition 14 (Covariance). The covariance between random variables X and
Y is defined as:
Cov(X,Y)=E(X —EX)(Y —EY)) (2.23)

Random variables with Cov(X,Y") = 0 are called uncorrelated.
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Weibull Distributions
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Figure 2.3: Weibull distributions with different parameters.

Theorem 5. If two random variables X and Y are independent, then they are
uncorrelated.

We use variance and covariance to define the correlation between random
variables.

Definition 15 (Correlation). The correlation between random variables X and
Y is:

XY
Corr(X,v) = —20Y) (2.24)
Var(X)Var(Y)
This is undefined if Viar(X) =0 or Var(Y) = 0. In general, it holds that:
—-1<Corr(X,Y)<1 (2.25)

A common way to display correlation and covariance between multiple ran-
dom variables are correlation and covariance matrices.

Definition 16 (Covariance and Correlation Matrix). For n random variables,
their covariance matrix is the n X n matrix Mg,, with:

Mcmj [’L,]] = CO’U(Xi, X]) (226)
Their correlation matriz is the n X n matrix Mcore:

Mcorr = Corr(X;, X;) (2.27)
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2.4 Copulas

This section gives a brief overview of copulas as a method of decoupling the
correlation part of a multivariate distribution from its univariate marginal dis-
tributions. The definitions used here are based on ”Introduction to Copulas”
by Nelsen [33]. In particular, we are interested in the construction of multivari-
ate distributions with specific correlation properties (as given by a correlation
matrix) using copulas.

Nelsen gives the following intuition for what a copula is: Consider two ran-
dom variables X and Y with F(z) = P(X < z) and G(y) = P(Y < y)
and a joint distribution function H(z,y) = P(X < z,Y <Y). We can write
the ordered pair (F(z),G(y)) that maps the real numbers z,y to two values
in the unit square [0,1] x [0,1]. At the same time H(z,y) provides a single
value in [0,1]. The mapping that assigns each value of the joint distribution
function to its corresponding value in the ordered pair of marginal distributions
(taking into account their correlations) is a function and this function is a cop-
ula. This means that in essence the copula encodes all the necessary correlation
information to arrive at the correct multivariate distribution for a given set of
marginals.

In order to formally define copulas, we require the notions of n-increasing
and grounded functions. We give these informally here and only show the case
for 2 dimensions. For the formal definition of these terms, we refer to [33].

Definition 17 (n-increasing Function). A function C is n-increasing if the
function is non-decreasing along any of its dimensions. This is the multidimen-
sional equivalent of a monotonous function. In the 2-dimensional case:

Yy, ug, v1,ve € [0,1] with uy < ug,v; <wg: Clug,vy) < Clug,ve)  (2.28)

Definition 18 (Grounded Function). A grounded function C has the property
C(t) = 0 for all t where at least one value ¢; has the minimal value of its domain.
For copulas, this minimal value is always 0 as all dimensions are defined in [0, 1].
This means a 2-dimensional function on [0, 1] x [0, 1] is grounded if:

C(u,0) = C(0,v) =0 (2.29)

With these, we can define the notion of a subcopula and finally, the copula
itself.

Definition 19 (Subcopula). An n-subcopula is a function C” with the follow-
ing properties:

1. Dom C’ = S7 x Sy x -+ x S, where each S}, is a subset of [0, 1] containing
0 and 1.

2. (" is grounded and n-increasing.
3. C’ has (one-dimensional) margins C},,k = 1,2,...,n which satisfy:

Cp.(u) = uVu € S
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Notably, for all u in DomC’, 0 < C’(u) < 1, so that the range of C’ is also a
subset of [0, 1].

Definition 20 (Copula). An n-copula is an n-subcopula C' with domain [0, 1]™.

As initially stated, copulas allow us to separate the correlation information
of a multivariate distribution from its marginal distributions. The key reason for
the prevalence of copulas in statistical applications is that this construction is
universal as proved by Abe Sklar in the correspondingly named Sklar’s Theorem
[44]. Tt states that any multivariate distribution can be expressed as a set of
marginal distributions and a copula function:

Theorem 6 (Sklar’s Theorem). Let H(x1,...,24) be a multivariate with
marginal (Fi(x1),...,Fq(xq)), we can construct a copula C' with:

H(xy,...,2q) = C(Fi(x1),. .., Fa(zq)) (2.30)
If (Fi(z1),-..,Fa(zq)) are continuous then C is unique.

Copulas find applications in various types of statistical modeling and sim-
ulation and have been widely studied. As a result, there exist many named
types of copulas and copula families with different useful properties. Probably
the most notable of these are Archimedian copulas which are associative, have
explicit formulations and allow the modeling of multivariate distributions of any
dimension with a single parameter for the dependence between marginals.

In contrast, the Gaussian copula does not have these pleasant properties but
is still the copula of choice for the modeling and simulations performed in this
thesis. As the name suggests, it is constructed from a multivariate Gaussian
distribution.

Definition 21 (Gaussian Copula). Let R € [—1,1]9%? be a correlation matrix,
then the Gaussian copula Cga““ is defined as:

CG5(y) = Dp(® H(wy),...,® " (up)) (2.31)

Where &~ is the inverse of the standard Gaussian distribution and ®p
is the joint of a multivariate Gaussian with mean vector 0 and covariance
matrix equal to R.

The downside of this copula is that it does not admit a simple analytical
formula. It can, however, be bounded above and below and approximated nu-
merically.

The main strength of the Gaussian copula is that it can be defined for any
correlation matrix or its equivalent covariance matrix. This means that for any
set of marginal distributions (e.g. for some renewable generators), we can define
the correlations we want them to have and define the corresponding Gaussian
copula to construct their multivariate distribution.
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Figure 2.4: A Beta distribution and a triangle distribution (left) correlated using
different Gaussian copulas (middle) and their resulting combined distribution
(right). The top copula models a positive correlation of 0.5, the middle models
independence and the bottom models negative correlation of —0.5.

Example 3. Let us put all these building blocks together. Figure shows two
marginal distributions, Beta and triangle distributed, with different correlations
modeled by copulas. The top copula is constructed with a correlation coeffi-
cient of 0.5, the middle has correlation 0 and the bottom has correlation —0.5.
This results in the expected skew of the combined distribution of the marginals
towards the correlation. Computing the Pearson correlation of the resulting bi-
variate distributions yields the desired results with values of {0.49,0.01, —0.49}
for the positive, independent, and negative correlations, respectively.

2.5 Measuring Differences in Distributions

For the analysis of stochastic processes, it is useful to evaluate the difference
between different outcome distributions. For this purpose, various distances
have been developed. The following gives a brief overview of some of these
based on [38] and [11]. Note that some but not all of these distances are metrics,
formally. To avoid confusion with metrics and metric spaces, we will always refer
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to the probability distances as distances.

Abbreviation Metric State Space
D Discrepancy metric

H Hellinger distance measurable
I Relative entropy measurable
K Kolmogorov metric R

L Levy metric R

P Prokhorov metric metric

S Separation distance countable
TVD Total Variation Distance measurable
\WY Wasserstein metric R or metric
X2 x?2 distance measurable

Table 2.1: Probability distances covered in [II] with their associated state
spaces. This can mean any metric space, measurable space, countable space,
or the real numbers.

Table shows the distances covered in [II]. A big distinguishing factor
between distances is the state space they are defined for. Some distances are
defined only on metric spaces or — in the case of the real numbers — a single
metric space. Others are defined on any measurable space.

In the evaluation chapter, we are specifically interested in distributions of
stochastic resources. This type of distribution of discrete entities with no associ-
ated numerical value is called a categorical distribution and is neither continuous
nor metric. But it is measurable, as any finite or countably infinite set is a mea-
surable set with the power set as its algebra. Of the measurable space distances
shown, the most suitable for such distributions is the [Total Variation Distance]
as our state space is neither continuous nor metric.

Definition 22. TVD The Total Variation Distance (TVD) for two [PMF§
P and @ is defined as:

érvp(P,Q) = Z|P z)| (2.32)
And in the continuous case for P and Q:
Sy p(P,Q) = / P(z) — Q(x)|da (2.33)

The takes values in [0,1] and is half of the L'-norm. The Hellinger
distance would be equally suitable as[TVD]and Hellinger distance are topolog-
ically equivalent. The x? distance and relative entropy are not used because
they are not symmetric in their inputs (and thus not metrics).
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2.6 Monte Carlo Simulation

The following gives a short overview of Monte Carlo methods as they apply to
Stochastic Resource Optimization. This section is largely based on the book
by Kalos and Whitlock [22] with some probability theory by Blitzenstein and
Hwang [3].

What is Monte Carlo? Monte Carlo methods are a class of algorithms
that use random sampling to obtain numerical results on problems that are
otherwise hard to compute or probabilistic in nature. Their main applications
are in optimization (through estimators) and numerical integration, e.g. for
functions that do not have an analytical formulation like the Gaussian copula.
In Stochastic Resource Optimization, we use Monte Carlo methods to simulate
and approximate multivariate distributions of sets of stochastic resources (e.g.
renewable generators). A necessary prerequisite to do this with a computer is
the ability to collect random samples from an arbitrary distribution using a
(Pseudo) Random Number Generator that provides standard uniform random
values. This is possible because of the universality of the uniform, also called
the fundamental theorem of simulation [3]:

Theorem 7 (Universality of the Uniform). Let F' be a which is continuous
and strictly increasing. This ensures that the inverse function F~! exists as a
function: (0,1) — R. Then the following holds:

1. Let U ~ Unif(0,1) and X = F~1(U). Then X is a random variable with
[CDH F.

2. Let X be a random variable with F. Then F(X) ~ Unif(0, 1).

The first part of the theorem state that we can simulate any invertible [CDF|
F using samples from a standard uniform distribution. The second part states
that if we plug a random variable X into its own [CDF} we obtain a standard
uniform distribution.

With this, we can define the Monte Carlo estimator G of an arbitrary integral
of function f with sample size N:

Definition 23 (Monte Carlo Estimator). Let {X;, Xs, ..., Xy} be uniform ran-
dom variables with support in [a,b]. Define G as:

b—a o
Gy =~ Zf(Xi) (2.34)

Then: .
IE(GN):/ f(z)dz (2.35)

This property can be generalized from uniform random variables to other
distributions. Let PDF(X;) denote the of random variable X;. This is to
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avoid confusion between the integral of the function to approximate (f) and the
usual notation for the [PDF] f; in this case. Then:

1 X;
=y 2 Pg)(F(X)) (2:36)
b
E(Fy) = / F@)de (2.37)

This requires that PDF(X;) # 0 for all = : | f(x)| > 0.

Example 4. Assume we want to approximate the well known Gaussian integral:

o0
/ e~ dr = /7 ~ 1.77245
—0o0

Figure shows the accuracy of approximations of this integral using uniform
random variables Unif(—5,5) (Gx) and Gaussian variables N(0,1) (Fy) for
different sample sizes. The uniform bounds do not match the exact integral
bounds but the bulk of the function in question is centered around the origin
so this still provides a reasonable approximation. The results are shown as the
Mean Absolute Error (MAE) from the true value over 100 runs. In general,
a Monte Carlo estimator converges faster if the probability distribution of the
sampled data is more similar to the function under integration. In this case, the
normally distributed random variables lead to much faster convergence to the
true value.

Example 5. Consider the example shown in Figure [2.6] These distributions
will serve as a running example in future sections. In the top part, we have
three truncated distributions on the interval [0,20] based on a Gaussian, Beta,
and Weibull distribution. These could represent forecasts of power generation
of three different generators. If we want to analytically compute the sum of
these three distributions, we have to solve a messy double integral. Instead, we
can approximate the sum distribution using random sampling. The results of
this sampling are shown in the bottom plot. We could then fit an appropriate
distribution to the sampled data and work with the resulting parameters. In this
case, we show a Gaussian fit for the given data which is not perfectly accurate
but may be close enough depending on the purpose.

Sample Size A natural followup question for Monte Carlo methods is: How
many random samples do we need to take for an accurate approximation? In
theory, more samples are always better and by the law of large numbers we
must converge to the true value of whatever we are approximating, eventually.
In practice, we are bounded by computation time. One possible bound for the
sample size can be calculated using Chebychev’s inequality [3].

Definition 24 (Chebychev Inequality). Let X be a random variable with mean
p and variance o2, then for any a > 0:

[\~]

P(X —pul>a) <% (2.38)

a2
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Figure 2.5: Mean Absolute Error (MAE) of two estimators for the Gaussian
integral using uniform random variables (G ) and normally distributed random
variables (Fy).

If the variance exists for our Monte Carlo estimator, this means that:

UCLT(G):| §) < 5 (239)

(G - 5(6)| > | “
where ¢ is any positive number. This can provide a rough estimate for the
number of samples to bound the probability of the samples being a large distance
from the actual mean. More precise estimates exist when more assumptions can
be made on the quantity to be approximated, but these are not discussed here.

For a quick estimate of a probability bound, the less tight Markov inequality
can also be useful.

Definition 25 (Markov Inequality). For any random variable X and constant
a>0:

(2.40)
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Example Distributions
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Figure 2.6: Running Example: Three independent Gaussian, Beta, and Weibull
distributions and the distribution of their sum. The sum distribution is approx-
imated using random samples with a fitted Gaussian distribution.
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2.7 Optimization

This section provides a brief overview of stochastic optimization based on Shapiro
et al. [42]. It also provides a distinction from robust optimization [I3] as well as
connection points to combinatorial optimization [28] as they apply to Stochastic
Resource Optimization.

Two-stage Formulations As the name implies, Stochastic Optimization
is a class of optimization problems in the presence of random inputs.
Stochastic problems naturally arise in domains with incomplete knowledge or
any sort of future prediction involved. A wide variety of stochastic program-
ming formulations with different properties has been developed over the years.
A common class are two-stage stochastic programs, consisting of a first stage
uncertain optimization problem and a second stage deterministic one.

Definition 26 (Two-Stage Linear Program). A two-stage linear program
is given by two intertwined optimization problems. The first-stage problem is:

min ¢+ E(Q(x, €) (2.41)
s.t. Ax=b,2>0 (2.42)

And Q(z, &) is the optimal value of the second-stage problem with data &:

in ¢7 2.43
bl 24
s.t. Te+Wy=nh,y>0 (2.44)
§:= (qa h,T, W) (245>

Here, x contains the first stage decision variables, decided with the available
uncertain information and y contains the decision variables of the deterministic
second stage optimization problem. Some or all of the contents of £ are random,
and the goal is to minimize the expectation in regard to their distribution.

Chance Constraints The previous problem formulation limits the random-
ness to the objective function. What happens if we want to restrict a property
f(X) for an input quantity into our optimization modeled by the random vari-
able X to not exceed some threshold 77 In classical optimization we could do
this with a hard constraint:

fx) <7 (2.46)

However, if any outcome of X makes this condition infeasible, then the entire
optimization problem becomes inconsistent. The most common way to address
this in [SO]is by using a chance constraint:

Definition 27 (Chance Constraint). Let p be the acceptable probability of
failure and 7 a threshold quantity. Then they define a chance constraint on
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the function f(X) of random variable X as:

P(f(X)>7)<p (2.47)
SP(f(X)<7)<1—p (2.48)
Note that the probability formulation here also directly matches the cumu-
lative distribution function (CDF]) or survival function (1-CDF) of the random
variable f(X).
With this, we can then write the general formulation of a chance constrained
program.

Definition 28 (Chance Constrained Program).
min f(z,€) s.t. g(x,§) = 0,P(h(z,§) 2 0) > p (2.49)

Here, f is the objective function, g represents a set of equality constraints
and h represents a set of inequality constraints.

Assumptions and Solutions All stochastic programming formulations make
the key assumption that the uncertain quantities they describe are (accurately)
modeled by random variables. This is a strong prerequisite and accurate models
based on random variables can be difficult to solve. Many practical solutions to
stochastic programs rely on equivalent deterministic relaxations of the problem.
Even then, solutions suffer from the curse of dimensionality (i.e. the exponential
growth of the solution space in the number of decision variables). This makes
Monte Carlo simulations an attractive alternative to closed form solutions to
these problems.

Robust Optimization Stochastic optimization requires uncertain quantities
to be modeled by known or estimated random variables. In contrast, Robust
Optimization makes no such assumption. Instead, [RO] assumes that the uncer-
tain data is limited to a set of outcomes called an uncertainty set. This leads
to computationally tractable models for many problem classes. An uncertain
linear problem can be formulated as an [RO] problem as follows:

min{cTz : Ar < d}(c,A,d) € U (2.50)

Here, ¢ € R™", A € R™*" d € R™ are the uncertain coefficients and U is the
uncertainty set. Just as in stochastic optimization, the decision variables z have
to be decided before any outcomes of the uncertain variables are known. The
key difference is that the set of possible outcomes is limited and the selection of
the uncertainty set is entirely in the responsibility of the user. Because of this,
there are no chance constraints in [RO| formulations. Any constraints are hard
constraints on the acceptable set of outcomes.
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Incorporating Chance Constraints Choosing the correct uncertainty set
for a problem is one of the most important decisions for a robust optimiza-
tion formulation. They describe an inherent trade-off between robustness and
tractability. One way to reduce the size of the uncertainty set is to allow a
constraint to almost never be violated. In the absence of chance constraints,
this led to the development of safe hard approximations of chance constraints:

zEal()Te<dV( e U, then z |= Pr(a(()Te <d)>1—¢ (2.51)

That is, if x satisfies the hard constraint a({)Tz < d, then it also satisfies the
corresponding chance constraint. This type of formulation is used for distri-
butionally robust models, meaning models where the underlying probability
distribution is itself uncertain.

Advantages and Disadvantages of RO The main advantage of [RO] over
[SOl is that it requires no assumptions on the underlying probability distribu-
tions. This means that in many cases, uncertain outcomes can be formulated as
robust problems’ safe outcomes and yield tractable solutions. The main down-
side of this approach is that it (necessarily) tends towards very conservative
solutions, leaving much of the solution space unexplored. For the purposes of
this work, we will be focusing on stochastic formulations of the studied opti-
mization problem. However, both robust and hybrid approaches of stochastic
and robust optimization are sensible candidates for future works.

Combinatorial Optimization The previous examples cover optimization
problems with continuous solution spaces. Combinatorial optimization is the
class of optimization problems with finite, discrete solution spaces. It cov-
ers many useful and famous problems including Integer Linear Programming,
graph-based problems like the Traveling Salesman Problem as well as search
and sorting problems. The closest relative to Stochastic Resource Optimization
is the class of knapsack problems.

Knapsack Problems The classic definition of the knapsack problem is to
decide which items from a given set to include in a knapsack of limited size.

Definition 29 (Knapsack Problem). Given a set of items {1,...,n} with

weights {wy,...,w,} and values {v1,...,v,} and a knapsack weight limit W
a i 2.52
wG{IlIal},(n}n ZGZI v ( )
st Y w; <W (2.53)
€T

This problem is difficult in general, being NP-hard, but surprisingly easy for
an NP-hard problem as it admits an optimal pseudopolynomial time algorithm
and a|Fully Polynomial Time Approximation Scheme (FPTAS)| The [FPTAS|is
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an algorithm that solves the problem up to a factor of 1 — € of optimality in
polynomial time.

Many variants of the knapsack problem exist, including stochastic versions.
Most of these stochastic knapsack problems assume some part of the problem
is uncertain with known probability distributions. This could be the weight or
value of the items or even the size limit of the knapsack. Yang et al. [54] studied
a variant that is very closely related to Stochastic Resource Optimization:

Definition 30 (Correlated Stochastic Knapsack). There are n items that take
random size s; € N with probability p;(s;) as well as a reward function R; : N —
N with 7; = R;(s;). R; is bounded with a maximum value M and assumed to
be a non-decreasing function. Finally, there is a budget (or weight limit) B € N.
The task is to maximize the expected reward while holding the budget limits.

This formulation of the problem makes a number of important assumptions.
Yang et al. show that under these assumptions, the problem admits a pseudo-
polynomial time approximation algorithm:

1. Item sizes are discrete.
2. Reward functions are bounded and non-decreasing.
3. Total profit is a lattice-submodular function.

4. Ttems are put in the knapsack one by one and the size (and reward) of an
item become known as soon as it is put in. If it overflows, the item is not
put in and the problem halts.

A submodular function is a function from the power set of a set to the real
numbers f : 25 — R that satisfies the following diminishing returns property
forall T,U C S:

FTnU)+ f(Tul) < f(T)+ f(U) (2.54)

A lattice-submodular function is a submodular function where the set S is a
lattice (i.e. a set with specific properties). Notably, profits in the Stochastic
Resource Optimization problem of this thesis are also submodular.

Knapsacks and their stochastic variants see use in a wide range of applica-
tions. In energy systems, deterministic knapsacks have been applied to energy
allocation problems [23] and appliance scheduling [43]. Applications on grid-
related problems are less common but exist for example in the energy routing in
microgrids [34]. The remaining chapters of this work outline an attempt to ap-
ply a stochastic knapsack formulation to energy system planning problems. The
core elements — the knapsack items — of this approach are Stochastic Resources.
Their definition and properties are the subject of the next chapter.



Chapter 3

Stochastic Resources

This chapter introduces [SR] — a high level abstraction for value-generating
stochastic processes. Stochastic Resources combine an arbitrary univariate dis-
tribution with a corresponding cost function. They are mainly designed to
describe uncertain loads or generators where the value outcome also influences
its cost. For example, the total expected electricity consumption for a house-
hold and its corresponding cost for a day could be described by a Stochastic
Resource. We first provide the formal definition for the [SR] model with its ex-
pressiveness and limitations. We then elaborate on the important computation
of sums of stochastic resources under various conditions — a critical operation
for the optimization tasks outlined in the following chapters.

3.1 Definition

A Stochastic Resource combines a random variable with real-valued support
with an arbitrary cost function.

Definition 31 (Stochastic Resource). A Stochastic Resource consists of a
univariate random variable X with real-valued support V' € [Umin, Umaxz] Where
Umin and Ve, are the lowest and highest amount of value the resource can gen-
erate and a cost function c¢: V — R giving the purchase cost of each generated
amount of value. The random variable of the cost ¢(X) is referred to as Cx
(functions of random variables are random variables).

The distribution is not required to be supported on the whole interval
[Umin, Umaz) and can be a discrete distribution. The purpose of Stochastic Re-
sources is to reason about the distributions of sums of random variables where
each variable assigns a cost to generated values.

Example 6. A standard 6-sided die becomes a Stochastic Resource if each of
its rolls is associated with a cost value. Its cost random variable C'pg could be
simulated by replacing the 6 digits on the die with their respective cost value.

33
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Example 7. In the energy domain, the day-ahead forecast for the total gener-
ation of a wind generator or photovoltaic unit for a given hour with a known
feed-in tariff is a Stochastic Resource. Here, energy generation provides the
value distribution and the feed-in tariff describes a linear cost (or, in this case,
remuneration) function.

Expressiveness The Stochastic Resource model is deliberately simple. First,
stochastic resources are limited to univariate distributions. As shown in the
preliminaries, any multivariate distribution can be expressed by its marginal
distributions and a Copula. So on the distribution side there is no loss of
generality. The main drawback is that a single univariate distribution for a
resource can naturally only forecast a single quantity — e.g. a single time point
or the total generation over a time period. For the general practice of modeling
predictions as a series of error distributions over time, this means each time step
would be its own set of resources.

Cost functions only take the generation of their respective resource into
account. This is a relevant restriction because, in many cases, real cost functions
depend on multiple factors. This would be useful for example to model dynamic
pricing depending on the total generation of a whole set of resources (e.g. lower
prices when PV output is very high). Technically, any set of resources with such
a cost function can be unified into a single Stochastic Resource. In practice, this
would lead to large and unwieldy multivariate resources that defeat the purpose
of modeling them as separate entities.

For the requirements listed in the introduction, this means the Stochastic
Resource model is capable of incorporating any forecast method (FR, 2) that pro-
vides a probability distribution as its output. In practice, this includes methods
that do not explicitly provide a distribution. Their outputs can be treated as
if they originated from a random distribution for the purposes of Monte Carlo
based approaches. Large distances between resources (FR 1) and their correla-
tions (FR 3) are both includable using copulas. This covers all the requirements
pertaining to the chosen model, meaning the [SR] model is generally suitable for
the outlined task.

3.2 Sums of Stochastic Resources

Section [2.]] introduced the concept of sums of random variables and functions
of random variables. This section expands on this to define the summation of
stochastic resources — a key operation for the optimization problem in the next
chapter. The core point laid out in this section is that the sum of two stochastic
resources is itself a Stochastic Resource. Assume we have two stochastic re-
sources Ry and Ry with random variables X, X, distributions fi, fo and cost
functions ¢1, co. We can compute a Stochastic Resource Ry 1o = R; + Ry with
distribution f11o and cost function c¢;12 We refer to the distribution of values
of their sum fi,2 as the sum value distribution and the corresponding dis-
tribution of costs ¢;42(X142) as the sum cost distribution. The remainder
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of this section is concerned with computing the sum value distribution and the
combined cost function.

3.2.1 Sum Costs

An important question to answer before we define sums of stochastic resources
is what the sum of their costs should be. Costs can be arbitrary real-valued
functions of the value generation and each resource has its own cost function.
This means that the sum of two resources no longer has a single cost value
associated with one value. The cost of each value differs based on how much of
it is contributed by each constituent resource.

Example 8. Consider the simple case of two discrete independent stochastic
resources with value generation V' € {0, 1,2, 3} and

c1(v) =2v
ca(v) = 3v

If we arrive at the outcome Vi o = 3, there are now 4 possible cost values:

Vi Vo ci+e

0 3 9
1 2 8
2 1 7
3 0 6

In countably infinite or continuous cases, there are of course infinitely many
combinations. This means there is not a single unique sum cost value for (¢ +

02)(3).

In this work, we instead define c¢jy2(v) as the expected cost of outcome v.
This reduces the output back to a single value representing the mean cost of the
outcome. An important advantage of this approach is that we can subsequently
treat the sum of two resources as another Stochastic Resource (with the cost
function now being replaced by an expected cost function). The expected cost
is the chosen representation of the cost sum of two stochastic resources in this
work.

Example 9. Consider the same two resources as in the above example with
V € {0,1,2,3} to be equally likely. In this case, each outcome in the value sum
table is equally likely, and the sum cost function becomes:

Cria(3) = 9+817+6 _
The independence of the involved random variables and the linearity of the cost
functions means this average holds for every value:

2+3

7.5

cryo(x) = x = 2.5z

Later, in Example [I3] we show that this is not always the case.
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3.2.2 Independent Resource Sums

Independent random distributions are the simplest case for summation. Here,
the convolution theorem applies, meaning summation can be converted into
multiplication using the Fourier transform. As we will show, this significantly
simplifies (and accelerates) the summation of stochastic resources.

General Formulation Let R; and R be independent stochastic resources
with value variables V; and V; or [PDF]| f; and f> in the continuous case. Since
values of stochastic resources are described by random variables, their value
sum is the sum of their respective random variables. The sum of two indepen-
dent random variables is given by their convolution. If R; and Ry are discrete
resources, this is given by the probability P of each event:

PVi+Va=t) =) P(Vi=t—2)P(V; =x) (3.1)
And in the continuous case by the probability density function:

fraa) = [ T it — 2 fala)da (3.2)

The expected cost function of the resource sum can be computed using a
weighted sum:

1
cri2(v) = S - Z P(Vy = 2)P(Va = v — z)(c1 () 4 ca(v — x)) (3.3)
Here, P(V1 = z)P(V2 = v — x) describes the parts of fi42(v) (from the convo-
lution). The total sum is normalized by the probability of getting v from the
sum. This means that if an outcome accounts for a third of the probability of
the outcome, then its cost is weighted at one third as well. This formulation
generalizes to the continuous case using probability density functions:

1 oo
c142(v) = m [m fi(@) fa(v — 2)(e1(x) + co(v — x))dx (3.4)

Note. It is important to remember that ¢(v) and by extension ¢144(v) are not
[PDFS and do not describe the cost distribution of a Stochastic Resource. For
the distribution of cost values, one must compute ¢(X). In many cases, we are
not particularly concerned with the cost distribution, or the cost function of
a resource sum for that matter. For the general formulation of the Stochastic
Resource Optimization problem introduced in the next chapter, we only require
knowledge of the expected cost of a set of resources. This is much easier to
compute, as the expected cost of a set of resources is simply the sum of their
constituent expected costs, regardless of their dependence or independence. In
all cases, expectation of sum is sum of expectations as per Theorem
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FFT Resource Sums Let us first consider the complexity of computing the
sum of two independent discrete resources. Their value sum is the sum of two
random variables given by their convolution. In the naive way, this requires N
operations executed N times for a complexity of O(N?). Since this operation is
ubiquitous both in statistics and digital signal processing, many ways have been
developed to speed it up. The most common is to make use of the convolution
theorem combined with the [Fast Fourier Transform (FFT)l Let f g denote the
convolution of f and g and F(f) the Fourier transform of f, then the convolution
theorem states:

F(f*g)=F(f) F(g) (3.5)
F(f-9)=F(f)*F(g) (3.6)

That is, convolution in the time (or in our case value) domain is equivalent to
multiplication in the frequency domain. For discrete values, the Fourier trans-
form can be computed with an algorithm in O(n log n) time. To achieve
the equivalent computation of the direct convolution, we need to compute:

> At —2) fa(x) = fr4o = IFFT(FFT(f1) - FFT(f2)) (3.7)

Here, IFFT is the inverse This entire operation is again in O(n log n). In
practice, this convolution requires more operations than the direct convo-
lution for small input sizes. Consequently, there exists a size limit for which the
direct method is still faster. This depends on implementation. For example, a
2011 test run of a Matlab implementation showed that [FFT| convolution was
faster for inputs starting at length N = 64|H

This approach can be extended to the expected cost function of the resource
sum. To achieve this, we need to consider both the Fourier transform of the
value distributions and the transform of the value distributions weighted by
their costs to get:

FFT(01+2) = FFT(fl . Cl) . FFT(fQ) + FFT(fQ . 02) . FFT(fl) . f%_’_g (38)
By the same reasoning as above, this ultimately results in a computational
complexity in O(n log n), though the constant overhead for each FFT call
grows as well.
Both the value sum and the cost sum can be extended to n-ary variants to
compute the sum of multiple resources. For a set of n resources, we get:

fe = TFFT(] [ FFT(£)) (3.9)

i=1

-

FFT(cx) = FFT(f; - ;) | [ FFT(fx)

1
1 ki p

?

1https ://ccrma.stanford.edu/~jos/sasp/FFT_versus_Direct_Convolution.html
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With this, we can provide a bound on the computational complexity of the sum
of n resources. We know the following complexity bounds for the individual
operations, assuming all resources have size m:

Operation Runtime

FFT(f) O(mlogm)
IFFT(F) O(mlogm)

(
fi-f2 O(m)
" HZ:l fi O(an)
Zi:l Hi:l fi O(n3m)
Combining it all, we get:
cy € (’)(n3m +n2m+ 2nm(log m + log nm + 1.5)) (3.11)
=cx € O(n’m) (3.12)

In practice, this means computing resource sums exactly becomes compu-
tationally infeasible quickly, even in the simplest case of independent discrete
resources. Additionally, the operations result in ever smaller probability bins
on the resulting sum resources. On real hardware, this results in rounding er-
rors and necessary corrections at the edges of the distributions. These errors
can be accounted for and corrected but impose an additional overhead on the
computation.

For our purposes, dealing mostly with continuous distributions and poten-
tially large numbers of resources, approximations of resource sums are generally
preferable. For smaller sets of discrete resources, initial benchmarks should be
conducted to determine the best method.

Independent Continuous Sums Unlike discrete random variables, the con-
volution of continuous random variables (and by extension the sum cost function
of stochastic resources) is difficult to compute in general. The corresponding in-
tegral does not necessarily have a closed form solution. The most common way
to address this is to discretize the random variables and treat them as discussed
for discrete random variables.

For the convolution of continuous random variables with finite support,
Agrawal and Elmaghraby [I] suggest discretizing the distributions using Cheby-
chev’s points. This necessarily changes the exact sum distribution but preserves
various moments (key properties of probability distributions) of the true sum
distribution. An advantage of this approach compared to other methods is the
prevention of support shrinkage during discretization.

This still does not solve the issue of a multiplicatively increasing number
of buckets with each new convolution. If the used random variables are suffi-
ciently well-behaved, then computing their convolution analytically should be
preferable. The following example gives the convolution and sum cost for two
uniformly distributed resources.
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Example 10. Consider two independent resources R, Re with value distribu-
tions Vi ~ Unif(0,5) and Vo ~ Unif(0,5) and cost functions ¢;(z) = 2® and
¢a(x) = 5z. The convolution of these two uniform distributions forms a sym-
metrical triangular distribution on (0, 10):

oH ifo<ov<5h
f1+2(’U) = 102_?; ifb<wv<10
0 otherwise

Solving the piecewise integral for the sum cost function yields:

v? v? :

100 —|; 10 ) if 0 <wv S 5
C1+2('U) — _’U(’U 720’[}12‘1]'0160’U7600) if 5 < v <10

0 otherwise

The results of this example are shown in Figure[3.1] Because of the triangular
sum probability density, the resulting sum cost function is a piecewise function
with the two pieces meeting at v = 5.

Unif(0,5) + Unif(0,5) Uniform Sum Cost Function
0.20 1507
0.15
100
w =
E 0.10 ;
LS
50
0.05 A
0.00 - 0+
T T T T T T
0 10 0 10
v v

Figure 3.1: Sum of two uniform distributions and their resulting sum cost func-
tion. The lines on the right show the piecewise analytical results for the sum
cost while the bars show summed random samples from the base distributions.
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Example 11. As the previous example illustrates, sums of Stochastic Resources
yield unwieldy integrals even for the simplest of cases and become outright
analytically unsolvable quickly. Let us return to the sum of random variables
shown in Example |5 that is scaled and truncated Gaussian (X), Beta (Y),
and Weibull (Z) distributions on the interval [0,20]. Units in the example are
in synthetic cost units cu and value units vu. Assume the Beta distribution
represents a PV generator, the Weibull is a wind generator and the Gaussian
distribution is a hydropower facility. The PV generator has a linear cost of
cx (v) = 12vcu/vu while the wind and hydropower generators follow dynamic
pricing schemes:

cy(v) = (15— 6 % Yoeu/vu

1 + 675v+35

32 —

cz(v) = ( v)vcu/vu

The cost of the wind plant is 15cu/vu for low values, then quickly drops to
9cu/vu for values greater than v = Tvu. Similarly, the hydropower cost starts
at 16cu/vu at v = Ovu and drops linearly to 6cu/vu at v = 20vu.

Figure shows the distributions cost functions at the top and the cost
functions at the bottom while Figure shows the approximated sum distri-
bution and sum cost function. This also shows some limitations of numerical
approximation. While the sum cost function is theoretically defined on the
whole interval [0, 20], values above 50 are practically almost impossible because
of the low probability for values above 10 in the Weibull distribution. Conse-
quently, this part of the cost function is not represented in the data and not
part of the polynomial fit.

3.2.3 Dependent Resource Sums

Where independent resources were (in principle) quick and easy to sum, cor-
relations can complicate this task significantly. In general, their sums require
knowledge of the multivariate distribution of the involved resources and — for
an analytical solution — that an integral over this distribution can be solved.

General Formulation Let R; and Ry be continuous dependent stochastic
resources with [PDF| f and fa, respectively and joint distribution function fi ».
As established in Section [3:2] we can write the PDF|of the value sum of Ry and
Ry as:

Jiea(t) = /_OO fi2(z,t —x)dx

For the expected cost ¢142(v), the general idea of equation does not
change. The only difference is that the constituent parts of the weighted prob-
abilities now must be derived from the joint distribution function:

1 oo
c142(v) = T2 /_oo fia(z,v —x)(c1(x) + c2(v — x))dx (3.13)
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Example Distributions

4 — X~ Normal(10,3)
o5 Y~ Beta(2,2) - 20
: A Z~Weibull(1,3) - 7
0.10
w
a
o
0.05
0.00
T T J I I
0 5 10 15 20
u[pu]
Cost Functions
200 -
150
=
=
8 100
50 4
O -
T T ! I I
0 5 10 15 20
vlpy]

Figure 3.2: Running example distributions and their cost functions. Costs are
chosen to simulate that wind (Z) and PV (Y') costs are reduced in times of high
wind speeds and solar incandescence, respectively.
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Sum Distribution

. random samples
— N(26.25,34.03)
0.050 A
L
a
o
0.025 -
0.000 -
T T T T T T T
0 10 20 30 40 50 60
vlpy]
Sum Cost Values
. cost sum samples
— polynomial fit
400 A
g
200
O -

20 40
olpy]

Figure 3.3: Running example sum distribution and sum cost function with a

polynomial fit.
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The necessity of the joint distribution function complicates the computation as
the resource sum is no longer a convolution that can be easily replaced by a
Fourier transform and multiplication. In the case of discrete random variables,
the run-time is still polynomial in the size and number of resources but pro-
hibitively slow in practice. Most real world sums of dependent random variables
rely on various Monte Carlo estimators. This is likely also the best practical so-
lution in most cases for dependent resource sums. The following example shows
a simple sum of two copula-correlated resources using a Monte Carlo estimation.

Example 12. Consider two stochastic resources R; and Ry with the Beta and
Triangular value distributions from [2:4] scaled by a factor of 5 and correlated
using a Gaussian copula with correlation coefficient 0.5. We can assign them
cost functions c;(v) = v and c3(v) = \/v. Their bivariate distribution and cost
functions are shown in the top half of Figure Instead of solving the integral
for their sum cost function, we can use Monte Carlo sampling to estimate it.
The bottom half of the figure shows the samples of their sum value distribution
and the resulting sum cost function with a polynomial fit.

Distribution of V; and V, Cost Functions
0.125
4
0.100
=3
= 0.075 z
=2 0.050
1 0.025
1 2 3 4
v v
Sum Value Distribution Sum Cost Function
6 -
Za-
N
Ny
2 |
0 -
T T T
0 5 10
v v

Figure 3.4: Two copula correlated resources and their estimated sum distribu-
tion and sum cost functions using Monte Carlo sampling.

Correlation, Symmetry, and Linearity When computing the sum of two
resources, computation can be significantly simplified if cost functions are linear
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and the underlying multivariate value distribution is symmetrical. However, if
this is not the case, then different correlation coefficients can influence the sum
cost function. In practice, this means that in most cases the sum cost function
is difficult to compute. Even if the marginal distributions are modeled using
symmetrical distributions, the multivariate distribution of multiple resources is
unlikely to be symmetrical. The following example illustrates this point.

Example 13 (Correlation and Symmetry Affect Sum Costs). Consider the case
of a bivariate Gaussian distribution with mean (0,0) and covariance X:
1 1 1
f(@: %) = Wexp(—iﬁz z)

Assume the two marginal distributions are negatively correlated with

1.0 -0.5
> = (0.5 1.0 >
and we want to calculate the expected sum cost at v = 3. The inverse of X is:
o1 4/3 2/3
2/3 4/3
And its determinant is:
|| =0.75
We can compute the matrix multiplications in the distribution to get:
fraa(v) _/OO erp(— 5 (s v+ 7))
R S () A
F142(3) ~ 0.00221592 erf((2z — 3)//6)
= 0.0332377
Antiderivatives of this form are well-known to not be expressible by elementary

functions. This is why it is written here in terms of the error function erf.
Similarly, with ¢1(v) = 3v and ¢a(v) = 2v, for the cost function we get:

) = f1+12(v) /_Z 2m/1(ﬁ€$p(_%( T vz o)al) +al - o)ds
0.0044317

R
c1+2(3) ® Gasoa

Notably, this is the same expected cost as if the two marginal distributions
were independent. We can confirm this by using the same steps for:

(3 Y

erra(3) ~ 0.0332377
2 00044317

This yields:
7.5
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Which is of course the same as using the knowledge of independence and linearity
of ¢; and co directly and calculating:

01(3) —|—CQ(3) _ 946 _

7.5
2 2

c142(3) =

The expected cost does not change with different correlations here because

of the symmetry of the bivariate Gaussian distribution and the linearity of both

cost functions. If we instead set ¢1(z) = 22 or ¢1(x) = 222, this no longer holds

as we can show for
( 1 cov)
E =
cov 1

cov  ci(z) =3z ci(x) =22 ci(z) =227

with cov € {—0.5,0,0.5}.

-0.5 7.5 6 9
0 7.5 5.75 8.5
0.5 7.5 5.5 8

The squared cost function breaks the symmetry of the cost random variable
C. Negatively correlated resources result in higher costs because the average
distance of the two outcome values increases, resulting in a disproportionate
effect of the squared cost. An approximation of the expected cost functions for
each case is shown in Figure Note that the expected cost for the linear
case would also differ with different covariance if we choose an asymmetrical
distribution.

3.3 Summary

In this chapter, we defined Stochastic Resources — structures that combine a uni-
variate random variable with an arbitrary cost function. Stochastic Resources
act as a model for uncertain distributed energy resources. The bulk of the chap-
ter was concerned with computing their sums. This is a key operation for the
following chapter on the Stochastic Resource Optimization problem. We have
shown that the sum of two Stochastic Resources is itself a Stochastic Resource.
This sum can be computed efficiently using direct methods or Fast Fourier
Transforms in the discrete and independent case — or using analytical methods
in the continuous case. However, when correlations and more complicated base
distributions are involved, both of these methods quickly become computation-
ally infeasible. For the optimization problem, this means in many cases the
most effective approach is to approximate sums of resources using numerical
methods.
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cov= — 0.5, ¢\(x) =32, ¢, 4(3) =75 cov= — 05, ¢(x) =22 ¢ ,,(3) =598 cov= — 05, ¢(x) =222 ¢, , 5(3) = 8.98
9
Ele, ) e, ) Eley 4@
' o] | )
B 5 B B
S Ss0 S50
° ° °
g o £ 2
3 825 g 25
-3 -3 -3
3 X %
3 3 3
6 00 0.0
T 0 1 2 3 3 -2 a1 0 1 2 3 3 -2 a1 0 1 2 3
value value value
,  cov= 0, ¢)(x) =3, ¢, ,(3)="175 cov=0, ¢(x) =22 ¢ ,3)=57 cov=0, ¢|(x) =227% ¢  ,(3) =851
Ble, (@) e, o) Ele, o)
fiC=n ] | o)
@ 5 k] ]
S S50 S50
° - -
g o 2 2
3 825 825
g H ¢
3 3 3
-6 00 0.0
-9
-3 2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 2 -1 0 1 2 3
value value value
, V= 0.5, ¢(x) =3z, ¢; ,(3) =75 cov= 0.5, ¢\(x) = 2 ¢, ,(3) =55 cov = 0.5, ¢(x) = 22% ¢, ,(3)=8.0
Ele, i e ol E(e, o)
[ =) . ) | )
8, 3 3
S S s0 S50
° ° °
go £ 2
9 825 8 2s
3, 3 -3
£ % %
3 3 3
-6 00 0.0
N 0 1 2 3 5 2 0 1 2 3 3 2 0 1 2 3
value value value

Figure 3.5: Expected cost functions of Example approximated by random
sampling. Different covariance values change the expected cost of a value if the
cost functions are not linear.



Chapter 4

Stochastic Resource
Optimization

The previous chapter introduced stochastic resources as a general model for
uncertain distributed energy resources. In this chapter, we investigate how to
make informed decisions about which resources to use for a given task. For
example, we may own a distributed set of photovoltaic generators and want
to decide if we can offer a certain amount of power at a given time tomorrow
within a reasonable amount certainty (e.g. 95%). We may not require all
our generators for this task and there may be cost differences (both real costs
and opportunity costs) between the generators to consider. This chapter covers
problems with independent as well as correlated resources. As we will show, if all
correlation information is known, the problem can be solved somewhat efficiently
using discretization and metaheuristic algorithms. When not all correlations
are known, we must work with some assumptions which negatively influence
the solution quality.

4.1 Problem Formulation

Stochastic Resource Optimization (SRO)) is the process of deciding for a given
set of stochastic resources,

e whether the set can provide a given amount of value with a given proba-
bility and

e find the most cost-efficient subset of resources to meet the target.

In this way, can help to make unit commitment decisions for uncertain
energy resources. A general overview of the process is given in Figure [4.1

Definition 32 (Stochastic Resource Optimization). Given a set of resources
R, a target value vigrger (or v) and a target probability piarger (or pi), the

47
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Stochastic Resource Optimization Problem (SRO) is defined as:

arg min E(Cy) (4.1)
se2k
subject to 1 — FXS (vtarget) > Ptarget (42)

Here, X, is the sum distribution of the resource set s with sum cost distri-
bution C, and Fx, is the cumulative distribution function of X.

Note. The expected cost E(C) may not exist for any random variable. The
addition ”if it exists” is left implicit for any mentions of expected values. We
assume that in all practical applications a suitable expected value can be ap-
proximated even it may not be analytically defined.
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Figure 4.1: General overview of the function of taken from [41I] (own work).
A subset of resources (A, B) together with their correlations (C) (given here by
a Gaussian copula (D)) form a solution candidate (E). Each solution candidate
is evaluated by its sum value distribution and its expected cost (F) until the
best solution candidate (G) is found.

Example 14. Recall the running example [T1] consisting of three resources with
truncated Gaussian, Beta, and Weibull distributions. We chose the cost func-
tions there deliberately so that the costs of different resources is the lowest at
different points of the value generation range. Let us assume we have 4 of each
of these resources and all resources are independent. The following table shows
which resource combinations would be selected by an [SRO] solver for different
target values at a target probability of 90%. Notably, the Gaussian and Beta
resources are generally picked before the Weibull resources because the genera-
tion for the Weibull distribution is skewed to the left where its cost function is
also higher than the other two types of resources.
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Dtarget Vtarget Gaussian Beta Weibull total

0.9 10 1 0 1 2
0.9 20 0 3 0 3
0.9 30 1 3 0 4
0.9 40 3 2 0 5
0.9 50 1 4 2 7
0.9 60 2 4 2 8
0.9 70 4 4 1 9
0.9 80 3 4 4 11
0.9 90 4 4 4 12
0.9 100 - - - -

Table 4.1: solutions for different target values at target probability 90% for
4 sets of the running example resources. At viarger = 100 the problem becomes
infeasible and no resource set is returned.

Why minimize E(C;) instead of c(vtarger)? That is, why minimize the
expected cost of the sum cost function and not the expected cost of the target
value for the resource subset? [SRO]was developed assuming that once a resource
is selected, all its generated value will be bought. Minimizing the expected cost
accounts for the possibility of other total values being generated. This simplifies
the summation process — as illustrated in[3.2]— by directly working with the cost
distributions.

Minimizing cost at exactly the target value is preferable when no buying
guarantee exists. In [4I], both a buy all value and buy only necessary value
market type were considered. The latter severely complicates the optimization
process. As shown in Example computation of the expected cost function
of a set of resources can be difficult to impossible.

In a Monte Carlo based solver, the minimal sum cost for the target value has
to be determined for any simulated outcome of the random variables. While the
two market schemes result in different costs, the performance of the investigated
heuristic solvers was unaffected. Since this is expected to be the case for any
resources with well-behaved cost functions, later works focus on minimizing
E(Cy) as the goal.

Notably, the buy-necessary market trivializes the resource decision process if
there are no up-front (or opportunity) costs to selecting a resource (i.e. ¢(0) =0
for all resources). In this case, selecting all resources every time is optimal be-
cause it maximizes the probability of supplying the target value while any excess
generation can simply be ignored. The problem then reduces to an optimization
problem on how much value to buy from each resource once the outcomes are
determined.
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4.2 Categorization

[SRO] has strong similarities and some key differences to existing optimization
problem formulations. For a stochastic optimization problem it has a very sim-
ple formulation with only a single chance constraint and an easily computable
objective function (if the expected cost of each resource is known, this is just
a simple sum over the subset). The main difficulty is the result of being com-
binatorial. As such, it is best thought of as a particular stochastic knapsack
variant.

SRO as a Knapsack Problem [SRO]| bears close resemblance to the corre-
lated stochastic knapsack problem by Yang et al. [54] from Definition The
key differences are:

1. In [SRO] how much value was generated by a resource does not become
known on selection.

2. allows continuous and unbounded values while in [54] they are dis-
crete.

3. allows arbitrary cost functions while in [54] they are non-decreasing.

The one assumption that remains is that both[SRO]and the stochastic correlated
knapsack problem have submodular objective functions. The unbounded values
and arbitrary cost functions are especially detrimental as many approximation
scheme results for knapsack variants rely on some bounds to exploit.

Following the complexity results for the summation of stochastic resources in
Section [3.2] it is easy to see that [SRO] with discrete and independent resources
is in NP as the resource sum can be computed in polynomial time. Additionally,
the 0-1 knapsack problem can be encoded into an [SRO] problem. This yields
the following result.

Theorem 8. Stochastic Resource Optimization is strongly NP-hard.

Proof. Recall the 0-1 knapsack problem introduced in Definition It consists
of a set of n items with positive weights wX and values vX for i € {1,...,n}.
The aim is to find the subset of items that maximizes the sum of values while
having a sum weight of at most W > 0.

Each of these items can be encoded into a Stochastic Resource with a single
value vP0 = —wK P(X; = vPR9) = 1 and ¢;(v7F9) = —vX. Then set
DPrarget = 1 and Viarger = —W. Now, minimizing the expected cost in the [SRO|
problem corresponds to maximizing the value in the knapsack problem and if
more items are selected than the knapsack capacity W allows, then the chance
constraint is violated, making the solution infeasible. Thus, the solution set
to the [SRO] problem is the same as the set of items that solve the knapsack
problem. This encoding can be done in polynomial time.

Wojtczak [49] showed that the decision variant of the 0-1 knapsack problem
with rational weights and profits is strongly NP-complete. Since we did not
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restrict the profits or values in the previous steps in any way, the decision
variant of [SRO] is strongly NP-hard and since the optimization variant solves
the decision variant, it too is strongly NP-hard. O

This result means that the general formulation of [SRO| does not admit a
pseudo-polynomial time algorithm. Since its objective function is polynomially
bounded, it can also not have a fully polynomial time approximation scheme
unless P=NP. Note that for this result we used a very simple variant of [SRO|
with degenerate probability distributions and independent resources. Naturally
there are also subclasses of [SRO] that are easy to solve. These mostly rely on
restrictions on the resource distributions that allow the exponential search space
to be reduced. One such condition is discussed in the next section.

4.3 Independent SRO

The main difficulty in solving [SRO]instances lies in exponential number of pos-
sible resource combinations. Consider the simplest case of discrete and indepen-
dent resources. As we have shown in the previous chapter, we can compute the
sum of any subset of such resources in polynomial time. If all resource combina-
tions have to be checked this way, then the problem is completely dominated by
the 2" possible combinations. There is no way around this in the general case,
but there are resource sets for which the problem becomes significantly easier.

Sorting Resources If we can establish an ordering of the resource set such
that each resource is strictly better for the given problem than the previous, then
the number of resource combinations to check reduces to O(n) after sorting. One
such order emerges if a resource is strictly better in all possible problems.

Definition 33. A Stochastic Resource R; dominates a resource R,, written
as Ry = Ry if for all x:

1= Fi(x) > 1 - Fy(a) (4.3)
E(c1(R1)) < E(ca(R2)) (4.4)

This notion of domination is very strong as it requires R; to have strictly
higher probability to generate at least any given value x and a lower expected
cost. The first part ensures that R; always contributes more to the chance
constraint while the second ensures it is always cheaper to take.

Theorem 9. An problem with resources { Ry, Ra, ...R,, } with a total dom-
ination order R; >~ R;;1Vi can be solved in at most n subset checks.

Proof. Without loss of generality, we can assume exactly one resource has been
selected for the problem. This works because we can replace any selected subset
of resources with the resource created from their sum. Assume that a there
exists a resource R;.. that achieves a better solution than R;. By definition,
E(¢i(R;)) < E(Cite(rite)). Therefore, the only way R;i. achieves a better
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solution than R; is if R; . fulfills the chance constraint, while R; does not. But
we know that 1 — Fj.(z) < 1— Fj(x). Therefore, no such resource R, exists
and the problem solution must contain R; and the resources R;,j < i. O

We do not require a stronger notion on the cost side of the relation because
[SRO| optimizes for expected cost, which is the sum of the expected costs of each
resource in the solution.

Example 15. Independent and identically distributed (i.i.d.) resource sets
always contain a full domination order. Alternatively, we could hold the cost
function fixed across all resources and shift their distributions left or right along
the value range while maintaining a domination order.

This condition quickly breaks if resources don’t follow very specific (or iden-
tical) distributions. Figure4.2|shows the example of two Gaussian distributions
with the same mean but different variances which makes their survival functions
intersect, which means the first condition of domination can not be met.

Even in the absence of a complete domination order, sorting resources by
their expected cost and checking subsets in this order may be a quick heuristic
for many problem instances. This is the equivalent of a greedy solver in a
classical knapsack problem which is part of an experiment in Chapter
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0.50 f

1-CDF

0.00
-20 -10 0 10 20 30
value

Figure 4.2: Two Gaussian distribution survival functions intersecting because
of different variances.



4.4. IMPLEMENTATION IN SOFTWARE 53

4.4 Implementation in Software

was developed in tandem with the software package SRO. 31T in JuliaP]
This section gives an overview of the implementation at the time of writing this
thesis. The corresponding version of the package is tagged in the git repository.

4.4.1 Data Model

The data model closely follows the general formulation of [SRO] It consists of
four main structures. Three of these encapsulate the general [SRO| problem for-
mulation and solution: SROResource models a single resource with a univariate
value distribution and a corresponding cost function. SROProblem encapsu-
lates a single optimization problem instance consisting of a set of resources, a
target value and probability, and the correlations of the resources given by a
CorrelationDict. Lastly, SROSolution gives a general output structure for
any solver implementation. A solution contains a copy of the problem to solve,
the subset of resources returned by the solver, given by their indices, and the
expected cost of the solution.

The CorrelationDict is the only main structure with more involved logic.
Its keys are tuples of indices, representing a specific subset of resources and the
corresponding value is the object that generates multivariate samples for these
resources according to their correlations. This multivariate object can be of any
type, most commonly a multivariate distribution. The only requirement is that
it implements the Base.rand to allow generating sample data.

Since correlation information can be quite fractured, the dictionary can con-
tain many overlapping subsets of indices. When adding new elements, this can
lead to the same subset of resources being mapped to two different distributions.
E.g. if the dictionary has two distributions for the tuples (1,2,4) and (1,2,3),
and we want to sample random data for the tuple (1,2), then both of these en-
tries are valid sources for the data. The only exception to this rule is if a tuple
is a strict subset of another tuple. In this case the smaller tuple gets removed
from the dictionary when the larger one is added. This abstraction ensures that
the [SRO| implementation can handle arbitrary resource distributions with any
combination of available correlation information.

4.4.2 Monte Carlo SRO

The central solver implemented so far is a Monte Carlo based solver travers-
ing the full set of resource combinations. It works by sampling all entries in
the CorrelationDict n_samples times. It then constructs all subsets of the
problem resources with known correlation information, (i.e. the sets in the cor-
relation dictionary as well as their combination) and does an exhaustive search
on this set. For each subset, the chance constraint fulfillment is estimated from
the samples and the expected total cost is calculated from the expected costs of

Thttps://github.com/jsager621/SR0.j1/
*https://julialang.org/
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the resources. In practice, this estimation process is very simple. We sample the
sum distribution of a set of resources and calculate the ratio of samples bigger
than v¢grger to the amount of samples.

‘We can formalize this in terms of a Monte Carlo estimator. Recall that Fiy is
a Monte Carlo estimator of the integral of an arbitrary function f using random
variables { X7, Xo,..., Xn }:

1o~ f(X)
Fy =+ ; POF(X) (4.5)

In the case of SRO] we are interested in approximating the chance constraint of
the optimization:

11— FXs (Utarget) > Ptarget (46)
Assume we want to do this for two stochastic resources with random variables
Vi and V5 for their value generation. We approximate 1 — Fx,,,(Viarget) to
evaluate the chance constraint. We can set:

ind(m) _ {(1) ZSQ; 2 Vtarget (47)
f(@) = fiyz() ind(z) (4.8)

We use the (known) multivariate distribution f; 2 to directly sample Viio. Let
X; ~ Vito, then:

N
1 X; 1 .
From the properties of a Monte Carlo estimator, we arrive at:

b
E(FN) = / f(.l?)d]} = P(‘/l-‘rQ Z Utarget) =1- FX1+2 (Utarget) (410)

The main challenge for this approach is the exponential number of sets to
check. Consequently, any method to quickly eliminate infeasible subsets and
speed up the chance constraint estimation drastically impacts the run time. The
current implementation reduces the number of subsets in three ways. First, an
initial pass of resources is done by their expected value generation to estimate
the minimum number of resources necessary to achieve the target value. Subsets
smaller than this cutoff are eliminated. Second, the estimation of the chance
constraint is avoided for subsets with higher expected cost than the best feasible
set so far. This is a simple sum calculation over a maximum of n resources,
making it much faster than the chance constraint estimation. Lastly, if the
resources generate only positive values, the Markov inequality (see Definition
is checked to remove subsets that can not fulfill the chance constraint.

This last check could be expanded using the Chebyshev or Chernoff inequal-
ities as well. However, these checks require the sampled data to estimate their
bounds which should not be much faster (if at all) than directly checking the
chance constraint from the data.
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Different SRO Solvers in this Thesis Most of the solvers discussed in the
following chapters use the Monte Carlo method described above to estimate the
chance constraint (unless explicitly stated otherwise). Their difference are
based on which subset of the power set of resources they consider for evaluation.
Whenever we mention a full solver, this is an exhaustive search of the entire
power set. Meanwhile, a greedy algorithm may just consider subsets in a specific
order. A metaheuristic solver would instead have a certain logic for its selection
of subsets to check.

The plannedevaluation paper [21] contains a small benchmark compari-
son of this solver against a decomposition-based approach (using the same solver
on smaller subsets) and a greedy algorithm. The results of the comparison are
shown in Figure [£:3] The decomposition-based method was significantly faster
than the full solver but requires grouped correlation information to achieve a
solution in two solver runs on smaller problems. This achieved comparable costs
to the full solver but with higher failure magnitudes when the lossy correlation
grouping produced bad estimates of the chance constraint. The greedy solver is
the fastest with the trade-off of high-cost solutions only marginally better than
simply selecting all resources to begin with.

SRO Solver Runtimes
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Figure 4.3: Runtime comparison of solvers on problems with 21 resources.
The full solver and greedy solver worked on the full resource sets in each problem
while the decomposition solver had access to correlation groups to solve the
problem in two smaller full solver passes.
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4.5 Summary

This chapter introduces Stochastic Resource Optimization — the problem of
selecting the best Stochastic Resources for a given target. We showed that
[SRQ is closely related to stochastic knapsack problems and can essentially be
considered a knapsack problem itself. [SRO|is generally difficult to solve, being
NP-hard but can be solved efficiently under specific strict circumstances that
allow sorting Stochastic Resources by their quality.

The biggest hurdle for [SRO] as with most knapsack problems, is the explo-
sion of possible combinations as the number of Stochastic Resources increases.
Sums of sets under evaluation can be relatively efficiently approximated using
Monte Carlo methods but reducing the amount of subsets to check for a solu-
tion is much more difficult. Additionally, accurate correlation models for each
Stochastic Resource may not be available.

The following chapter addresses the quality of [SRO] solutions. First, it in-
vestigates problems with full correlation information — using metaheuristic al-
gorithms to deal with the amount of combinations. Second, it shows a study of
how solution quality degrades as correlation information becomes more scarce
or inaccurate.



Chapter 5

SRO Solution Quality

This chapter describes a number of simulation-based experiments to evaluate the
properties of [SRO|] As we have demonstrated in Chapter [3] sums of stochastic
resources can vary depending on their correlation properties. Ideally, the full
correlation information of all resources involved in a problem is known and
accurately modeled. In reality, correlation information is difficult to model
accurately. In many cases it is only available between some resources, or missing
entirely.

Here, we evaluate [SRO] problems under differing levels of correlation infor-
mation. The first section shows how [SRO] can be solved efficiently using simple
meta-heuristic algorithms when all correlation information is known. Then we
show that solution quality degrades greatly as correlation information becomes
only partially available. Finally, we conduct a sensitivity analysis and show that
[SRO] solutions are stable under small variations in the inputs.

5.1 SRO with Full Correlation Information

Let us start with the best case scenario for[SRO] That is, problems with accurate
and complete prediction models for all resources and their correlations. These
results were published as part of [4I] (own work).

As shown in Chapter |3 under the above assumptions, Stochastic Resources
can be summed efficiently using a combination of discretization and fast Fourier
transforms. All solvers in this section are based on Monte Carlo methods as
described in Subsection .4.2] Our results show that simple metaheuristics
like a [Binary Particle Swarm Optimization (BPSO)| [29] can achieve close to
optimal results that significantly outperform the baseline heuristic — selecting
all resources.

We also compare the original version of [SRO] where all generated value on
selected resources must be bought to a variant where only value up to the
target value is bought. These two variants are referred to as buy-all and buy-
necessary in the following. Here, the results indicate that the different market

57
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types do not change the relative performance of the investigated algorithms.

5.1.1 Methodology

The first aim of this experiment is to establish the suitability of the SRO|formu-
lation for energy system problems. We generate a number of energy resources
to approximate different types of distributed energy resources. [SRO] problems
based on these resources are then solved by different algorithms and the results
are compared by their cumulative costs. The baseline for comparison is given by
an oracle solver as the lower bound and simply selecting all available resources
as the upper bound.

Cumulative cost is chosen as the metric for comparison here because all al-
gorithms under investigation provide feasible SRO]solutions close to the bounds
of the chance constraint. Consequently, failure metrics such as failure rate or
failure magnitude of the chance constraint would not yield much information.
The remaining point of comparison is the selection of optimal resources to min-
imize the target function. Since all algorithms are compared on the same sets
of problems, the cumulative cost and the mean costs achieved by the algorithms
hold the same relative values.

The second aim is to establish if the market type influences the algorithm
choice for [SRO} The established formulation of [SRO| minimizes expected cost
under the assumption that all generated values apply their cost (i.e. are bought
or allocated). Alternatively, value might only be bought up to the target value,
starting with the cheapest resource. Notably, this second formulation becomes
trivial if the cost for 0 generation starts at 0 in all resources — simply selecting
all resources yields the optimal solution. To account for the opportunity cost
of planning in a given resource for the task, costs start at cse; > 0, called the
selection cost.

5.1.2 Problem Generation

[SRO| resources are generated based on Weibull, Beta, and Gaussian distri-
butions to approximate wind generation, photovoltaic generation, and bat-
tery storage, respectively. Each distribution is scaled to a randomized mean
w € [50,150], standard deviation o € [10,50] and lastly truncated to the inter-
val v € [0,250]. All resources are modeled with linear costs with a randomized
cost factor ¢ € [2,5]. The experiment considers two size tiers for problems
with n € {10,30} resources. The target values were set to piarger = 0.7 and
Vtarget = M7252% where Upeqn is the mean of means of generated marginals.
Correlations between resources are assigned randomly using a Gaussian cop-
ula with a randomly generated correlation matrix. This means that both the
marginal distributions and their correlations differ between problems.

For each distribution type (Weibull, Beta, Gaussian), each market type (buy-
all, buy-necessary) and each number of resources (10, 30), we generate 100
problems for a total of 3-2-2 = 12 problem sets. Each problem set is randomly
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instantiated (within the bounds outlined above) and solved 100 times to compare
the cumulative differences between algorithms.

5.1.3 Compared Algorithms

The study compares four algorithms (detailed descriptions below):
e A full solver optimizing over the complete solution space.

e Taking a limited number of random samples for each subset size of the
resource set.

e A binary particle swarm optimization (BPSO).

e A simple 141 evolutionary algorithm (EVO) with a probability to flip any
particular resource of py;;;, € {0.3,0.6,0.8}.

These algorithms are selected to represent a simple heuristic (size sampling), ex-
haustive search, and metaheuristics (BPSO| [Evolutionary Algorithm (EVO)).
The expected outcome is that the simple heuristic is fastest but provides the
highest cost results while the exhaustive search becomes prohibitively slow
quickly but achieves optimal results. Ideally, the metaheuristics would be much
faster than an exhaustive search while providing close to optimal costs.

The baseline for the comparison is given by two algorithms:

e An oracle that constructs optimal solutions by knowing the realized values
of each resource.

e Selecting all possible resources every time.

Selecting all resources is chosen as the upper bound because it guarantees that
the chance constraint holds if possible. The oracle solver should universally
achieve lower cumulative costs than the other algorithms because it does not
have to account for the chance constraint in its selection.

All non-oracle algorithms used a Monte-Carlo strategy with ngmpies = 1000
samples to estimate the resource distributions. This value was chosen based on a
pre-study evaluation of the run-times and estimation accuracy of the algorithms.

Full Solver (full) As the name implies, this solver checks every possible
subset of resources and returns the feasible solution with the lowest expected
cost. The algorithm is formally described in Subsection[£:4.2] This provides the
optimal solution but becomes slow as the number of resources increases. This
algorithm is only present in the simulated problems with 10 resources and not in
the larger 30-resource problems where simulation times were prohibitively long
on the available hardware.
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Size-based Sampling (by_size) One question we would like to answer in
our analysis is whether the amount of chosen resources is a stronger predictor
of the final cost than which resources were selected in particular. To answer
this, the size-based sampling algorithm ensures that each possible subset size
of the solution space is randomly sampled. The best solution encountered in
this search is returned. The amount of samples taken per size is set by the
Nsubsets parameter. To ensure parity with the other algorithms, we set ngypsets =

Nresources, SO the algorithm takes a total of n2,,,,,ccs Samples.

Binary Particle Swarm Optimization (BPSO) In[Particle Swarm Opti-|
[24] a set of agents (particles) randomly explores the parameter
space in search of an optimal solution. Each particle has a position x and a
velocity v in the solution space. Each position has a corresponding solution
quality (in this case, cost) evaluation. A number npq,ticies Of particles explore
the solution space for n4¢cps time steps. In each cycle the particle moves, updates
its velocity and evaluates its new position. The velocity update is influenced by
the solutions encountered by other (or neighboring) particles. Regular is
defined for continuous parameter spaces. We use a variant of[BPSO]which works
on discrete spaces by Lee et al. [29] with the following velocity and position
update functions:

v(t+ 1) = wo(t) + a1 R1(lpest — ) + a2 Ra(gpest — ) (5.1)

0 if Rpos >= S(v(t+1
x(t—i—l):{ 1 elsep . )

Here, v is the particles’ velocity at a given time step, x is its position, w is an
inertia weight, a1, as are acceleration constants, R;, Re are uniformly distributed
random variables in [0,1], lpest and gpest are the best solution encountered by
the particle and the best solution encountered by the whole swarm, respectively.
Ryos is a uniformly distributed random variable in [0,1] and S is the sigmoid
function:

(5.2)

_ 1
C14ev

S(v) (5.3)

In the simulations, we run With Nparticles = Mruns = Nresources- Lhese
values were chosen because they provided quick results and good solution quali-
ties on the evaluated problem sets during a pre-study evaluation. In both cases,
we set a1 = ag = 1.43 and w = 0.69 based on analysis from [29].

1+1 Evolutionary Algorithm (EVO) The 141 evolutionary algorithm
works by randomly changing a candidate solution from the solution space and
memorizing the best solution encountered until a termination condition is met.
In our case, the algorithm has two parameters: ngseps sets the number of ran-
dom samples taken until termination and p i, gives the probability of changing
the value of each element of the boolean selection vector (i.e. the currently eval-

uated element of the solution space). We set Nsteps = NZegources (SO the amount
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Dtarger 02 03 04 05 06 07 08 09

full 0.23 033 043 052 062 071 081 091
bysize 0.28 0.38 047 0.56 0.66 0.75 0.84 0.92
BPSO 0.26 0.36 045 0.55 0.64 0.73 0.82 0.92

evo 0.30 039 0.48 057 0.65 0.74 0.83 0.92

Table 5.1: Success rates of implemented algorithms compared to the target
probability.

of samples is equivalent to the other algorithms) and compare three variants of
this algorithm with py;;, € {0.3,0.6,0.8}.

Oracle Solvers Oracle solvers operate on resources whose realized values (and
associated costs) are known. The oracle solver varies between the two investi-
gated market types. If all generated value has to be bought (buy-all variant),
then the oracle decision problem becomes a regular 0-1 knapsack problem:

min in(ci(vi)) (5.4)

subject to invi > Vtarget (5.5)

K2

In the buy-necessary variant, we have to introduce a second stage to the
optimization problem. Once a set of resources is selected, value has to be
bought in order from lowest to highest cost. Since we restricted the stochastic
resources to linear cost functions that are strictly larger than 0, this can be
achieved by simply sorting them by their cost factor and taking generated value
in this order.

5.1.4 Results

As an initial sanity check, Table [5.1] shows the achieved success rates of the
approximation-based algorithms against the set target probability. The achieved
success rates closely match the target probability in all cases, so all algorithms
provide feasible [SRO] solutions.

The resulting cumulative costs for the problems with 10 resources are shown
in Figure The full set of result plots is attached in Appendix [B] Of the fast
algorithms, [BPSO] performs best across all scenarios. Size-based sampling and
evolutionary algorithms with pgi;;, € {0.3,0.6} show similar performance with
slightly higher costs than [BPSO] Notably, selecting all resources may achieve
lower costs than other algorithms in the buy-necessary market if the higher
selection cost is compensated by having resources with lower cost factors.

In the larger problem sets of 30 resources, the heuristic results closely re-
semble the results for smaller sets. Here, [BPSO]| performs best with size-based
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sampling, and the two evolutionary algorithms with py;, € {0.3,0.6} slightly
worse.

In total, the results indicate that some [SRO] problems with distributions
that are typical for energy system prediction models can be efficiently solved
by metaheuristic algorithms. This is based on the assumption that the predic-
tion models and their underlying correlations are accurately modeled. In the
following sections, we investigate what happens when this assumption is relaxed.
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5.2 SRO with Partial Correlation Information

Establishing complete or even partially correct correlation information is dif-
ficult to achieve, especially as the physical distance between energy resources
increases. In this section, we investigate what happens to the failure rate and
failure magnitude of an [SRO] problem under different levels of available corre-
lation information. This study was done as part of the [SRO] evaluation paper
currently in preparation for submission [2I]. The results show that assuming
independence between correlated resources can drastically increase the failure
rate of solutions.

5.2.1 Methodology

To determine the influence of correlation information, we compare four resource
sets — three fully synthetic, one with correlations based on a study — with differ-
ent target parameters under varying levels of correlation knowledge. The true
multivariate distribution of the resources is known for evaluation. We then sep-
arate the resources into disjoint subsets of the same size. Correlation within a
group remain known (from the multivariate distribution), but different groups
are treated as independent by the solver. The randomization procedure for this
is shown in Figure [5.2

8 Resources 1 2 3 4 5 5] ¥ 8
_.—-—'—"'_'_'_
¥ PR |
T 5 1 2 8 5] 4 3 i - i
S J
h | 1 1
correlated groups Gl | » G2 |a » G3
of size 3 independent independent
independent

Figure 5.2: Reordering procedure with 8 resources and group size 3. The set
of resources is randomly shuffled, then groups are assigned in shuffled order. If
the group size does not exactly divide the number of resources, the last group
contains the remainder. Correlation information within groups is preserved, but
independence is assumed across groups.

In this setup, a subset size of 1 would mean all resources are treated as
independent, subset size 2 means sets of 2 resources have known correlations,
and so on. As the subset size increases to a maximum of N,esources, mMore
correlation information is known to the solver.
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The evaluation criteria for this experiment, grouped by subset size, are
the following (detailed below):

e problem failure rates
e mean problem failure magnitude
e mean cost of successful subsets

We denote the probability of a set of resources R, to achieve the target
value as:

Payee =P() v > 1) (5.6)
Rso1

A problem solution counts as a failure if the resource set R,, misses the
target probability by more than half a percentage point:

Pyuce < pr — 0.005 (5.7)

The problem failure magnitude Mp is the distance of the achieved success
probability from the target probability:

(5.8)

Me — Pt — Psucca lf Psucc < Dt-
F = .
0, otherwise.

5.2.2 Problem Sets

This analysis is conducted on four problem sets. The first three are constructed
to capture different configurations of positive and negative correlations between
sets of 12 resources. The fourth is a set of 12 North Sea wind parks with
correlations modeled after the analysis of Hjelmeland et al. [15].

Dummy This problem set consists of 12 resources with 4 Gaussian, 4 Weibull,
and 4 Beta distributions. The three resource groups have a correlation coefficient
of 0.5 internally and are independent to the rest. This means a Gaussian resource
is moderately correlated with other Gaussian resources but uncorrelated to the
Weibull or Beta distributed resources. Resources are scaled to have the same
expected generation and each group of resources has linear cost functions with
the same ascending cost factors. The aim of this dummy set is to establish a
baseline performance for moderate correlations.

Extreme Dummy and Positive/Negative Dummy Similar to the previ-
ous problem set, the extreme dummy set consists of 12 resources with groups
of 4 being internally correlated with a correlation coefficient of 0.7. Here, all
resources have a Gaussian distribution. Cost functions are assigned as in the
previous set. The same linear cost functions with ascending cost factors are
used within each set of 4 resources.
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For the positive/negative dummy set, the same resources are combined with
different correlation coefficients. The group-internal coefficient remains at 0.7,
but now resources of different groups are negatively correlated with a coefficient
of —0.3.

North Sea Correlation The North Sea model is based on a study of the
correlations of Norwegian wind parks [I5]. 12 wind parks with a combined
nominal power of 12.8 GW are modeled as resources with Beta distributed
values with a = 3 = 2. Resources are then scaled to the corresponding buildout
size of the wind park. Since the Beta distribution is defined on [0, 1], the scaled
distribution is then defined on [0, Py4,] where Ppq, is the buildout size of the
wind park in question. The chosen wind parks are listed in Table The
three largest wind parks in the study were not chosen for this set because their
buildout is significantly larger than the others, so they would dominate the
results.

The correlation factors from the study are transformed into a covariance
matrix. We then use the covariance matrix to construct a Gaussian Copula to
model the resource correlations. Costs for the wind parks are linear with cost
factors from 2.0 up to 3.1 in ascending order of buildout size, making larger
resources more expensive in this setup.

Wind Park/Region buildout [GW]
Stadthavet 1.8
Olderveggen 0.3
Frgyagrunnene 0.2
Sandskallen - Sgrgya nord 0.9
Vanngya Nordgst 0.5
Auveer 0.4
Nordmela 1.1
Gimsgy Nord 0.9
Traenafjorden - Selveer 0.7
Traena Vest 2.7
Nordgyan - Ytre Vikna 0.5
Frgyabanken 2.8

Table 5.2: North Sea wind parks with modeled correlations from [I5] with their
buildout in gigawatts.

SRO Problems The [SRO| problems based on the above resource sets are
listed in Table The target values and probabilities were chosen so that at
least one feasible solution (and ideally more) exists in all cases.
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Dummy Extreme Pos/Neg North Sea

pro v Dy pro v Dy pro vy Dt pro v [MW] De

D1 30 095 E1 30 080 P1 40 0.80 NC1 1000 0.95
D2 30 090 E2 35 075 P2 45 0.75 NC2 2000 0.85
D3 30 07 E3 40 070 P3 50 0.70 NC3 3000 0.75
D4 40 085 E4 45 065 P4 55 0.65 NC4 4000 0.65
D5 40 0.75 NC5 5000 0.55
D6 50 0.5

Table 5.3: Targets for the dummy (left), extreme dummy (middle) and posi-
tive/negative dummy (right) problem sets.

5.2.3 Simulation Setup

This section describes the setup of the performed simulations in detail. To
evaluate a given set of problems, each problem is solved multiple times. This is
necessary to establish the distribution of solutions provided by the solver
as its sampling-based implementation does not yield deterministic results.

for var in 1:n_variations for p in problem_set
for order in 1:n_orders for runin 1:n_dist_runs
randomize scenario solve(p, n_samples)
add to problem_set save results

Figure 5.3: Simulation control flow for the correlation information analysis and
sensitivity analysis. On the left side, [SRO] problem sets are generated by ran-
domizing the order of the available resources and grouping them into subsets of
different sizes (correlation information analysis). This step is repeated for the
number of variations of targets, cost functions, and distributions in the sensi-
tivity analysis. Once the problem sets are generated, they are passed to the
right side where each problem set is solved n_dist_runs times to estimate the
distribution of resources in the solution.

Figure [5.3] shows the main simulation loop for all experiments. First, a
set of optimization problems is generated for the scenario. Here, we generate
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n_variations x n_orders problems.

parameter value

n_resources {12,21}
n_samples 1000
ndist_runs 100
n_orders 10
n_variations 100

Table 5.4: Simulation Parameters. Values were chosen to cover non-trivial
amounts of energy resources while keeping simulation times low. The limiting
factor here is the sensitivity analysis, where the number of solver runs grows
with n_variations *n_dist_runs and the time for each solver run grows with
gn-resources — With these values, the sensitivity simulation finishes in under 8
hours on an AMD Ryzen 7 5800X. Note that each additional resource doubles
the execution time, so adding just 2 more resources would push the computation
time above 24 hours and any significantly larger problem would run for multiple
days or weeks.

The n_orders parameter controls how many permutations of the given set
of resources are performed as described in Figure to generate mutually in-
dependent sets for the correlation analysis. For the sensitivity analysis,
this value is set to 1 as we are only interested in the full information cases in
that experiment. Conversely, the n_variations parameter controls the number
of slightly varied problem sets for the simulation and is only relevant for the
sensitivity analysis.

Each problem in a problem set is solved n_dist_runs times to estimate the
solution distribution provided by the Monte Carlo solver. The solver itself uses
n_samples random samples to estimate resource subset quality in the solving
process. The four scenarios are described in Subsection All simulation
parameters are listed in Table [5.4]

5.2.4 Results

Figure[5.4)|shows the results of the failure rate analysis under different amounts of
available correlation information. The figure is grouped by problem sets, namely
the dummy (D), extreme dummy (E), extreme dummy with high positive and
negative correlations (P) and North Sea Correlation (NC) problems.

The top of Figure shows the failure rates of the different problem sets
as correlation information increases. Constraint satisfaction is very low without
full correlation information in the D, E, and N sets. Here, failure rates drop
with increasing subset size. Only full correlation knowledge provides a high
probability of constraint fulfillment. Even just assuming 2 resources to be inde-
pendent (i.e. subset size 10) provides a significant rise in failure rate. Similarly,
achieved costs in these 3 sets increase with increasing correlation information
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as the solver has to select more resources to meet the chance constraint. Mean
failure magnitudes with full correlation information are very low at about 1%
in the D, P and NC scenarios and about 3% in the E scenario. This means that
even when the solver fails to satisfy the chance constraint, it only misses it by
a small margin on average.

The extreme scenario with groups of highly positively correlated resources
that are negatively correlated to other groups is an outlier here. Assuming
almost no correlation information (i.e. assuming independence) yields better
results for failure rates than settings with more knowledge (except full knowl-
edge). At the same time, the achieved costs are very consistent across knowledge
levels. In the small amount of cases where the problems do fail, they tend to
fail by very wide margins up to a mean of 0.41 for a knowledge subset size of 4.

There is a likely explanation for the low failure rates is that for this specific
correlation setup: Because of the particular distributions and choice of target
values in this scenario, assuming independence leads to very similar chance con-
straint estimates and low failure rates — the target values cluster around the
center of the distribution, where the survival functions of the original and mod-
ified sum distributions intersect. At the same time, if the subsets with known
correlation happen to exactly match the positively or negative correlated re-
source groups, the solver makes very wrong assumptions about the distributions
resulting in large failures. This would explain why failure magnitudes are very
high specifically on the even subset sizes of 2, 4, and 6 but low for a subset size
of 5 as this can never exactly match the correlated resources.

Failure magnitudes generally decrease with increasing correlation informa-
tion in all scenarios. Another interesting observation is that in the D scenario,
failure magnitudes start low but then spike to a maximum of 0.28 at almost
complete correlation information (subset size 10), then fall off completely to
about 0.01 once full information is available. This means that for this scenario,
having almost no correlation information leads to high problem failure rates
but low failure magnitudes. As correlation information increases, the failure
rate drops, but the remaining failure cases create much larger deviations.

The main takeaway of this experiment is that a lack of accurate correlation
information can strongly impact the solution quality of SRO problems. In some
cases, the fulfillment of the chance constraint is unaffected. In others, even small
missing pieces of information lead to large failure magnitudes on the chance
constraint.

5.3 Sensitivity Analysis

As part of the evaluation paper in preparation for submission [21], the same
problem sets used in the correlation information analysis were used to conduct
a sensitivity analysis to gauge how stable [SRO|solutions are under small changes
in the input resources or target. This analysis is based on the same problem
sets as the ones used in the correlation information section.
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5.3.1 Methodology

For the sensitivity analysis, we compare the variation of the solution sets under
small variations of the cost functions of resources, the target value of the problem
and the random distribution of the resources.

To achieve this, we randomize the cost function, target value or resource
distributions before each simulation run and solve the problem multiple times
to estimate the solution set distribution. We then compare the [TVD] of the
resource distributions achieved by the solver. As stated in Definition the
[TVD)] for a discrete distribution for two probability mass functions P and @Q is:

S1vp(P,Q) = 5 Y IP@) - Q) (59)

For cost variations, the cost factor of the linear cost function c(z) = m x
was randomly increased by up to 0.9 in steps of 0.1. The original cost functions
have cost factors of m € {2,3,4,5} and the randomization could at most set
the cost to m + 0.9. For target variations, the target value of the problems was
randomly increased or decreased by up to 10% of the original target value. The
distribution variations were done for resources with Beta distributed resources
with default parameters of Beta(a = 2,8 = 2). The parameter 8 € [2,5] is
uniformly randomized. Then, the new distribution is normalized to have the
same mean as the original. This skews the distribution toward the left.

5.3.2 Results

The following summarizes the results of the sensitivity analysis. The full results
are listed in Table [C.2] in the appendix. The mean and maximum values of
the Total Variation Distance for each problem set are shown in Figure
The main metric of comparison is the [TVD]| between pairs of resource
distributions. The table lists the maximum, mean, and median [TVD] for these
pairs as well as the percentage of pairs where both resource distributions contain
feasible solutions and the number of pairs with a of zero (i.e. the exact
same resource distribution). Problem sets are named by their origin: D{1-6} for
dummy set problems, E{1-4} for extreme dummy problems, P{1-4} for extreme
dummy problems with high positive and negative correlations and N{1-5} for
variations on the North Sea model problems, used for the distribution variation.

For cost variations, the [TVD]is generally low, with a maximum value of
0.16 in problem set D3 which also has the highest mean value of 0.07. Notably,
problems D1 and D4 show low solvability rates and high amounts of zero values
for the solvable pairs. This indicates that there are generally few feasible solu-
tions and many results select most of the resources as the solution candidate.
A similar effect occurs in P1, P2 and P4 which are always solvable but mostly
by selecting all available resources, resulting in a[TVD] of 0.

The target variations show a similar trend with low solution rates in D1 and
D4 and a maximum [TVD]of 0.25 in D3. Problems generally contain more zeros
than in the cost variations. This is likely due to the fact that target variations
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change the feasible set of resources but cost variations do not. In the case of
P1 and P4, the amount of zeroes actually decreases as randomly reducing the
target value makes more resource sets feasible, although in P4 specifically, not
all variations are solvable anymore. Additionally, the mean [TVD] for target
variations is higher than to the corresponding problem set with cost variations
in all cases. A possible explanation for this is that cost functions were only
randomized within resource groups, but the cost order of resources remained
unchanged. Le. resource 1 would get cost factors between 2.0 and 2.9 and
resource 2 between 3.0 and 3.9. Thus, a unit of value in resource 1 is always
cheaper than in resource 2.

For the distribution variations, the mean [I'VD| is consistently low across
all problem sets with values between 0.03 and 0.06. The highest value occurs
in NC1 with a maximum of 0.17. Notably, all problem pairs contain feasible
solutions and no two resource distributions are identical. This indicates, that the
amount of feasible solutions in these problem sets is larger than in the dummy
scenarios as a result of the larger resource set.

5.4 Summary

In this chapter, we investigate how the solution of [SRO| problems changes under
varying levels of correlation information.

When correlation information is complete and accurate, [SRO| can be effi-
ciently solved using fast meta-heuristic algorithms. This is the case for the
standard buy-all market type of [SRO]and the buy-necessary market type in the
study. Of course, this is limited to sufficiently well-behaved problem instances
as the ones constructed here. As shown in the previous chapter, there must
exist problem instances that can not be solved this easily as [SRO]is strongly
NP-hard.

However, even for these simple problem instances, solution quality degrades
rapidly if correlation information becomes sparse or inaccurate. In problem
instances containing 12 Stochastic Resources, missing correlation information
of two resources leads to large increases in problem failure rates in three out
of four constructed scenarios. A notable caveat to this is that the experiment
assumes independence for missing correlation information. Depending on the
underlying correlation structure, this can lead to reduced failure rates as one of
the scenarios shows.

Lastly, [SRO]solutions are generally stable under small variations in the prob-
lem inputs. The sensitivity analysis shows that the Total Variation Distance of
solution resource sets is smaller than 0.3 for the investigated cost, target, and
distribution variations. This also means the implemented Monte Carlo-based
[SRO] solver reliably produces equivalent solutions over multiple runs.

In the next chapter, we present two case studies on how an [SRO]formulation
may be applied to energy system problems.
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Figure 5.4: Results of the correlation information experiment: Failure rate
and magnitude of different problem sets with increasing correlation informa-
tion where a subset size of 12 indicates full information. The sets are: dummy
(D), extreme dummy (E), extreme dummy with high positive and negative cor-
relations (P) and North Sea correlation (NC). Lines between data points are
purely for easier visual parsing and are not an indication of assumed values in
other subset sizes.
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Figure 5.5: Mean and maximum in the sensitivity analysis problem sets.
Mean [TVD] is consistently below 0.1 and maximum values only exceed 0.2 for
problem D3 in the target set.
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Chapter 6

Case Studies

This chapter shows two case studies that apply [SRO|to energy domain problems.
The first is an idealized congestion management scenario where [SRO]is used to
select the ideal energy resources to counteract an induced grid congestion. This
scenario assumes complete and accurate correlation information. The second
case study investigates how [SRO] problem instances behave for a real-world
correlation model on North Sea wind parks. Since this second study also includes
correlation information on multiple levels of granularity, it also compares the
performance of a decomposition-based solver for [SRO] for solution quality and
solving time. As a side effect, these studies show that the implemented [SRO]|
structures and solvers are capable of incorporating different levels of correlation
information.

6.1 Idealized Congestion Management

This case study was performed as part of [41] (own work). The aim is twofold.
First, to establish that [SRO| solvers will select intuitively sensible resources
where such intuition exists. Second, to apply [SRO] to a common energy sys-
tem use-case (congestion management) with mixed distributed energy resources.
The scenario assumes an accurate prediction model with full correlation infor-
mation.

6.1.1 Scenario Grid and Idealized Day

The example power grid consists of a single residential power line with 13 load
taps and a single transformer rated for a peak load of 150kVA. 12 of these
load taps are occupied by households with energy resources (4 batteries, 4 pho-
tovoltaic units, 4 wind generators) that form the basis of the problem.
The final tap is an adjustable load used to induce congestions in the system
at specific times. This grid mirrors a scaled down ”Kerber Freileitung 1”7 grid

(0]
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implemented in pandapowerﬂ and developed by Kerber [25]. Figure shows
a shortened representation of the grid with renewable generators and batteries
on prosumer households along the line and the adjustable load (represented by
a factory) at the end.

150 kVA

Figure 6.1: Congestion scenario grid. The power line contains 4 units each of
wind generation, PV and battery storage and an adjustable load on the final
node. All units are scaled to peak outputs of 6kW to 9kW to match the 150 kVA
transformer. In the scenario, energy resources are used exclusively to counteract
household loads exceeding 150 kW at the transformer.

The scenario is evaluated on a single idealized day. Household loads, shown
in Figure follow a generic curve with two peaks, one around noon and one
in the evening. At four specific times (7:00, 12:00, 16:30, 20:00), congestions of
a fixed size (115% load) are induced in the system. These times correspond to
times of different combined availability of wind and PV generators as shown in
Figure [6.3] The availability for each point in time is given as a relative output
value r € [0, 1] that scales the realized power output of the resource. The day is
modeled to be consistently sunny with a 90% PV output peak at noon and very
windy in the morning with wind speeds falling off over time. Battery storage is
used as the backup flexibility of the system and is set to a constant 80% possible
output.

'https://pandapower.readthedocs.io/en/v2.4.0/networks/kerber.html
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Figure 6.2: Idealized aggregated load curve from [41]. The blue bars
are the aggregated base load of the scenario. The orange bars are
artificially induced congestions at 4 time points during the day.
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Figure 6.3: Relative outputs of the different types of generators used
in the example scenario from [41].
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Expected Result Hypothesis The aim of this scenario is to counteract con-
gestions using renewable energy sources and batteries. For the purposes of the
scenario, these resources are only used during the times of induced congestions
and do not influence the net load of the grid otherwise. Given the relative
availability and cost of each resource at the four congestion times, we have the
following expectations:

e Wind and PV are preferred over batteries whenever possible (because their
use is cheaper).

e The relative availability of PV and wind during different times of the
scenario day is reflected in their selection at different times.

Type corr Orel Csel Cperw T'p1 Tp2 Tp3 Tpa

PV 0.8 01 50 01 01 093 077 0.1
Wind 06 02 100 01 09 07 035 0.1
Battery 0 0.05 300 03 08 08 08 08

Table 6.1: Parameters for generator instantiation on the congestion manage-
ment system. The parameters are (in order): the correlation coefficient corr
between units of the same type, the standard deviation of the distribution of
the generation o,¢;, the selection cost cse; and cost per unit of power cperqy, and
the relative output of the generator at the times of the four induced congestions
Tp1 $O Tpg.

Resources and Problems Table [6.1] shows the chosen parameters to in-
stantiate the generators. Each generator type has 4 units with maximum out-
put powers of P, € {6kW,7TkW,8kW,9kW}. These resources are labeled
{w, pv,b}1 to {w,pv,b}s4 in order of these power values. Weather dependent
units of the same type are correlated with a coefficient of 0.8 and 0.6 for PV
and wind, respectively. These values are chosen to ensure very high correlation
of PV generators and somewhat high correlation of wind generators, assumed
from their co-location. Generation between different types as well as for all
batteries is assumed to be independent.

The instantiated values are randomly selected from a truncated Gaussian
distribution around P, - p of the given unit with the given standard devia-
tion o, relative to this value. This plays the role of a prediction based on a
forecast error in this scenario. PV and Wind generators have relative standard
deviations of 10% and 20%, respectively. Battery outputs have lower relative
standard deviation of 5% and are independent. The output levels follow the
curves described in Figure [6.3] and have the given values for the four conges-
tions induced in the day. Each resource has a linear cost function with selection
cost ¢(0) = cqer and cost factor c(z) = cser + v - Cperw-

All congestions create an [SRO| problem with vjarger = 22.5kW and prarger =
0.8. The target value matches the total overload at the time of congestion (which
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is the same in all four induced congestions). The target probability is chosen to
be reasonably high but not overly restrictive as target probabilities above 0.9
would require most of the available resources without showing the differences
at different times of the day. Each problem is evaluated twice, once with the
standard formulation (buy-all) and once with a setup where only up to
Vtarget Of the generated value is actually bought (buy-necessary). The problems
are labeled pl to p4 in order on the time of day and are given the subscript a
(buy-all) and n (buy-necessary) for their respective market type.

prOblem T€Soracle Coracle TeSBPSO CBPSO
pla W2,3,4 2562 pv2.3,W1,3,4, bl 4393
pln Wo_4 2550 PU2, W24, b1 2900
P24 PU2_4 2445  puy2, w134 3243
P2n PU2_4 2400  pvy 24, ws 2500
P3a PU2_4,W1 2 2627  pui34,w134 2913
p3n PpU1—-4 2450 PU1—-3, W24 2700
p4a PpU1—4,W1—4, b1_3 7189 pv1, b1_4 8657

P4n PUI_4, Wi_4,b1_3 7124 pvi_4,w3,b34 7236

Table 6.2: Simulation results for the four induced congestions on the example
grid showing the selected resources by each solver and their total achieved costs.
Resources are referenced by their type, w for wind, pv for PV and b for battery
with their rated outputs {6,7,8,9}kW indexed with 1 to 4.

Results The four congestions were solved using an all-knowing oracle solver
and a fast Binary Particle Swarm Optimization metaheuristic — the same algo-
rithms described in[5.1l The results are listed in Table[6.2l The results show that
both solvers tend to the renewable energy sources at times of high availability
and only fall back to the more expensive batteries when strictly necessary. For
example, in problems 1 to 3 at the times of high wind and high PV availability,
respectively, the oracle solver uses only these renewable energy resources.

Figure [6.4] shows an illustration of the results for BPSO]in the buy-all. Nat-
urally, the metaheuristic solver has to select more resources in its solutions to
account for the uncertainty of generation that is not an issue for the oracle.
Consequently, it has to select one battery (the smallest) to fulfill the chance
constraint in problem 1 but manages problem 2 and 3 purely on renewable
resources. The increased amount of selected resources also means it achieves
consistently higher costs, most notably much higher costs in pl,.

In summary, the results indicate that [SRO| will choose the intuitively sensi-
ble renewable energy resources at times of high availability as outlined in the
hypothesis. This makes it a suitable formulation as part of a congestion man-
agement scheme with uncertain energy resources. Of course, it can not provide a
complete solution alone. For a full congestion management, the problem would
need to be expanded to the operation planning of the resources at various time
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Figure 6.4: Representation of the resources selected by for the buy-all
market. The image shows how many of each type of generator were chosen at
each induced congestion together with the relative maximum output of each
resource at the time.

points and taking into account all the relevant physical limitations.

6.2 Correlated North Sea Scenario

The contents of this section are in preparation for submission [21I]. To study the
applicability of the[SRO]model to a real world scenario with spatially distant re-
sources, we created a scenario of North Sea wind parks based on [15]. The paper
provides a detailed correlation analysis of Norwegian wind parks and correlation
coefficients for North Sea regions in Germany, Denmark, the Netherlands, and
the UK. We use these to test the performance of a Monte-Carlo-based full [SRO|
solver in comparison to a greedy solver and a decomposition-based approach.

6.2.1 Methodology

The aim of this case study is to determine how the use of aggregated correlated
regions affects the solution quality. To achieve this, we run the same sets of
problems on both correlation resolutions, then compare the problem failure rate
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of the resource sets. Importantly, the failure rates are determined by the fine-
grained correlation values in both cases.
The analysis compares 3 algorithms:

e a full solver based on Monte-Carlo sampling
e a greedy algorithm based on the mean cost of each resource
e a decomposition solver

The full solver checks all possible resource combinations. This is the procedure
described in the Monte Carlo subsection

The greedy solver sorts resources by their expected cost and only considers
subsets in this order. Other than that, it works exactly like the full solver. To
compare, we run the greedy solver both in ascending and descending expected
cost order. The expected result is that the greedy solver in ascending cost order
achieves lower average costs than in descending order and both achieve much
higher costs than the full solver.

Lastly, the decomposition solver uses the fact that we have correlation
information for wind power regions as well as the underlying wind parks. We use
this to break the problem down into two smaller runs of the full solver. First,
we solve for the relevant set of regions to achieve a feasible solution and then
run full solver only on the lower level subset of wind parks of these regions. An
example of a decomposition solver run is shown in Figure [6.5] The procedure
breaks a single SRO|solver run with 21 resources down into two solver runs with
6 and 5 resources, respectively, in this case. This achieves a drastic reduction
in computation time as the solving time grows exponentially in the number of
resources.

The algorithms are compared by:

e the problem failure rate
e the mean failure magnitude
e the mean cost of solutions

e the run-time of the algorithm

6.2.2 Problem Set

The problem set consists of all Norwegian wind parks listed in [T5] except for the
3 wind parks around Stadt (Stadthavet, Olderveggen, Frpyagrunnene) as these
were not mapped to one of the coarser correlation regions and thus lack the
higher granularity correlation view for this case study. Additionally, it models
wind power regions in the Netherlands (NL), United Kingdom (UK), Denmark
(DK) and Germany (DE) with the correlations provided for these regions listed
in [I5]. The full set of wind parks is shown in Table From these, we
construct four [SRO] problems listed in Table
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Solver Run 1

NOR N NOR S NL UK DK DE

Intermediate NOR S + DE
Result

Solver Run 2

Utsira Sorlige Sorlige DE DE
Nord [ I East West
Final Sorlige + Sorlige + DE

Figure 6.5: Decomposition Solver. Problems are solved in two steps. First the
input resources are the high level regions. The resulting group of regions is then
expanded into their constituent lower level resources which form the basis of the
second solver run. The result of this second run is the final output of the solver.
In this example, the computation consists of solving one [SRO] problem with 6
resources and one problem with 5 resources. This has a much lower expected
computation time than directly solving for all 21 resources as the computation
time grows exponentially in the number of resources. Each individual solver run
uses the full solver.

The aim of this problem set is to determine the effectiveness of solving [SRO]|
as a two-stage problem, selecting regions first, then only solving the detailed
model for the selected regions. If any region can be ruled out by such a decom-
position solver it would significantly reduce computation times. Costs in this
setup are linear and uniform across all resources because we are only interested
in the effect of the decomposition approach on failure rates.

6.2.3 Results

Table [6.5] shows the results of the solver comparison and Figure [6.6] shows the
average run times and costs of the used solvers. In three of the four problems,
the decomposition solver achieves slightly lower costs and failure rates but has
much higher failure magnitudes if the solution fails. This may seem like a
contradiction at first as the full solver searches the full resource power set and



6.2. CORRELATED NORTH SEA SCENARIO

Wind Park/Region buildout [GW] source  region
Sandskallen - Sgrgya nord 0.9 [I5] NORN
Vanngya Nordgst 0.5 [I5] NORN
Auveer 0.4 [I5] NORN
Nordmela 1.1 [15] NOR N
Gimsgy Nord 0.9 [15) NORN
Treenafjorden - Selveer 0.7 [I5] NORN
Treena Vest 2.7 5] NORN
Nordgyan - Ytre Vikna 0.5 5] NORN
Frgyabanken 2.8 [15) NORN
Utsira Nord 3.5 [15] NOR S
Sorlige Nordsjo I 4.8 [15] NOR S
Sorlige Nordsjo 11 9.0 [15] NOR S
NL north 2.35 [31] NL
NL west 2.35 [31] NL
UK north 5.3 [9] UK
UK west 5.3 [9] UK
UK east 5.3 [9] UK
DK east 1.35 [36] DK
DK west 1.35 [36] DK
DE east 1.8 [12] DE
DE west 7.4 [12] DE
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Table 6.3: North Sea and Baltic wind parks with modeled correlations from
[15] with their assumed buildout in gigawatts. Estimates for other wind park
areas are from the listed sources. In the case of NL, UK, and DK sets, the
total estimated buildout was equally split into the regions. The DE report gives
numbers for both Baltic (DE east) and North Sea (DE west) buildout. Each
wind park is part of a region with coarser correlation information being available

between regions.

P w[MW] p
ND1 10000 0.90
ND2 15000 0.80
ND3 20000 0.75
ND4 25000 0.60

Table 6.4: North Sea Decomposition (ND) scenarios. Each scenario is encoded
as an [SRO] problem p with a target value v; and target probability p;. Each
problem uses the same stochastic resources — the different North Sea wind parks

of the model.

should provide the optimal solution in all cases. However, in the evaluation,
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we only consider the cost of problem runs that produced feasible solutions to
the problem within the failure rate bound. This bound was set to a maximum
threshold of 0.05. This means that in practice, the full solver can (and does)
have higher failure rates (but lower failure magnitudes) than the decomposition
solver and the mean costs compare different problem instances. Consequently,
the cost comparison between these two solvers is of limited use. The issue is not
present in the greedy solver variants as these almost always fulfill the chance
constraint.

For all solving methods, the runtime is strongly influenced by the amount
of solution candidates that can be dismissed without evaluating the chance
constraint. For the decomposition solver, runtime additionally depends heavily
on the chosen regions as this influences the amount of resources for the final
solver run. In all cases, decomposition leads to at least a 4 times speedup
compared to directly solving for all resources. The failure magnitudes for the
greedy and full solvers are negligible. The decomposition solver produces some
larger failures (up to a mean of 9% for ND2) due to the information discrepancy
between the decomposition and detailed correlation models.

p  solver failure rate mag  cost runtime [s]
dec 0.39 0.03 31975 0.6 =£1.6
ND1 full 0.54 0.01 30903 20 +9
grd 0.0 - 33322 0.02 +£107*
grd 1 0.0 0.004 39509 - -
dec 0.36 0.09 38746 0.7 =1
ND? full 0.62 0.02 39697 93 £6
grd 0.0 - 43925 0.02 +£107*
grd—1 0.0 - 44207 -
dec 0.42 0.08 49062 0.3 =£04
ND3 full 0.47 0.01 50463 118 +£3
grd 0.0 - 53218 0.02 £0.05
grd—1 0.05 0.02 53041 -
dec 0.36 0.06 52276 0.3 +£04
ND4 full 0.51 0.01 54236 117 +£3
grd 0.0 60336 0.02 +£10~*

grd 1 0.11 0.01 55437 - -

Table 6.5: Comparison of results for full solver, decomposition solver and
greedy solver on the 21 resource North Sea setup.

In contrast, the greedy algorithm is two to three orders of magnitude faster
and significantly overachieves the chance constraint for all problems, leading to
a failure rate of 0.0. The achieved success rates exceed the target probabili-
ties by {2,6,3,10} percentage points for problems 1 to 4, respectively. This
comes at the trade-off of significantly higher costs in the achieved solutions.
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An analysis of the solution distributions shows that the greedy algorithm se-
lects significantly more resources than the other two algorithms, using all but 1
resource for problem 3 and always using all resources for problem 4.

The apparent reason for this is twofold: First, all resources in the set use the
same cost function. Thus, the expected cost of a resource is directly linked to its
size, so the greedy algorithm starts with the smallest wind parks and moves up
in size. Second, the greedy algorithm completely ignores correlations between
the resources for the sorting. Running the same solver with a reversed sort order
(grd—1) shows similar cost results for problems 2 to 4, uses fewer resources, and
occasionally fails to fulfill the chance constraint.

6.3 Summary

This chapter presented two case studies for [SRO]in energy domain problems.

In the first, we show that [SRO| produces intuitively sensible selections of
distributed energy resources for a congestion management scenario. PV and
wind generation are preferred by the solver at times of high generation and
fallback to more expensive units (modeled as battery storage units here) only
occurs when necessary.

The second uses [SRO] to select North Sea wind parks for different target
values based on a real world study of their correlation properties. The results
show that this correlation information can be easily incorporated into the im-
plemented [SRO| structure and solver.
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SRO Solver Runtimes

102 1
10" 1
o) Solvers
g 1004 B Full
b= [ Decomp
2 M Greedy
oo/ HEN HSm BNm B8m
ND1 ND2 ND3 ND4
Problem
SRO Solver Costs
. 5.01
S Solvers
g B Full
8 ¥ Decomp
5 M Greedy
2 2,51 [ inv. Greedy
0.0 A
ND1 ND2 ND3 ND4
Problem

Figure 6.6: Run time (upper figure) and cost comparison (lower figure) of full,
decomposition, and greedy solver on the North Sea decomposition scenarios
ND1 — ND4. These were chosen because they are the problems with the largest
amount of resources in this work. The inverted greedy solver time (upper figure)
is not shown because it is by design the exact same as the regular greedy solver.



Chapter 7

Future Work and
Conclusion

This chapter is split into two main parts. First, we give a summary of this thesis
and evaluate the achievement of the stated goals in the introduction. Second, we
outline some possible extensions and lines of research for to be conducted
in future work.

7.1 Summary

The main research question was how short term chance-constrained economic
decisions can be made for widely distributed energy resources based on ar-
bitrary forecast methods, considering their correlations and generation costs.
This question was split into three sub-questions regarding the incorporation
of widely distributed energy resources into the process (S-RQ1), decisions un-
der full correlation information (S-RQ2) and decisions under partial correlation
information (S-RQ3).

Model Applicability (S-RQ1, S-RQ2) The developed model is com-
patible with any energy resource forecast that can be modeled as a random
variable. On the implementation side, this is even more general and can tech-
nically admit any stochastic process as an input. As such, it can incorporate
widely distributed energy resources based on arbitrary forecast methods. We
have shown that Stochastic Resources can be used as a model in a small scale
congestion management scenario as well as a large scale planning problem for
North Sea wind parks.

Complete and Partial Correlation Information (S-RQ2, S-RQ3) The
correlation dictionary struct enables the implemented software to incorporate
any sets of correlated information — be they complete or partial. [SRO]solutions

87



88 CHAPTER 7. FUTURE WORK AND CONCLUSION

are stable under small variations but absolutely require accurate and complete
correlation information to provide reliable solutions. Under these conditions,
[SRO| can provide a quick estimation of which resources to commit for a given
task before forwarding the results to an economic dispatch solver for the detailed
planning of each time step.

Solving Time (NFR 2) One of the non-functional requirements of the thesis
was the efficient solvability of [SRO| instances. Our theoretical analysis shows
that summation for discrete stochastic resources can be relatively fast. We also
provide an avenue for solutions for continuous resources through Monte Carlo
methods. This works both for sets of independent and correlated resources.
The Stochastic Resource Optimization problem remains intractable in the gen-
eral case for large sets of resources as the combinatorial factor dominates the
runtime. A combination of fast (meta)heuristic solvers, decomposition, and slow
full solvers can be incorporated into a usable any-time optimization scheme. Ad-
ditionally, sets of resources that exhibit a domination order can be exhaustively
solved in polynomial time.

In summary, this thesis provides answers to all the research questions out-
lined in the introduction. Further analysis for efficient solutions should be con-
ducted if the SRO|model is adopted and extended in the future. Some of these
avenues of research are outlined in the following section.

7.2 Future Work

This section gives a brief overview of some extensions and further analyses that
could be conducted for [SRO|in the future.

7.2.1 Theoretical Analysis

The theoretical analysis within this thesis is limited to some computational
bounds for the summation of stochastic resources and a preliminary analysis of
the complexity class of the optimization problem. There are two main points of
interest for future analysis.

First is the investigation of relevant subclasses of stochastic resources for
different applications. [SRO]is hard to solve in general, but many applications
have quite limited probability distributions and simple cost functions. It would
be worthwhile to isolate fragments of [SRO] e.g. with linear cost functions and
symmetrical (multivariate) distributions. These properties may be used to dras-
tically reduce the complexity of the optimization problem and achieve optimal
solutions for large sets of resources. Most variants of knapsack problems admit
pseudo-polynomial algorithms or polynomial time approximation schemes un-
der the right restrictions. Thus, a relevant research question for future work in
the field of theoretical analysis would be: Are there subsets of [SRO| for which
this is possible as well while still providing a useful model?
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Second is further analysis of Monte Carlo based solvers for [SRO} In par-
ticular, practical guidelines for bounds on the number of requirement samples
for such solvers depending on the number of resources and their probability
distributions. The matrix of random values is the single largest data structure
and a key factor in the [SRO]solver. Linked with this is further development of
fast, high quality (not necessarily optimal) solvers for So far we have only
looked at full solvers, decomposition methods, and simple metaheuristic solvers.
There is a large body of work on metaheuristics for combinatorial problems that
is yet untapped for SRO} We would expect different algorithms to have different
strength for varying categories of [SRO| problems. Thus, a resulting research
question could be which metaheuristics methods are best suited for different
subcategories of [SRO] problems.

7.2.2 Model Adaptations

The two main shortcomings of the [SRO| model have already been discussed in
Chapter |3] They are the time point nature of stochastic resources and the lim-
itation on cost functions to only take the value of the resource into account for
which they are defined. For practical applications, the latter could be adapted
to incorporate multivariate cost functions that consider the realizations of mul-
tiple (or all) resources in the set. This would, for example, allow modeling global
energy prices dependent on the total generation in a neighborhood. One com-
plication this would bring is that subsets investigated during optimization have
to take into account the realizations of resources outside the subset for their
expected costs. For the current implementation of the [SRO] solver, this would
however only be a minor inconvenience as the sample data for all resources is
present anyway.

The time point nature of stochastic resources is harder to address. One
possible approach would be to allow time series prediction data as the value
generator of a Stochastic Resource to directly map existing forecast methods.
Without further study, it is unclear what the benefits of this would be over using
separate sets of resources for each time step. In any case, it would considerably
complicate the summation and optimization processes.

7.3 Conclusion

This thesis introduced the Stochastic Resource model and the subsequent opti-
mization problem for the commitment of these resources. It is an attempt at a
high-level commitment planning formalism for distributed energy resources in
the absence of underlying high fidelity physical models. This is both a strength
and a limitation. It enables[SRO] to aid decision-making on highly distributed
energy resources based on their correlations and local forecasts. It also means
that [SRO] alone can not consider possible grid constraints for moving power
between these resources.

Ultimately, can not (and is not meant to) remove the need for classical
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unit commitment and economic dispatch planning based on all relevant physical
details. Its main value lies in broader tasks like questions on total generation for
larger regions. In this manner it can also assist in portfolio planning decisions
(e.g. where to build or acquire a PV plant or wind park).

The main challenge for the application of [SRO]in practice is the availability
of accurate correlation and prediction models. As our analysis has shown, even
a prediction model that is perfectly accurate locally is of little use, when the
correlations between energy resources are not adequately accounted for. One
escape from this would be to shift towards a robust (instead of a stochastic)
optimization approach which ultimately shifts the blame for inaccurate models
to whoever signs off on the considered scenarios. This typically leads to safe
results at the cost of less exploitation of the optimization space. Our prediction
is that as forecast methods and correlation models improve in quality (as they
undoubtedly will), stochastic optimization methods will be the preferable choice
for stochastic problem-solving.
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Figure B.1: Cumulative costs for 10 resource scenarios with Gaussian distributed resources for buy-all problems (left) and
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Figure B.2: Cumulative costs for 10 resource scenarios with Weibull distributed resources for buy-all problems (left) and buy-
necessary problems (right) as published in [41].
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Figure B.3: Cumulative costs for 10 resource scenarios with Beta distributed resources for buy-all problems (left) and buy-
necessary problems (right) as published in [41].
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Figure B.5: Cumulative costs for 30 resource scenarios with Weibull distributed resources for buy-all problems (left) and buy-
necessary problems (right) as published in [41].
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Figure B.6: Cumulative costs for 30 resource scenarios with Beta distributed resources for buy-all problems (left) and buy-
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Appendix C

Partial Information and

Sensitivity Results

failure rate mean magnitude mean cost

size D E P NC D E P NC D E P NC
2 083 10 0.01 097 0.03 0.08 031 0.07 154 143 188 9000
3 081 10 003 096 0.03 006 019 0.06 155 148 186 9100
4 083 1.0 004 095 003 0.05 041 0.06 156 155 183 9100
5 08 1.0 0.03 093 0.03 0.04 0.08 0.06 156 157 187 9200
6 077 091 0.07 088 004 0.03 034 0.04 154 163 181 9400
8§ 059 087 0.01 090 017 0.03 0.04 0.05 140 165 186 9400
10 046 0.61 001 0.80 028 0.02 010 0.04 135 175 186 9500
12 014 0.09 0.0 0.40 0.01 0.03 - 0.01 163 193 185 10000

Table C.1: Problem failure rates for [SRQ| scenarios with different correlation
information. Results are shown for the dummy (D), extreme dummy (E), ex-
treme dummy with high positive and negative correlation (P) and North Sea
(NC) scenarios. For each set, it lists the failure rate, mean failure magnitude
and mean cost of the problem sets given correlation knowledge of subsets of

different size. A subset size of 2 means the correlations of 6 sets of 2 resources

are known, and every other correlation is assumed to be independent. A subset
size of 12 means all correlation information is known.
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cost set D1 D2 D3 D4 D5 D6 E1l E2 E3 E4 P1 P2 P3 P4

drv max 0.0 0.08 0.16 0.0 0.08 0.09 0.02 0.01 0.02 0.01 0.0 <0.01 0.01 0.0
dry mean 0.0 0.03 0.07 0.0 0.03 0.04 0.01 <0.01 0.01 <0.01 00 <001 <0.01 0.0
drv median 0.0 0.03 0.07 0.0 0.02 0.04 0.01 <0.01 0.01 <0.01 0.0 0.0 <0.01 0.0
% solvable 22 100 100 3 100 100 100 100 100 100 100 100 100 100
% zeros 22 0.3 1.5 3 1.1 0.1 0.1 0.4 4.5 0 100 60 16 100

target set D1 D2 D3 D4 D5 D6 E1l E2 E3 E4 P1 P2 P3 P4

drv max 0.02 017 0.25 0.0 0.13 0.15 0.15 0.16 013 0.10 0.17 0.15 0.13  0.08
dry mean <0.01 0.05 0.09 <0.01 0.04 0.06 0.05 0.06 0.05 0.04 0.04 0.05 0.04 0.04
drv median 0.0 0.06 0.09 <0.01 0.04 006 0.04 005 004 0.04 003 0.05 0.05 0.03
% solvable 39 100 100 6 100 96 100 100 100 100 100 100 100 42
% zeros 17 3.8 0.1 3.8 14 14 0 0 1.9 3.7 19 24 29 14

distribution set NC1 NC2 NC3 NC4 NC5

dry max 0.17 0.16 0.13 0.11 0.08

dry mean 0.06 0.06 0.05 0.04 0.03

dry median 0.06 0.06 0.04 0.04 0.03

% solvable 100 100 100 100 100
% zeros 0 0 0 0 0

Table C.2: Sensitivity results for problem sets with small changes in cost functions (top), target values (middle) and resource
distribution (bottom). Problem sets are created from the dummy (D), extreme (E) and extreme positive/negative (P) sets for
cost and target variations and from the North Sea correlation model (NC) for the distribution variations. For each unique pair
of resource distributions, it shows the maximum (max), mean, and median total variation distance as well as the percentage
of pairs where both problems were solved (% solvable) or had the exact same resource distribution (% zeros).
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