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Summary In this paper, we investigated the tide-induced seawater–groundwater circula-
tion in shallow beach aquifers using the finite element model MARUN. The numerical solu-
tions were generalized using a dimensionless formulation. From a dimensionless tidal
period and a dimensionless beach slope of 10%, we obtained results that apply to a wide
range of beach permeabilities from 10�4 m/s to 10�3 m/s, beach slopes from 3.16% to
31.6%, tidal amplitude (0.3 m-2 m) and period (diurnal or semidiurnal). The numerical sim-
ulations demonstrated the following: The maximum Darcy velocity always occurs at the
intersection of the watertable and the beach surface. The offshore beach groundwater
is almost stagnant compared with the onshore groundwater flow, which may explain the
previous observations that the major portion of the seaward groundwater seepage usually
occurs in the shallow part of the submerged beach. The outflow from the seepage face
accounts for 41–97% (average 55%) of the outflow from the intertidal zone. The amount
of seawater infiltrating into the intertidal zone in a tidal cycle increases with the beach
permeability and decreases when the inland recharge increases, and ranges from
35.5 m3 yr�1 m�1 to 505.8 m3 yr�1 m�1 for all the cases considered. Smaller beach slopes,
smaller inland freshwater recharges, and/or greater beach permeability lead to larger salt-
water plumes in the intertidal zone of the beach. The results are in line with the existing
results of field observations and numerical simulations by previous researchers.
ª 2008 Elsevier B.V. All rights reserved.
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Introduction

Beaches and intertidal zones play important roles in coastal
ecological systems and biodiversity because of the interac-
tions of freshwater from inland and the seawater from the
ocean as well as the combined actions of the tides andwaves.
Therefore, it is important to understand the dynamics of ex-
change of saltwater and freshwater along with water flows.
Such an understanding is also needed if bioremediation is
adopted following an oil spill on a beach (Venosa et al.,
1996; Li et al., 2007). Numerous analytical (e.g., Nielsen,
1990; Li et al., 2000; Teo et al., 2003; Jeng et al., 2005; Cart-
wright et al., 2006; Li et al., 2007b; Li et al., 2007c), numer-
ical (e.g., Turner, 1993; Li et al., 2005; Mao et al., 2006;
Robinson et al., 2006; Werner and Lockington, 2006; Li
et al., 2007a; Robinson et al., 2007), and experimental
(e.g., Nielsen, 1990; Turner, 1993;Wrenn et al., 1997; Uchiy-
ama et al., 2000; Cartwright et al., 2004; Robinson et al.,
2006) studies have been conducted for the groundwater
hydraulics and/or solute transport in coastal aquifer systems.
Recently, the tidal effects on the submarine groundwater dis-
charge in subterranean estuaries have been frequently inves-
tigated with field measurements and numerical simulations
(e.g., Taniguchi, 2002; Li and Jiao, 2003; Prieto andDestouni,
2005; Robinson et al., 2006; Taniguchi et al., 2006; Robinson
et al., 2007). Even in the absence of waves on beaches, rigor-
ous quantification of beach hydraulics is challenging because
of non-linearity resulting from both the dependence of water
density on salt concentration (Frind, 1982) and water flow in
the unsaturated zone. The presence of a seepage face intro-
duces additional non-linearity due to the fact that the seep-
age face location cannot be known a priori (Neuman, 1973;
Boufadel, 2000; Naba et al., 2002).

Various studies elucidated salinity distribution within the
beach. Examples include the laboratory scale and numerical
works of Ataie-Ashtiani et al. (1999b) and Boufadel (2000).
The primary goal of this article is to evaluate exchange
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Figure 1 Beach cross-sectional domains for (a) real dim
flows of the beach with both the sea and the landward aqui-
fer. A secondary goal is to further elucidate the dynamics in
tidally-influenced beaches.

The beach domain to be investigated is reported in
Fig. 1a. The vertical extent of domain is L�z. The tide is as-
sumed to be sinusoidal with a period T*, and the tidal sea le-
vel is given by

h�seaðt�Þ ¼ h�m þ A� cos
2p
T�

t�
� �

; ð1Þ

where t* is time and h�m is the mean sea level, and A� ¼ L�z=5
is the tidal amplitude (Fig. 1a). Starred quantities are
dimensional and they will be converted in this manuscript
to non-dimensional where then the stars are removed.

In contrast with the existing numerical studies with deep
coastal aquifers (20-150 m) such as Prieto and Destouni
(2005), Werner and Lockington (2006), and Robinson et al.
(2006, 2007), here we only focused on relatively shallow
beach aquifers shown in Fig. 1a. Shallow aquifers are com-
monplace in reality, e.g., the sandy beach aquifer on the
southwestern shore of Delaware Bay (Wrenn et al., 1997),
the aquifers of the Florida coast reported by Cable et al.
(1997) and the glacial deposits along the North East coast
of the USA (Valiela, 1990; Portnoy et al., 1998). In addition,
studies have noted that the major portion of the seaward
groundwater seepage usually occurs in the shallow part of
the submerged beach and the magnitude of the seaward
groundwater seepage decreases with seaward distance
away from the coast (Bokuniewicz, 1980; Cable et al.,
1997; Taniguchi, 2002; Slomp and Van Capellen, 2004; Tan-
iguchi et al., 2006). Thus, even for deep aquifers, under-
standing the exchange occurring in the shallow part is of
major importance.

The layout of the paper is as follows: First a dimension-
less formulation is introduced to highlight the relative role
of important mechanisms, and to generalize the results to
beaches of various properties, such as the hydraulic conduc-
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tivity and the slopes on the sea side. Then the finite element
code MARUN (Boufadel et al., 1999b) is used to obtain the
numerical solutions of the dimensionless equations. Finally
the results are presented.

Model description

Governing equations

Dimensional governing equations
Neglecting the elastic storage of the matrix, and using the
formulation presented by Boufadel et al. (1999b) and Bouf-
adel (2000), the water flow equation for two-dimensional
density-dependent flow in homogeneous and isotropic med-
ia can be written as:

/
oðbSÞ
ot�

¼ o

ox�
ðbkrK�0

ow�

ox�
Þ þ o

oz�
bkrK

�
0

ow�

oz�
þ b

� �� �
; ð2Þ

where x* [L], z* [L] are the horizontal and vertical coordi-
nates for the dimensional domain; w* [L] is the pressure
head, / is the porosity, S is the degree of water saturation
(fraction of pore volume occupied by water), K�0 [LT�1] is
the saturated hydraulic conductivity of the beach, kr is
the relative permeability, b is the density ratio defined as

b ¼ q�

q�0
¼ 1þ e�c� P 1; ð3Þ

where q* [ML�3] is the density of the beach pore water,
q�0 ¼ 998:2 kg m�3 is the fresh water density at 20 �C, e* is
a constant equal to 6.46 · 10�4 m3 kg�1, c* is the salt con-
centration [ML�3] of the beach pore water.

The soil moisture ratio and the relative permeability are
correlated by the van Genuchten (1980) model:

For w� P 0 : S ¼ 1:0; kr ¼ 1: ð4aÞ

For w� < 0; kr ¼ S0:5e ½1� ð1� S1=me Þ
m�2; ð4bÞ

where Se is the effective saturation ratio given by

Se ¼
S� Sr
1� Sr

¼ 1

1þ ða�jw�jÞn
� �m

; ð4cÞ

where m ¼ 1� 1
n
, Sr is the residual saturation ratio, a* [L�1]

represents the characteristic pore size of the beach soil,
and higher a* values imply a coarser material. The inverse
of a* provides an estimate of the static capillary fringe.
The term n represents the uniformity of the pores and high-
er values of n imply a more uniform pore-size distribution
(van Genuchten, 1980; Wise et al., 1994).

The solute transport equation is the well-known convec-
tion–dispersion equation rewritten by Boufadel et al.
(1999a,c) as

/S
oc�

ot�
¼ br� � ð/SD�fr�c�Þ � q� � r�c�; ð5Þ

where Df is the constant dispersion coefficient, and
r� ¼ o

ox� ;
o

oz�

� �
is the gradient operator with respect to the

dimensional spatial variables, q� ¼ ðq�x; q�zÞ [LT�1] is the
Darcy flux vector defined as (Li et al., 2007a)

q� ¼ ðq�x; q�zÞ ¼ �krK
�
0

ow�

ox�
;
ow�

oz�
þ b

� �
: ð6Þ
Dimensionless formulation
Given a domain geometry, a tidal amplitude and period,
and beach properties, solution of Eqs. (2) through (6) pro-
vides beach dynamics, and subsequently the exchange
flow in and out of the beach domain. However, such an
approach does not explain the relative role of various fac-
tors, and does not allow one to transpose the results to
beaches of different properties or to beaches subjected
to different tidal period or amplitude. For this reason,
we will non-dimensionalize the equations following the
methodology of Boufadel et al. (1999c,b) and Boufadel
(2000).

Let:

x ¼ x�

X�S
; z ¼ z�

Z�S
; z ¼ w�

Z�S
; t ¼ t�

T�S
; a ¼ a�Z�S; ð7Þ

where X�S and Z�S are arbitrary horizontal and vertical scaling
factors. For example, X�S ¼ 5:0 m and Z�S ¼ 2:0 m. The term
T�S is a characteristic time scale that is defined as

T�S ¼
Z�S
K�0
: ð8Þ

Thus, x, z are the horizontal and vertical coordinates for the
dimensionless domain, and t is dimensionless time.

Eq. (2) can thus be rewritten in a dimensionless form as

/
oðbSÞ

ot
¼ M

o

ox
bkr

ow
ox

� �
þ o

oz
bkr

ow
oz
þ b

� �� �
: ð9Þ

For isotropic domains, the parameter M is defined as (Bouf-
adel, 2000)

M ¼ Z�S
X�S

� �2

¼ sb�
sb

� �2

: ð10Þ

The effective water saturation ratio Se defined by (2f) is
unchanged:

Se ¼
1

1þ ða�jw�jÞn
� �m

¼ 1

1þ ðajwjÞn
� �m

: ð11Þ

The dimensionless form of the solute transport equation is
(Li et al., 2007a)

/S
oc�

ot
¼ Mb

o

ox
/SDf

oc�

ox

� �
þ b

o

oz
/SDf

oc�

oz

� �
� q � rc�;

ð12Þ

where Df is the dimensionless dispersion coefficient defined
as

Df ¼
D�f
Z�SK

�
0

; ð13Þ

r ¼ o
ox
; o

oz

� �
is the gradient operator with respect to the

dimensionless spatial variables, q ¼ ðqx; qzÞ is the dimen-
sionless Darcy flux vector in the dimensionless domain:

q ¼ ðqx; qzÞ ¼ �kr M
ow
ox
;
ow
oz
þ b

� �
: ð14Þ

This implies that the original dimensional domain in Fig. 1a
is transformed into the dimensionless domain in Fig. 1b with
dimensionless height and length given by

Lz ¼
L�z
Z�S

and Lx ¼
L�x
X�S
: ð15Þ
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The beach slope of the dimensionless domain (sb) is related
to that of the dimensional (real) domain (sb*) by

sb� ¼
Z�S
X�S

sb: ð16Þ

It is obvious that the slope sb* is dimensionless, but the sub-
script ‘‘*’’ is intended to indicate that such slope is based on
the real dimensional domain. The dimensionless formulation
indicates that if one obtains results of water and solute
transport in a beach, these results would represent other
beaches (with the geometry given in Fig. 1) provided the fol-
lowing parameters are kept the same: M, a, the dimension-
less tidal period T ¼ T�

T�s
, and Df. The remaining parameters,

such as porosity /, and the van Genuchten parameter ‘‘n’’
play a minor role as our previous works (Boufadel, 2000;
Naba et al., 2002; Li et al., 2007a). Recall that as the do-
main gets taller, conservation of the value of a requires a
porous medium that is more fine-textured. Thus, the dimen-
sionless formulation shows that a necessary condition for
hydraulic similarity between a tall domain and a short one
is that the latter is more coarse-textured than the prior in
a way that the quantity a ¼ a�Z�s is conserved. This should
be accounted for when designing experiments in laboratory
sand flumes.

Based on (10), by varying M one can use a dimensionless
domain with a beach slope sb to simulate dimensional (real)
beaches with different slopes sb*. This is done herein, using
a dimensionless beach domain with Lx = 80, Lz = 5 and
sb = 0.1.

Boundary and initial conditions

The boundary and initial conditions will be given directly in
terms of the dimensionless form. As one moves inland, the
water table tends to rise due to recharge from rainfall.
Thus, at a sufficiently large distance from the beach, the
water table will reach eventually the elevation of the high
tide, which is 4.0 herein. Therefore, the landward boundary
condition is

wjx¼0 ¼ 4� z; if z 6 4; ð17Þ
c�jx¼0 ¼ 0; if z 6 4: ð18Þ

On the beach surface, a seepage face was allowed to devel-
op. (Note that the pressure of the seepage face is equal to
zero and the water flow is outward). Seaward of the seep-
age face, the pressure on the submerged beach surface
was obtained based on the tide level: wjbeach surface ¼
bsea½hseaðtÞ � z�, where bsea = 1.02, because the salt concen-
tration at sea was taken as 32.0 kgm�3, typical at the coasts
of the continental USA (Wrenn et al., 1997);
hseaðtÞ ¼ h�seaðtÞ=Z

�
S is the dimensionless tidal level. No-flow

boundary condition is used on the reminder boundaries.
Table 1 Relationships of parameters in the dimensional and dim

L�z L�x dF* dF�c

A*Lz
A�Lxsb
sb� A�K�0

sb
sb�

dF A�K�0
sb
sb�

dFc

(The two terms in each column are identical. Terms in the first row
combinations of the dimensionless parameters and the two dimension
The concentration boundary condition depended on the
water flow sense. At locations where seawater is entering
the beach, the salt concentration was set equal to that of
the sea (32 kgm�3). Otherwise, an outflowing boundary con-
dition was adopted, where the water leaves the beach with-
out a change in concentration (i.e., a zero dispersive flux).
This is an approach adopted in previous works (Galeati
et al., 1992; Boufadel, 2000; Li et al., 2007a).

The initial conditions were a hydrostatic pressure distri-
bution under a high tide with a zero concentration within
the domain. These are arbitrary but physical conditions.
The simulations were conducted for long enough time such
that the solutions became periodic in time, eliminating
therefore any errors that would result from the choice of
the initial conditions.

Model parameter analysis

One of the advantages of the dimensionless model is that it
has less independent model parameters. In order to further
reduce the independent model parameters, we set Z�S ¼ A�,
the tidal amplitude. This choice is arbitrary depending on
the system under consideration. For example, one would
set Z�S equal to the wave amplitude (or runup) if one is inves-
tigating the effects of waves (say in the absence of tide).
From Eq. (16) and Z�S ¼ A�, the horizontal characteristic
scale is given by X�S ¼ A�sb=sb�. From Eq. (8), the dimension-
less tidal period is

T ¼ T�

TS�
¼ T�K�0

A�
ð19Þ

and the dimensionless tidal level is

hseaðtÞ ¼def: hm þ cos
2p
T

t

� �
; ð20Þ

where hm is the ratio of the mean sea level to the tidal
amplitude. By setting hm = 3.0, the dimensionless tidal level
fluctuates between the elevations 2.0 and 4.0.

Given the dimensionless domain with sb = 0.1, Lx = 80 and
Lz = 5, the goal is to determine the numerical solution of the
dimensionless model (9)–(18), which requires knowledge of
the values of the following eight parameters:

fsb�;T;/; n; Sr; hm; a;Dfg: ð21Þ

To convert a dimensionless numerical solution into a dimen-
sional solution, one needs two other parameters A* and T*,
which satisfy (19). Table 1 lists the relationships of the phys-
ical quantities for the dimensional and dimensionless do-
mains. By choosing suitable but different values of the
auxiliary parameters A* and T*, one dimensionless result
(or solution) can be interpreted as different results of vari-
ous dimensional configurations with different values of A*

and T* provided that Eq. (19) is satisfied.
ensionless models

K�0 h�m a* D�f

A� T
T� hm A* aA* DfT

�

A�2T

are dimensional parameters, and terms in the second row are
al parameters A* and K�0Þ.
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The beach slope of the real domain is modified in
numerical simulations by adjusting the values of the
parameter M, which is defined as Eq. (10) and included
in the model governing Eqs. (9) and (12). The permeabil-
ity, tidal period and amplitude are grouped into one
dimensionless parameter T in the dimensionless model.
This means that for the dimensionless formulation, the
effects of changes in permeability, tidal period and tidal
amplitude on the dimensionless solution will be the same
as long as they lead to the same value of T. For exam-
ple, consider two tidal beaches with same slopes and
tidal amplitudes, one is characterized by diurnal sea tide
and a permeability of 1 m/h, while the other by semidi-
urnal sea tide and a permeability of 2 m/h. These two
beaches lead to the same value of T and therefore have
the same dimensionless model. The unique dimensionless
solution of the same model can be converted into individ-
ual, different dimensional solutions for each of the two
systems using the transform formula listed in Table 1.
In application, the tidal period T * can be semidiurnal
(12.25 h) or diurnal (24.8 h), using the expression of K�0
in terms of T *, A* and T in Table 1, any value of K�0
can be realized by setting suitable value of T. The
variable ranges for various parameters are reported in
Table 2.
Numerical simulations

The MARUN (for MARine UNsaturated) model (Boufadel
et al., 1999b) is used herein. The model can simulate tran-
sient and steady seepage faces according to the standard
approach reported by Neuman (1973), Pinder and Gray
(1977). The MARUN code was verified extensively in the lit-
erature (Naba et al., 2002) and validated by reproducing
previous well-known numerical results such as the Henry’s
problem of seawater intrusion (Frind, 1982; Croucher and
O’Sullivan, 1995) and the Elder problem (Elder, 1967) by
Boufadel et al. (1999b,d).

The beach domain was discretized into a mesh with
30,651 nodes and 60,000 triangular elements. The mesh
was relatively fine near the beach surface (triangles with
length of 0.1 and height of 0.02–0.04), and became gradu-
ally coarse toward the left boundary. At that location, the
largest height of the triangular elements was 0.16 and the
largest length was 0.26. The elevation difference of two
adjacent nodes on the beach surface was 0.01. Because
the simulations started at high tide, the time step was set
to be:
Table 2 Value ranges of the length, height and beach slope of
domain in Fig. 1 for reasonable and numerically applicable values

sb Lx Lz A* (m)

10% 80 5 0.3–2

Dt ¼
T
2p farccos½hseaðtoldÞ � hm � 0:01� � arccos½hseaðtoldÞ � hm�g
T
2p farcsin½hseaðtoldÞ � hm þ 0:01� � arcsin½hseaðtoldÞ � hm�g

(

where told is the time in the last time step. Such a choice of
the time step ensured that the sea level changed a constant
distance of 0.01 in each time step, matching therefore the
nodes on the beach surface. This technique was adopted
to avoid formation of a ‘‘numerical’’ seepage face, which
would occur if the sea level were between two consecutive
nodes. As a result, 400 time-steps were used for each tidal
cycle. The convergence criterion of the Picard iteration was
set at 10�5, and such value was arrived at after we noticed
that the solutions are unchanged for smaller values of the
convergence criterion. Numerical simulation using refined
mesh gave the same salinity and pressure distributions, indi-
cating that the mesh used is fine enough.

Results

The parameter M took the following five different values
(M = 0.1, 0.25, 1.0, 4.0, and 10.0) corresponding to the fol-
lowing dimensional slopes: sb* = 0.0316, 0.05, 0.1, 0.2,
0.316. Two dimensionless tidal periods were considered:
T = 4.41 and T = 44.1. The remaining parameters were kept
at the following values:

ð/; n; Sr; hm; a;DfÞ ¼ ð0:3; 3:0; 0:01; 3:0; 10; 0:01Þ:

The value of Df indicates a small dispersion, which would oc-
cur in homogeneous material, where pore scale variability
causes dispersion. Considering that sandy beaches are rela-
tively homogeneous, the assumption of small dispersion
coefficient is plausible.

Transient distributions of salinity and Darcy
velocity

Fig. 3 of Li et al. (2007a) shows ‘‘snapshots’’ of the beach at
various times for a dimensional beach slope sb* = 0.316 and a
dimensionless tidal period of 4.41. The high salinity occu-
pies the top portion of the intertidal zone and is underlain
by low salinity, which pinches out near the low-tide line.
This was demonstrated by Boufadel (2000) and recently
reproduced numerically by Robinson et al. (2007). In many
studies, a saltwater wedge forms seaward of the low tide
line (Ataie-Ashtiani et al., 1999a; Werner and Lockington,
2006). This was not the case in this study due to the shallow
depth of the aquifer that resulted in high seaward fresh
groundwater flow that washed the saltwater (and a poten-
tial wedge) to sea.

The situation when (sb*, T) = (0.1, 4.41) was reported in
Fig. 2. A comparison between the two cases when (sb*,
the dimensional domains represented by the dimensionless
of A*, sb*

sb� L�x (m) L�z (m)

3.16–31.6% 7.59–506 1.5–10

for falling period;

for rising period;
ð22Þ
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T) = (0.316, 4.41) and (0.1, 4.41) illustrates the role of the
slope, as all other quantities of interest are the same. The
salinity contours in Fig. 2 ‘‘touched’’ the bottom, while
they were ‘‘hanging’’ in the intertidal zone when (sb*,
Figure 2 Salinity (in kgm�3), the velocity field, and degree of wat
The thin lines represent the salinity. The arrows represent the Darcy
The dashed lines represent the beach water table and the sea wat
T) = (0.316, 4.41). For the same slope as in Fig. 2 but for a
large period (sb* = 0.1, T = 44.1), the salinity contours are
more landward than those of Fig. 2, as shown in Fig. 3.
For the same dimensionless tidal period as in Fig. 3 but
er saturation when (sb*, T) = (0.1, 4.41) at four different times.
flux. The dotted lines represent the degree of water saturation.
er level.



Tide-induced seawater–groundwater circulation in shallow beach aquifers 217
for a smaller slope (sb* = 0.0316, T = 44.1), Fig. 4 shows that
the salinity contours even more landward than those of
Fig. 3. Figs. 2 and 4 have the same length scale for the Darcy
velocity, which is 4 times of that in Fig. 3.

Two major factors could have affected the salinity distri-
butions. These are the location of the water table in the
intertidal zone and the exchange flows of the beach (with
the inland aquifer and with the sea). The effects of the
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water table will be investigated by analyzing the transient
seepage as conducted next.

The following observations and conclusions can be made
from Figs. 2, 3, 4 and Fig. 3 of Li et al. (2007a): (1) The max-
imum Darcy velocity always occurs at the intersection of the
watertable and the beach surface. The magnitude of the
Darcy velocity in offshore beach (i.e., the beach area
seaward of the low tide line) is much smaller than that in
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Figure 4 Salinity (in kgm�3), the velocity field, and degree of water saturation when (sb*, T) = (0.0316, 44.1) at four different
times. The thin lines represent the salinity. The arrows represent the Darcy flux. The dotted lines represent the degree of water
saturation. The dashed lines represent the beach water table and the sea water level.
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onshore area (i.e., the domain landward of the low tide
line), indicating that the offshore groundwater is almost
stagnant compared with the onshore groundwater flow.
These simulation results may explain the previous observa-
tions (Bokuniewicz, 1980; Cable et al., 1997; Taniguchi,
2002; Slomp and Van Capellen, 2004; Taniguchi et al.,
2006) that the major portion of the seaward groundwater
seepage usually occurs in the shallow part of the submerged
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beach and that the magnitude of the seaward groundwater
seepage decreases with seaward distance away from the
coast. (2) The periodic tidal submersion forms saltwater
plumes beneath the beach surfaces. Smaller beach slope
or inland freshwater recharge, or greater beach permeabil-
ity may lead to larger salt plume. In some cases, the fresh-
water discharge path disappears. In the extreme case that
there is no inland freshwater recharge (i.e., no-flow bound-
ary condition on the left boundary), the salt plume will
occupy the whole beach area, and ultimately, there will
be no fresh water in the whole domain considered.

Using the parameter relationships given in Table 1, the
dimensionless results in Fig. 3 of Li et al. (2007a) and
Fig. 2 here (where T is fixed at 4.41) can be interpreted as
results for various dimensional systems with different tidal
amplitude, period and beach permeability which satisfy

K�0 ¼ A�
T

T�
¼ 4:41A�

T�
; ð23Þ

where T* = 12.25 h or 24.5 h and A* represents the tidal
amplitude. For example, the results corresponding to
T = 4.41 can represent a tidal beach system of A* = 2.0 m,
K�0 ¼ 2� 10�4 m=s with semidiurnal tides (T* = 12.25 h), or
a tidal beach system of A* = 0.3 m, K�0 ¼ 1:5� 10�5 m=s with
diurnal tides (T* = 24.5 h). Consequently, one dimensionless
simulation results can be used to represent tidal beach
systems with A* = 0.3 m–2.0 m, K�0 ¼ 3� 10�5 m=s–2�
10�4 m=s for semidiurnal tides (T* = 12.25 h) and
1.5 · 10�5 m/s–1.0 · 10�4 m/s for diurnal tides
(T* = 24.5 h) as long as they satisfy Eq. (23).

Similarly, when T = 44.1 as in Figs. 3 and 4, the hydraulic
conductivity K�0 varies from 3 · 10�4 m/s to 2 · 10�3 m/s for
semidiurnal tides (T* = 12.25 h) and from 1.5 · 10�4 m/s to
1 · 10�3 m/s for diurnal tides (T* = 24.5 h) as A* ranges from
0.3 m to 2.0 m. The above K�0 values cover the value range
of the hydraulic conductivity K�0 for the typical beach soils.

Seepage face

Fig. 5 reports variation of the seepage face height within
the tidal cycle, as function of the dimensionless tidal per-
iod and slope of the real beach sb*. One can see that the
seepage face reaches its maximum height at low tide and
vanishes near the high tide for all cases. For a given slope,
the maximum values occurred for the smaller dimension-
less tidal period, T = 4.41. This can explained based on
the definition of the dimensionless period, T ¼ T�K�0

A� , if T *

is given (say 12.25 h, semi-diurnal tide), smaller T means
smaller hydraulic conductivity of the beach material or a
larger amplitude of tidal fluctuation. In both cases, the
seepage face would be large. For a given value of T, the
height of seepage face increased as the beach slope sb* de-
creased. These results are consistent with the numerical
results of Naba et al. (2002) where the height of the tran-
sient seepage face of trapezoidal domains (a finite slope)
was consistently larger than that of rectangular domains
(infinite slope). It is related to the reduction of drainage
ability of the beach as the beach slope decreases. This will
be elaborated on later.

A major observation in Fig. 5 is that the curves corre-
sponding to T = 4.41 appear symmetric with respect to
t = 0.5, while those corresponding to T = 44.1 are skewed
to the left (higher in the first half of the tidal cycle). This
could be explained as follows: For the fast tide (T = 4.41),
the water table dynamics near the beach surface is sepa-
rated from the rest of the domain due to the rapid move-
ment of the sea level. In such a situation, the movement
of the water table is dictated by the drainage of the pores.
For the slow tide (T = 44.1), there is sufficient time for
replenishment of the beach from the landward side, causing
the height of the seepage face during rising tides to be smal-
ler than that during falling tides. The notion of separation of
water table hydraulics from the rest of the domain was first
introduced by Dracos (1963). The publication is in German
though, and a good discussion on it was provided by Turner
(1993). Naba et al. (2002) analyzed the problem while
accounting for capillary forces, and found that the higher
the static capillary fringe (inverse of a) the earlier the sep-
aration occurs. Investigation of the effects of capillary
forces is left for future work.
Exchange flows

The selection of the Dirichlet boundary condition landward
of the beach subsumes that the landward water table is
‘‘far enough’’ from the beach such it is not affected by
the tidal fluctuations. To test our assumption, we con-
ducted simulations where a no-flow Neumann boundary
condition was adopted at x = 0. We found that the water
table at x = 0 was unaffected by the tide for all situations
except for T = 44.1 and sb* P 0.2. Thus, a Dirichlet boundary
condition is not appropriate for those latter situations. And
for consistency, the results are not reported for T = 44.1 and
sb* P 0.2.

We compute in what follows the inflow volumes to the
beach through three regions: The left boundary, the beach
surface below the low tide line, and the beach surface
above the low tide line. We also compute the cumulative
outflow volumes through the beach surface below the low
tide line and the beach surface above the low tide line.
The outflow volume through the seepage face is reported
as a portion of the beach surface above the low tide line.
Let V�in and V�out be the designations of the dimensional in-
flow and outflow volumes over a tidal cycle, respectively.
It can be shown that the relations with their dimensionless
counterparts are:

V�in
ðA�Þ2

¼ V inffiffiffiffi
M
p ¼ sbV in

sb�
¼ 0:1V in

sb�
; ð24Þ

V�out
ðA�Þ2

¼ Voutffiffiffiffi
M
p ¼ sbVout

sb�
¼ 0:1Vout

sb�
; ð25Þ

where the fact that sb = 0.1 is used in the last equalities.
Fig. 6 reports V�in=ðA

�Þ2 as function of the beach slope sb*
for T = 4.41 (Fig. 6a) and T = 44.1 (Fig. 6b). The results are
shown for the two types of boundary conditions at x = 0:
Dirichlet (i.e., water level is 4.0 at x = 0) and no-flow Neu-
mann (i.e., impermeable wall at x = 0). For the Dirichlet
boundary condition, the inflow volume (of freshwater)
through the left wall increased with the beach slope for
both dimensionless periods. Groundwater flow is more or
less inversely proportional to the length of the system
(along the flow), which is L�x. However, such a value is inver-
sely proportional to the slope of the physical beach
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(L�x ¼ A�Lx
sb
sb�
Þ. Therefore, one may understand how the in-

flow to the beach through the left boundary is directly pro-
portional to the slope sb*.
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The inflow volume from the sea through the beach sur-
face below the low tide line increased with the slope. But
it was essentially negligible, and is not expected to affect
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the salinity distribution in the beach. However, such an in-
flow might play an important role in chemical transforma-
tion in the beach due to difference in chemical
composition between seawater and beach water stagnating
seaward of the low tide line. Examples of interest include
nutrients that are usually absent from pristine beaches but
abundant at sea during upwelling seasons (Eslinger et al.,
2001).

The inflow volume from the sea through the beach sur-
face above the low tide line did not behave in a monotonic
way. Rather it displayed maximum values at sb* = 0.2 and
0.05 for T = 4.41 and 44.1, respectively. The results for
T = 44.1 are approximately one order of magnitude greater
than those for T = 4.41, indicating that the inflow above
the low tide line in a tidal cycle increases with the beach
permeability K�0 because the dimensionless tidal period T
is proportional to K�0ðT ¼ T�K�0=A

�Þ.
For the cases without inland recharges (thin dashed lines

with diamond symbols), Fig. 6 shows that the inflow above
the low tide line increases with sb*. The decrease of the
beach slope can reduce the drainage speed of the beach
pore water as the tide falls. In this case less pore space is
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Figure 7 Changes of the outflows from different boundary parts i
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left boundary.
emptied out for infiltration as the tide rises (e.g., at the ex-
treme case of flat beach surface, the soil becomes always
saturated and no infiltration happens as the tide rises).
Therefore, extremely small beach slope will lead to small
inflow in the intertidal zone in a tidal cycle.

When there are inland recharges (thick solid lines with
diamond symbols), the inflow in the intertidal zone is no
longer monotone with respect to sb* due to the effect of
the inland freshwater recharge, which will enhance the
watertable and reduces the pore space in the intertidal
zone. Consequently, large inland recharge results in small
inflow into the intertidal zone. The thin dashed curve with
diamond symbols is always above the thick solid curve with
diamond symbols both in Figs. 6a and b, indicating that the
inflow in the intertidal zone without inland recharge is
greater than that with inland recharge. That is to say,
the inland recharge can significantly damp the seawater
volume of the tide-induced seawater–groundwater re-
circulation in the intertidal zone. This is in line with the
numerical simulation results of Prieto and Destouni
(2005) (Fig. 4 of their paper) and of Robinson et al.
(2007) (Fig. 9 of their paper).
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Fig. 7 reported V�out=ðA
�Þ2 as function of the beach slope

sb* for T = 4.41 (Fig. 7a) and T = 44.1 (Fig. 7b). The outflow
above the low tide line includes that through the seepage
face, which is also shown to assess the importance of seep-
age flow. The following observations and discussions can be
made:

Obviously, the outflows above the low tide line with in-
land freshwater recharge are greater than those without in-
land recharge. Their difference is small when both T and sb*
are small. This is because small T and sb* lead to small inland
recharge, almost zero. The differences between the out-
flows through the seepage face with and without inland re-
charge are small for all the cases (the solid and dashed
curves with squares).

The outflow from the seepage face accounted for 41–
97% of the outflow through the intertidal zone (average
55%), and 26–85% (average 46%) of the whole outflow (by
including the outflow from beneath the low tide line)
through the right boundary. This indicates that the outflow
through the seepage face is not negligible as implicitly as-
sumed in studies that neglected the seepage face. A de-
tailed comparison of the current numerical results with
those that neglect the seepage face is therefore an interest-
ing work in the future. The differences between the out-
flows below the low tide line with and without inland
recharge are small for all the cases (the solid and dashed
curves with diamond) and increases with the beach slope.

Comparisons with previous studies

Based on field observations, Colbert (2004) obtained an esti-
mation of 1.0 ± 0.3 m3 day�1 m�1 for the inflow through the
intertidal zone of a beach at the head of Catalina Harbor,
CA. The beach slope is about 0.045 and falls in the range
of the simulation results in our paper. The diurnal tidal
amplitude was about 0.8 m. So a rough estimation of the in-
flow in the intertidal zone can also be made simply based on
our simulation results in Fig. 6. In fact, the dimensionless in-
flow into the intertidal zone (i.e., above the low tide line)
for sb* = 0.045 ranged from �0.3 (solid line with diamond
when T = 4.41 in Fig. 6a) to �2.3 (thin dashed line with dia-
mond at T = 44.1 in Fig. 6b). Using these data, the inflow in
the intertidal zone should range from the minimum of
0.3 · 0.82 = 0.192 m3 day�1 m�1 to the maximum of
2.3 · 0.82 = 1.472 m3 day�1 m�1. These lower and upper
bounds include Colbert’s (2004) field observation of
1.0 ± 0.3 m3 day�1 m�1, in view of the wide value ranges
of the beach permeability and slopes considered in the
numerical simulations here.

For typical diurnal tides with amplitude of 0.65 m used
by Prieto and Destouni (2005), using data in Fig. 6, the min-
imum inflow in the intertidal zone is 0.23 · 0.652 ·
365 = 35.5 m3 yr�1 m�1, and the maximum inflow in the
intertidal zone is 3.28 · 0.652 · 365 = 505.8 m3 yr�1 m�1.
Prieto and Destouni (2005) obtained a maximum total inflow
of about 2000 m3 yr�1 m�1 (including the inflow under the
low tide line) for very deep coastal aquifers (50-150 m).
They did not provide the inflow data in the intertidal zones
separately. Therefore, it may be concluded that the inflow
below the low tide line of the very deep aquifers considered
by them accounts for the major portion of the total inflow.
Here, however, due to the shallow depth of the considered
domains, the inflows below the low tide line are much smal-
ler than that above the low tide line, and can even be ne-
glected when conducting water balances for all the
simulated cases.

Robinson et al. (2007) considered a beach aquifer system
with a depth of 30 m and total length of 200 m (inland
length 150 m). The inland freshwater recharge (Qf in their
paper) used in their simulations ranged from 0.3 m2/d to
4.3 m2/d. Dividing Qf with the depth of 30 m, the recharge
flux on their left boundary ranges from 0.01 to 0.1433 m/
d. They obtained inflow above the low tide line ranging
from 0.82 m2/d to 7.47 m2/d (see the ‘‘Tidally driven inflow
(m2/d)’’ in Table 1 of their paper). The model parameter
values of their beach aquifer are: beach slope = 0.1, beach
hydraulic conductivity = 10 d/m, tidal period = 12 h, and
tidal amplitude = 0.5, 1 and 2 m. Using the definition
T ¼ T�K�0=A

�, the dimensionless tidal period for their model
is T = 2.5, 5, and 10. Because our simulations only have two
T – values (4.41, 44.1), their results can be compared only
roughly with ours in Fig. 6a where T = 4.41. When the beach
slope is 0.1, the inland recharge in Fig. 6a ranges from 0 (no-
flow Neumann boundary condition, not shown) to 0.1186 A*2

per tidal cycle, corresponding to a inland recharge flux of
0–0.1186 m/d (using the data A* = 2 m, and tidal period
=0.5 day), and the inflow above the low tide line ranges
from 0.4536 A*2 to 0.5553 A*2 per tidal cycle, or equivalently
from 0.227 m2/d to 4.44 m2/d (using the data A* = 0.5, 1,
and 2 m, and tidal period = 0.5 day). Thus, the inflow above
the low tide line in our paper is a little bit smaller than
those by Robinson et al. (2007). The discrepancy may be
caused by the difference of the parameter T (our is 4.41,
and theirs are 2.5, 5 and 10), and most probably by neglect-
ing of the seepage face in their model because the inflow
will be significantly ‘‘blocked’’ by the seepage face when
the tidal level is near the low tide line. The relatively slight
difference seems to indicate that the influence of the aqui-
fer’s depth on the inflow above the low tide is very limited.

Summary

This paper investigated the groundwater–seawater circula-
tions in beaches driven by tides. Rigorous evaluation of the
hydraulics of such systems requires understanding density-
dependent flows in variably-saturated media and incorpo-
rating important factors such as the inland recharge, the
beach slope, seepage face, soil permeability, unsaturated
zone, capillary effects, the density-and-viscosity-effects
of the salt transport, and the tidal amplitude and period.
We conducted the numerical simulations using the finite
element model MARUN (Boufadel et al., 1999a) by introduc-
ing a dimensionless formulation that allowed generalization
of the simulation results. The real beach domains with typ-
ical slope values (3.16–31.6%) were transformed into one
dimensionless domain with a slope of 10% by using suitable
horizontal and vertical scaling. The slope of the real beach
domain appears only in the flow and solute transport equa-
tions for the dimensionless model. The dimensionless for-
mulation avoided the finite element aspect ratios that are
too small to guarantee adequate accuracy for numerical
solutions of beach domains with extremely small slopes.
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From a dimensionless tidal period and a dimensionless
beach slope, we obtained results that apply to a wide range
of beach permeabilities and/or slopes with corresponding
inland freshwater recharge specified by a fixed boundary
watertable.

The numerical simulations demonstrated the following
important facts: The maximum Darcy velocity always occurs
at the intersection of the watertable and the beach surface.
The offshore beach groundwater is almost stagnant com-
pared with the onshore groundwater flow, which may ex-
plain the previous observations (Bokuniewicz, 1980; Cable
et al., 1997; Taniguchi, 2002; Slomp and Van Capellen,
2004; Taniguchi et al., 2006) that the major portion of the
seaward groundwater seepage usually occurs in the shallow
part of the submerged beach and that the magnitude of the
seaward groundwater seepage decreases with seaward dis-
tance away from the coast. On the average, the outflow
from the seepage face accounts for about half the outflow
from the intertidal zone. The seawater infiltrating into the
intertidal zone in a tidal cycle increases with the beach
permeability, and decreases when the inland recharge
increases. The periodic seawater submersion of the beach
forms a saltwater plume in the beach. Smaller beach
slopes, smaller inland freshwater recharges, and/or greater
beach permeability lead to larger salt plumes. The inflows
in the intertidal zones range from 35.5 m3 yr�1 m�1 to
505.8 m3 yr�1 m�1 for all the cases considered. The numer-
ical results are in line with field and laboratory experiment
observations by previous researches, in particular, with the
recent important field observation-based estimations of
the tide-induced submarine groundwater discharge in the
intertidal zone.
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Appendix. List of notations

A* [L] tidal amplitude
c* [ML�3] salt concentration of the aquifer pore water
D�f [L2T�1] & Df dimensional and dimensionless dispersion

coefficients, respectively
dF the dimensionless Darcy flow rate through the arc

ds in the dimensionless domain
dF* [L2T�1] the Darcy flow rate through the arc ds* in the

dimensional domain. dF �
Z�SK�

0
¼ dFffiffiffiffi

M
p

h�m [L] & hm [–] dimensional and dimensionless mean sea
levels, respectively

h�sea [L] & hsea [–] dimensional and dimensionless sea lev-
els, respectively.

K�0 [LT�1] saturated freshwater hydraulic conductivity of
beach soil

kr(S) relative permeability for given water saturation S
L�x [L] & Lx horizontal lengths of the dimensional and
dimensionless domains, respectively

L�z [L] & Lz vertical heights of the dimensional and dimen-
sionless domains, respectively

m and n soil parameters of the van Genuchten (1980) mod-
el (m = 1 � (1/n))

M model transform parameter, M ¼ ðZ�S=X �SÞ
2 ¼

ðsb�=sbÞ2
q� ¼ ðq�x ; q�z Þ dimensional Darcy flux (the dimension of its

component is [LT�1])
q = (qx,qz) dimensionless Darcy flux, q� ¼ ðK�0A�sb=sb�Þq
sb* & sb beach slopes of the dimensional and dimensionless

domains, respectively
S degree of water saturation (fraction of pore vol-

ume occupied by water)
Se effective degree of water saturation (normalized

water saturation Se = (S � Sr)/(1 � Sr))
Sr residual soil water saturation
t*[T] & t dimensional and dimensionless time variables,

respectively
T* [T] & T dimensional and dimensionless tidal periods,

respectively
T �S[T] the characteristic time scale, T �S ¼ Z�S=K�0
x* [L] & x dimensional and dimensionless horizontal coordi-

nates, respectively
X �S [L] characteristic scale in horizontal direction
z*[L] & z dimensional and dimensionless vertical coordi-

nates, respectively
Z�S [L] characteristic scale in vertical direction
a* [L] & a dimensional and dimensionless parameters of the

van Genuchten (1980) model for describing the soil
capillary effects

b ratio of saltwater density to freshwater density
d ratio of freshwater dynamic viscosity to saltwater

dynamic viscosity
e* [L3M�1] fitting parameter (6.46 · 10�4 m3 kg�1) for the

concentration–density curve
n* [L3M�1] fitting parameter (1.566 · 10�3 m3 kg�1) for the

concentration–dynamic viscosity curve
l* [ML�3T�1] & l�0 [ML�3] dynamic viscosity of the beach

pore water and the freshwater at 20 �C, respec-
tively

/ porosity of the beach soil
q* [ML�3] & q�0 [ML�3] density of the beach pore water and

the freshwater at 20 �C, respectively
w* [L] & w dimensional and dimensionless pressure heads,

respectively
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