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Abstract

In this expository article we show how the concepts of manifolds with
corners, blow-ups and resolutions can be used effectively for the construc-
tion of quasimodes, i.e. of approximate eigenfunctions of the Laplacian on
certain families of spaces, mostly exemplified by domains Q;, C R?, that
degenerate as h — 0. These include standard adiabatic limit families and
also families that exhibit several types of scaling behavior. An introduc-
tion to manifolds with corners and resolutions, and how they relate to the
ideas of (multiple) scales and matching, is included.
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1 Introduction

This article gives an introduction to the ideas of blow-up and resolution, and

how they can be used for the construction of quasimodes for the Laplacian
in singular perturbation problems. Blow-up is a rigorous geometric tool for

describing multiple scales, which appear in many analytic problems in pure
and applied mathematics. The construction of quasimodes is a low-tech yet
non-trivial problem where this tool can be used electively.

The idea of scales. One of the fundamental ideas in analysis is scale. As an
illustration consider the function

Fr(X) = xi(ih x1 [0,1] (1.1)

where h is a Osmall® positive number, see Figure 1 for 0.1 and h = 0.01.
Observe that at x = 0 the function takes the value 0 while for OmostO values of
x it is OcloseO to 1. On the other hand, taking= h we getfn(h) = 3, and
more generally ifx is Oon the order dfiO therf, (x) will be somewhere Odepbnitely
between 0 and 10.

This may be the way a physicist describes the functiorf,, even without the
quotation marks; to a mathematician the quotes create a sense of uneasiness,
so we search for a precise statement. We then realize that we are really talking
about the family of functions (f)rs o and its limiting behavior as h* 0. More
precisely, we brst have the pointwise limit

|
0 ifx=0

1.2
1 ifx> 0. (1.2)

lim £(x) = fo(x) =

On the other hand, we have therescaled limit where we setx = hX and bx X
while letting h" 0:

lim £ (hX) = g(X) = X # 0. (1.3)
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Figure 1: Graph of f;, for h=0.1 and h =0.01, and limits at two scales

The function g shows how the transition from the value 0 to almost 1 happens
in fy,. We call this the limit of fy at the scalex $ h, while (1.2) is the limit at
the scalex $ 1. We could also consider other scales, i.e. limits lim o fn(h?X)
with a! R, but they donOt give new insights in this case: i < 1 then we get
the jump function fo while for a > 1 we just get zero.

Summarizing, we see that the family ¢,) has non-trivial behavior at two
scalesx$ landx $ h,forh" 0.

Geometric resolution analysis and matched asymptotic expansionslhis rough
brst explanation of scales will be made more precise in Section 2. But let us now
turn to real problems: Consider a dilerential equation whose coe"cients depend
on a parameterh, and have non-trivial behavior at several scales ab " 0. We
then ask how the solutions behave a$h " 0. Of course we expect them to
exhibit several scales alsd. The same phenomenon arises in so-called singular
perturbation problems, where the type of the equation changes ath = 0.2
Similarly, we could think of a partial di'erential equation on a domain which
depends onh and has parts that scale in dilerent ways, or which degenerates
to a lower-dimensional domain ash " 0, or both. For examples see Figures 13
and 15. Such problems arise frequently in global and geometric analysis as well
as in applied analysis (sometimes under the name of boundary layer problems).

LAlthough it is not essential for this article, as a warm-up exercise you may analyze the
behavior as h | 0 of the solution of the dilerential equation  u' + f,(x)u =0, u(0) = 1, or
(more di"cult) of u" + f(x)u=0, u(0)=0,u'(0)=1.

2As an example, consider the equation hu'+ u =0, u(0) = 1. At h = 0 this is not even
a dilerential equation! For h > 0 it has the solution uy(x) = € /" which exhibits scaling
behavior as h'! 0 similarto f.



We will call them singular problems.

There is a standard method to attack such problems, callednatched asymp-
totic expansions(MAE) and commonly used in applied analysis since the mid-
1900s (see e.g. [31]): Roughly speaking, for each scale appearing in the problem
you make an ansatz for the Taylor expansion (inh) of the solution at this scale
and plug it into the equation. This yields recursive sets of equations for the
Taylor coe"cients. The fact that the solutions at dilerent scales must Obt to-
getherQ yields boundary conditions that make these equations well-posed (and
often explicitly solvable).

Of more recent origin is a dilerent but closely related method, which has
been used frequently in global and geometric analysis and which we cajeomet-
ric resolution analysis® (GRA): the starting point is a shift in perspective, which
in the example above is to considef : (x,h) %"f,(x) as a function of two vari-
ables rather than as a family of functions of one variable. Therf has singular
behavior at (x,h) = (0, 0), and the scaling considerations above can be restated
as saying that this singularity can be resolved by blowing ughe point (0, 0) in
(x, h)-space, as will be explained in Section 2. In order to analyze the solutions
of a singular dilerential equation we brst resolve its singularities by suitably
blowing up (x, h)-space; then the asymptotic behavior of solutions is obtained
by solving model problems at theh = 0 boundary faces of the blown-up space.
The model problems are simpler than the original problem and correspond to
the recursive sets of equations of MAE.

Eigenfunctions and quasimodes.The purpose of this article is to introduce the
concepts needed for geometric resolution analysis and apply them to problems
in spectral theory. The needed concepts are manifolds with corners, blow-up
and resolution. The spectral problem is to analyze solutiond ! R, u:# " R
of the equation

&$u=1lu

where $ is the Laplacian on a bounded domain #' R?, and the Dirichlet
boundary condition u =0 at " # is imposed. This problem has natural general-
izations to higher dimensions, manifolds and other boundary conditions, some
of which will occasionally also be considered. The eigenvalues form a sequence
0<!,( '2(4&aa") andcan usually not be calculated explicitly. But if we
look at families of domains #, which degenerate to a line segmentas " 0 then
we have a chance to analyze the asymptotic behavior dfy(h) (and associated
eigenfunctions) ash " 0. Here we bxk while letting h " 0. Other regimes
are also interesting, e.g. k going to ) like h" 1, but we donOt consider them
here. One expects that the leading term in the asymptotics can be calculated
by solving a one-dimensional (ODE) problem. This is indeed the case also for
higher order terms, but the details of how this works depend crucially onhow
#n, degenerates (the OshapeO qf #We will analyze several interesting cases of
such degenerations.

3As far as | know, no name has been coined for the method in the literature. This name
must not be confused with the so-called geometric multi-resolution analysis, a method for the
analysis of high dimensional data.



A standard approach to analyzing such eigenvalue problems is to brst con-
struct so-called quasimodesi.e. pairs (!, u ) which solve the eigenvalue equation
up to a small, i.e. O(hN), error, and then to show that the quasimodes are
close to actual solutions. The construction yields the full asymptotics (i.e. up
to errors O(hN) for any N) of quasimodes, and then of actual eigenvalues and
eigenfunctions ash " 0. It is in the construction of quasimodes where GRA
(or MAE) is used, and we will focus on this step in this article. The second
step is quite straight-forward if the operator is scalar and the limit problem is
one-dimensional, as is the case for all problems considered here. See Remark
5.5, [12], [20], [53] and point (V) below. For higher dimensional limit problems
quasimodes need not be close to modes, see [4].

Why GRA? The methods of geometric resolution analysis and matched asymp-
totic expansions are closely related: they are really dilerent ways to encode the
same calculational base. GRA requires you to learn and get used to some new
concepts, like manifolds with corners and blow-up, while MAE is very Odown-to-
earth®. Here are some points why it may be worth to invest the elort to learn
about GRA. | hope they will become clear while you read this article.

() GRA provides a rigorous framework for the powerful idea of MAE. For
example, the Oexpansions at dilerent scalesO of a putative solutiofx, h)
are simply Taylor expansions at dilerent faces ofu when considered on
(i.e. pulled back to) the blown-up space.

() GRA provides conceptual clarity. In GRA the OsingularQ aspects of a
problem are dealt with in the geometric operation of blow-up. Then
the analysis (solution of dilerential equations) is reduced to non-singular
model problems, and to a version of the standard Borel lemma. In this
way essential structures of a problem are clearly visible, while notationally
messy (but essentially trivial) calculations involving multiple Taylor series
run invisibly in the background. This also helps to identify common
features of seemingly di'erent problems.

(1)  GRA helps to stay sane in complex settings. Often more than two model
problems appear, and remembering how they bt together (the Omatch-
ing conditionsO of MAE) may be a torturous task. In GRA each model
problem corresponds to a boundary face of the resolved space, and their
relations can be read o! from how these faces intersect.

(IV) GRA may guide the intuition. The true art in solving singular problems is

to identify the scales that can be expected to appear in the solutions. The
geometric way of thinking about singularities often helps to Osee® how to
proceed, see Section 7 for a nice example. An added complication is that
sometimes solutions exhibit more scales than the data (i.e. the coe'cients
or the domains), as the setting in Section 6 shows. It is desirable to have
systematic methods to bnd these. These are beyond the scope of this
article however, and we refer to [51].



(V) GRA can be rebned to provide a systematic way to extend modern PDE
methods like the pseudodilerential calculus to singular problems, and
embeds them in a larger mathematical framework, see [50], [51], [14]. In
this way one may also carry out the second step mentioned above, proving
that quasimodes are close to actual solutions, in the framework of GRA,
by analyzing the resolvent on a blown-up double space, see e.g. [43].

In this article we use simple examples to explain structures which also arise in
more elaborate contexts. We consider planar domains and the scalar Laplacian,
but the methods generalize without much extra work to manifolds and systems
of elliptic PDEs (for example the Hodge Laplacian on dilerential forms). This
is indicated at the end of each section. The methods can also be extended to
study many other types of singular degenerations (with more work!), for example
families of triangles degenerating to a line (ongoing work with R. Melrose, see
also [7], [53]), domains from which a small ball is removed etc.

The results presented here are not new, and in some cases more precise or
more general results have been obtained by other methods, as is indicated in
the subsections on generalizations. In the PDE literature blow-up methods have
mostly been used in the context of microlocal analysis. Our purpose here is to
illustrate their use on a more elementary level, and to introduce a systematic
setup for applying them to quasimode constructions. A minor novelty seems
to be the use of the quasimode and remainder spacd§M ),R(M) and their
associated leading part maps, see Section 3 and Debnitions 5.1, 7.1 and 7.3,
although it is reminiscent of and motivated by the rescaled bundles used for
example in [43].

Outline of the paper

In Section 2 we introduce the main objects of geometric resolution analysis
(manifolds with corners, blow-up and resolution) and explain how they relate
to the idea of scales. If you are mostly interested in quasimode constructions
it will su"ce to skim this section and only use it for reference; however, for
Section 7 more of this material will be needed. In the remaining sections we
show how quasimodes can be constructed using geometric resolution analysis.
The examples are ordered to have increasing complexity, so that later examples
use ideas introduced in previous examples plus additional ones. For easier read-
ing the main steps of the constructions are outlined in Section 3. To set the
stage, we brst consider regular perturbation problems in Section 4. All further
problems are eigenvalue problems on families of domains,#which degenerate
to a line segment ash " 0. Such problems are sometimes called Oadiabatic limit
problemsO. The simplest setting for these, where the cross section has constant
lowest eigenvalue, is considered in Section 5. The treatment is general enough
to apply to bPbre bundles with Riemannian submersion metrics. Variable eigen-
values of the cross section, which occur for example when#is an ellipse with
half axes 1 andh, will introduce new scales, and this is analyzed in Section 6.
Then in Section 7 we consider a problem where # scales dilerently in some



parts than in others. Here it will be especially apparent how the geometric way
of thinking guides us to the solution. The quasimode results are formulated in
Theorems 4.3, 5.4, 6.1, 7.6. In Section 8 we summarize the main points of the
various quasimode constructions.

Related literature

The book [51] (unPnished, available online) introduces and discusses in great
generality and detail manifolds with corners and blow-ups and their use in anal-
ysis. The big picture is outlined in [48]. The focus in the present article is on
problems depending on a parameteh, where singularities only appearash " 0
(so-called singular perturbation problems). Closely related are problems which
do not depend on a parameter but where the underlying space (or operator)
is singular, and the methods of geometric resolution analysis can be and have
been applied extensively in this context. A basic introduction to this is given
by the author in [14], with applications to microlocal analysis, including many
references to the literature. Other frameworks for manifolds with corners have
been proposed, see for example [33] and references there.

Blow-up methods have also been used in the context of dynamical systems,
e.g. in celestial mechanics [46], for analyzing geodesics on singular spaces [13]
or in multiple time scale analysis, see for example [8], [38], [57] and the book
[37], which gives an excellent overview and many more references.

The survey [17] discusses various types of Othin tube® problems including
the ones discussed here; their origin as well as various methods and results are
explained. The books [41], [42] discuss many singular perturbation problems of
geometric origin and their solution by a method called Ocompound asymptotic
expansionsO there, which is similar to matched asymptotic expansions.

More references are given at the end of each section.
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2 A short introduction to manifolds with cor-
ners and resolutions

In this section the basic concepts of geometric resolution analysis are introduced:
manifolds with corners, polyhomogeneous functions, blow-up, resolutions. We



[domf, (0, 0)]

domg domfg

Figure 2: Domains off and of its rescaled limitsfy and g, and how they relate
to each other. Dotted arrows mean Oidentify withO.

emphasize ideas and introduce concepts mostly by example or picture (after all,
we are talking geometry here!), hoping that the interested reader will be able
to supply precise debnitions and proofs herself, if desired. Many details can be
found in [50] and [51].

To see where weOre heading consider the example from the introduction:

X
foh)= —+

e x,h# 0, (x,h) =(0,0).

Recall its h" 0 limits at two scales:
|

b0 =tm foum= ) 0L a0 = lm )= R

see Figure 1. The OgeometryO (of geometric resolution analysis) resides in the
spaces on which these functions are debned, i.e. their domains:

domf = R?, domfo = R,, domg=][0,) ]

where
R, :=[0,) ).

See Figure 2. Actually, f is not debned at (Q0), but we ignore this for
the moment. For g we have added) to its domain, where we setg() ) =
limxw g(X)=1. WeOll see in a moment why this makes sense.

These spaces are simple examples of manifolds with corners. We ask:

Can we understandfy and g as restrictions of f to suitable subsets
of its domain?

For fq this is easy: if we identify domf with the lower edge of domf then
fo is simply the restriction of f. (Again we should exclude the point (Q0).)



How about understandingg as a restriction off ? Can we reasonably identify
domg as a subset of donf ? This is less obvious. Note that, for anyX # 0,
h %"f (hX, h) is the restriction of f to the ray

Rx = {(x,h) ! domf :x = hX, h> 0}.

By debnition, g(X) is the limit of this restriction as h " 0, so it should be
the value of f at the endpoint of Ry . This remains true for X = ) if we set
Rz = {(x,0): x> 0}. Now this endpoint is (0,0), so we have two problems:
First, f is not debned there, and second, the endpoints of all rayRx (with
dilerent X) coincide.

ThatOs why we donOt bnd dagnin domf . But there is a way out, and this
is the idea of blow-up: we simply add a separate endpoint for each r&x to
the picture.

That is, we remove (0 0) from domf and replace it by a quarter circle as
in Figure 2. This produces a new space, denoted [dofn (0, 0)] and called the
blow-up of (0,0) in domf . A precise debnition is given in Section 2.3. It involves
polar coordinates, and the quarter circle corresponds to = 0. We denote the
quarter circle by ! (Ofront face®). Each point of the blown-up space corresponds
to a point of domf, as is indicated in Figure 2 by the dashed rays. We encode
this by a map

# : [domf, (0,0)]" domf

which maps ! to (0, 0) and is bijective between the complements of these sets.
Under this correspondence,f translates into the function #%f := f , # on
[domf, (0,0)]. Essentially, we will see that#%*f is ® written in polar coordi-
natesO. This simple construction solves all our problems:

¥ #%f is debned on all of [don, (0,0)], including its full boundary. It is
actually smooth, once we debne what smoothness means on [dén{0, 0)].

¥ If we identify ! with [0 ,) ] (the endpoint of the ray Rx being identibed
with X ! [0,) ]) then g is the restriction of #3f to .

¥ The pointwise limit fo(x) =lim ny of (X, h) is, for x > 0, still the restric-
tion of f to the lower part of the boundary of [domf, (O, 0)].

In addition, as we will see later, #%f also encodes hovi, and g relate to each
other (so-called Omatching®).

Summarizing, the multiple scales behavior off is completely encoded by
the behavior of #*f near the boundary of [domf, (0,0)], and dilerent scales
correspond to dilerent segments (later called boundary hypersurfaces) of the
boundary.

2.1 Manifolds with corners

Even if we wanted to study problems on domains inR" only, the natural setting
for our theory is that of manifolds, for (at least) two reasons:



1. Just as bnite dimensional vector spaces are likR" without choice of a ba-
sis, manifolds are locally likeR" without choice of a (possibly non-linear)
coordinate system B and foregoing such a choice leads to greater concep-
tual clarity. To put it more mundanely, it will be useful to use dilerent
coordinate systems (e.g. polar coordinates, projective coordinates), and
it is reassuring to know that all constructions are independent of such
choices.

2. Globally, a manifold represents how various local objects bt together B
and one of our goals is to bt dilerent scales together. In fact, even if the
problem to be studied is topologically trivial, there may be non-trivial
topology (or combinatorics) in the way that dilerent scales relate to each
other.

To get an idea what a manifold with corners is, look at Figure 3. The most
complicated specimen appearing in this text is on the right in Figure 16.

Recall that a manifold is a space which can locally be parametrized by
coordinates. For a manifold with corners some coordinates will be restricted to
take only non-negative values. As before we use the notation

R+ :=1[0,) )
and write RK = (R, ).

Definition 2.1. A manifold with corners (mwc) of dimensionn is a space
M which can locally be parametrized by open subsets of theodel spaces R -
R"" X, for various k' { O,...,n}.
In addition, we require that the boundary hypersurfaces be embedded, as ex-
plained below.

The model space condition is meant as in the standard debnition of man-
ifolds, for which only k = 0 is allowed. So for each pointp ! M there is
k!{ 0,...,n} and a neighborhoodU of p with a coordinate map U " U, with
U' RK - R" K open, and it is required that coordinate changes are smooth.
The smallest k which works for a bxedp is called the codimension of p. See
Figures 3, 4 for some examples and non-examples of mwc.

The set of points of codimension 0 is the interior int(M ) of M. The closure
of a connected component of the set of points of codimensiok is called a
boundary hypersurface (bhs) if k = 1, and a corner of codimension k if
k # 2. So the examples in Figure 3 have 1, 2, 3, 2 boundary hypersurfaces.

It is clear that each boundary hypersurface itself satisbes the local model
condition, with n replaced byn & 1. However, as in the example on the right in

4 Open means relatively open, that is, there is an open subset G'" R™ with G'# (R’jr $

R™" k) = U. For example, [0,1) is open in R.. A smooth function on an open subset
G " RE $ R™ * is a function which extends to a smooth function on such a @'. A map
G ! RE$ R™*is smooth if each component function is smooth. The space of smooth
functions on M (which are sometimes called Osmooth up to the boundaryO for emphasis) is
denoted by C* (M).

10



R, R?

Figure 3: Examples of manifolds with corners, with codimensions of points
indicated

vV V @

Figure 4: Not manifolds with corners. The cone and pyramid are understood as
3-dimensional bodies. The teardrop satisbes the local condition of a mwc, but
the boundary line is not embedded.

Figure 4, it may happen that a boundary hypersurface Ointersects itselfO, that
is, it is an immersed rather than an embedded submanifold (with corners). So
according to our debnition it is not a manifold with corners.

The embeddedness requirement is equivalent to the existence oteundary
defining function for each bhsH, i.e. a smooth functionx : M " R, which
vanishes precisely orH and whose dilerential at any point of H is non-zero. A
boundary debPning function x can be augmented to atrivialization near H,
i.e. an identibcation of a neighborhoodU of H with [0,%) - H for some$ > 0,
where x is the brst component and eacty ! H ' U corresponds to (Qy).

Each bhs and each corner of a mwd/ is a mwc. But if M has corners then
its full boundary is not a manifold with corners.

Some authors, e.g. D. Joyce [32], debPne manifolds with corners without the
embeddedness condition on boundary hypersurfaces. Also, Joyce debnes the
notion of boundary of a mwc dilerently, so that it is also a mwc.

TaylorOs theorem implies the following simple fact which we need later.

Lemma 2.2. Let M be a manifold with corners andS a Pnite set of boundary
hypersurfaces ofM . Let h be a total boundary debning function forS, i.e. the
product of debning functions for allH !'S .

Then any u ! C*# (M) which vanishes at eachtH ! S can be written as
u = he with &! C* (M).

Exercise: Prove this. Show that the analogous statement would not be true

11



for the pyramid in Figure 4.5

Remark 2.3. The corners of a mwc should not be considered as a
problem, but as (part of) a solution B of all kinds of problems involving
singularities. They should not be thought of as corners in a metric sense, only
in a dilerential sense (i.e. some coordinates are# 0).

For example, suppose you want to analyze the behavior of harmonic func-
tions near the vertex ofR2 or of a cone or of the pyramid in Figure 4 (where the
Laplacian is the standard Laplacian for the Euclidean metric on these spaces).
The essential brst step towards a solution would be to introduce polar coordinates
around the vertex, and in the case of the pyramid also cylindrical coordinates
around the edges. Geometrically this corresponds to the operation of blow-up,
discussed below. This results in manifolds with corners. The fact that the orig-
inal (metric) R2 happens to be a mwc also is irrelevant.

Remark 2.4. Manifolds with corners are an oriented analogue of manifolds
with normal crossings divisors as used in real algebraic geometry. OOrientedO
means that the boundary hypersurfaces, which correspond to the components of
the divisor, have a relative orientation, i.e. possess a transversal vector peld.
The use of manifolds with corners allows for greater Rexibility in many analytic
problems. See also Remark 2.12.

2.2 Polyhomogeneous functions

All functions we consider will be smooth in the interior of their domains. Our
interest will lie in their boundary behavior B partly because we have a much
better chance to analyze their boundary behavior than their interior proper-
ties. Functions smooth up to the boundary (see Footnote 4) have the following
important properties:

1. A smooth function on R, has a Taylor expansionf (x) $ ffzo ax as
x" 0,ie. at"R;.

2a. A smooth function on R2 has Taylor expansions
# #
fxy)$  ay)x“asx" 0, f(xy)$ b(x)y'asy" 0 (2.1)
k=0 1=0

at the boundary hypersurfacesx = 0 and y = 0 of R2 , with ay, b smooth
onR,.

2b. (Matching) For each k,| ! Np the I-th Taylor coe"cient of ax aty =0
equals (OmatchesO) theth Taylor coe"cient of b at x = 0. This corre-
sponds to the Taylor expansion off at the corner (0, 0).

51f you understand this then you understand one of the main points about manifolds with
corners!

12



2c. (Borel lemma) Conversely, givena,, by ! C# (R, ) satisfying these match-
ing (or compatibility) conditions for all k, I, there is a functionf ! C*# (R?)
satisfying (2.1), and it is unique modulo functions vanishing to inbnite or-
der at the boundary of R? .

It turns out that requiring smoothness up to the boundary is too restrictive
for many purposes. The class of polyhomogeneous functichss obtained by
replacing the powersx™, m ! Ny in these expansions by termsc? log’ x where
z! Candj ! Np, and is big enough for many problems.

Apart from this, polyhomogeneous functions enjoy the analogous properties
as listed above. Properties 2b. and 2c. will be essential for our purpose of
analyzing multiple scale solutions of PDEs.

2.2.1 Definition and examples

We will debne the space of polyhomogeneous functions on a manifold with cor-
ners M. The essence of the debnition can be grasped from two special cases:
M = Rs- R" wheren! Ny andM = R2. The terms permitted in an expansion
are characterized by a sete * C- Ny satisfying

{(z,j)! E: Rez( r} is pbnite for everyr! R. (2.2)
This guarantees that the expansion (2.3) below makes sense.

Definition 2.5. A polyhomogeneous functiononM = R, - R" or M = R2
is a smooth function u on int( M) satisfying:

(&) For M = R, - R": u has an asymptotic expansion

# :
u(x,y) $ azj (y)x*log x asx" 0 (2.3)
(z. )%E

for eachy ! R", for a set E as above, where each,; ! C* (R").
The set of these functions withE bxed is denotedAE (R, - R").

(b) For M = R2: u has an asymptotic expansion(2.3) for eachy > 0, where
eacha,j !'A F(R,), for setsE,F ' C- Ny satisfying (2.2).
Also, the same condition is required to hold withx, E andy, F interchanged.

The set of these functions withE, F bxed is denotedA&F (R?).

By debnition, we understand asymptotic expansions always Owith derivativesO,
i.e. "xu has the asymptotic series with each term dilerentiated, and similarly
for "yu and higher derivatives. In addition, certain uniformity conditions are
required.

6These are called Onice functions® in [14].
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All asymptotic expansions occuring in the problems in this article have no
logarithms, soE ' C-{ 0}.7
The Oasymptotics with derivativesO condition is equivalent to
% '

v # 4
x"x)" "y &u(x,y) & azj (y)x*log x( ®( C»y X (2.4)
(z,j )%E, Re z&r

forall r ! R and all %! No,# ! Nj. Here C;», may depend ony. For
M = R, - R" the local uniformity condition is that for any compact K ' R"
the same constant can be chosen for ajf ! K.
For M = R2 this is required for all compactK ' (0,) ), plus a local uniformity
near (x,y) = (0,0): thereisN ! R so that estimate (2.4) holds for ally ! (0, 1),
with "y replaced byy", and C;»; by C», y N.

We now give examples and then formulate the general debPnition.

Examples 2.6.

1. u(x)= % isin AB(R,) for E = {(&1,0)}.

2. IfE=F = Np-{ 0} thenu! A BEF (R2) if and only if u extends smoothly
to the boundary ofR2 .8

3. u(x,y) = &y is smooth on R2 \{ (0,0)}, but not polyhomogeneous (for

any index sets) onR2 . To see this, we expandi asx " 0 for bxedy > 0O:

1 1,1 1
X = 7% = Ix & =x%?+ —x3&+ 44aa (25)
xty yl+ oy yr oy

u(x,y) =

We see thatu has an expansion as in(2.3), but the coe"cients ax o(y) =
(&1)y" ¥ become more and more singular (fory " 0) as k increases, so
there is no index setF for which all coe"cients lie in AF (R,).

Note that this is precisely our brst example(1.1).

A set E' C- Ny satisfying (2.2) and in addition (z,j) ! E,| ( ]
(z,) ! E is called anindex set. This condition guarantees that AE (R, -
R") is invariant under the operator x". If, in addition, (z,j) ! E . (z+
1,j) ! E then E is called asmooth (or C*) index set. This guarantees

7 However, logarithms are included in the dePnition since they appear in the solutions of
many dilerential equations even if they donOt appear in their coe"cients. For example, the
equation u' = f,, u(0) =0 with fj asin (1.1) has solution ux(x) = x %h log (% + 1) which
for bxed positive x has the expansion

up(x) & x + hlogh %hlogx + O(h2)

ash ! 0. The appearance of the log term here can be predicted without calculating inte-

grals, using geometric resolution analysis via the push-forward theorem of Melrose [49], as is

explained in [14] for the related example where f,(x)= x2+ h2, see also [18].
8Exercise: prove this.
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coordinate independence, i.e. any self-dileomorphism oR. - R" preserves the
spaceAE (R, - R"). The index set E in Example 2.6.1 is not smooth; the
smallest smooth index set containingk is {& 1,0,1,...}-{ 0}.

We now consider general manifolds with corners. Of course we want to say
a function is polyhomogeneous if it is so in any coordinate system. Since we
want to allow corners of higher codimension, we give an inductive debnition.

An index family for M is an assignmentE of a C* index setE(H) to each
boundary hypersurfaceH of M. Recall that there is a trivialization near each
H, i.e. we may write points nearH as pairs &,y) wherex ! [0,$) andy! H,
for some$ > 0.

Definition 2.7. Let M be a manifold with corners andE an index family for M .
A polyhomogeneous function on M with index family E is a smooth function
u on int( M) which has an expansion as in2.3) at each boundary hypersurface
H, in some trivialization near H, where E = E(H) and the functionsa,; are
polyhomogeneous o with the induced index family for H .°

The set of these functions is denoted\5(M ).

Again, if E(H) = No-{ 0} forall H thenu!A E(M)if and only if u extends
to a smooth function on all of M .

Remark 2.8. In our terminology a Opolyhomogeneous function on a manifold
with corners M O needs to be debned on the interioit(M ) only. The terminol-
ogy is justibed since its behavior near the boundary is prescribe@” (int( M)) is
the much larger space of functions without prescribed boundary behavior. More
formally, AE debnes a sheaf oveM , not over int(M).

2.2.2 Matching conditions and Borel lemma

A central point of polyhomogeneity is to have Oproduct type® asymptotic expan-
sions at corners. This is most clearly seen in the case &?Z. To ease notation
we formulate this only for the case without logarithms.

Lemma 2.9 (Matching conditions). Let E,F ' C-{ 0} be index sets forR? .
Supposeu ! A EF (R?), and assumeu has expansions

#
u(x,y) $ a, (y) x* asx" O
(z,0)%E
#
uix,y) $ by(X)y"Y asy" 0

(w, 0) %F

(2.6)

9The index family E for M induces an index family Ey for the mwc H as follows: Any
boundary hypersurface H' of H is a component of a set H # G where G is boundary hy-
persurface of M uniquely determined by H'. Then we let Eg(H') := E(G). We require
a,; (A En(H) for each (z,j) (E (H) and each H. If this is true in one trivialization then
it is true in any other, since each E(H)is a C* index set. Local uniformity is also required,
analogous to the explanation after equation (2.4).

This debnition is inductive over the highest codimension of any pointin M.
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wherea, ! A F(R;), by ' A E(R,) for each(z,0)! E, (w,0)! F. Expand

# # :
az(y) $ Cw Y, bu(x)$ Cw X 2.7)

(w, 0)%F (z,0)%E

asy" Oresp.x" 0. Then

Cw =G, forall z,w. (2.8)
This has a converse, which is a standard result:

Lemma 2.10 (Borel lemma). Let E, F be as in the previous lemma, and assume
that functions a,, b, satisfying (2.7) are given.

If (2.8) holds then there isu ! A BF (R?) satisfying (2.6). It is uniquely
determined up to errors vanishing to inbnite order at the boundary.

This will be a central tool in our analysis since it allows us to construct
approximate solution of a PDE from solutions of model problems.

2.3 Blow-up and resolution

We now introduce blow-up, which is what makes the whole manifolds with
corners business interesting. Here are the most important facts about blow-up.
They will be explained in this section:

¥ Blow-up is a geometric and coordinate free way to introduce
polar coordinates.

¥ Blow-up serves to desingularize singular objects.

¥ Blow-up helps to understand scales and transitions between scales
— and therefore to solve PDE problems involving dilerent scales.

We brst explain the idea in the case of blow-up of 0 ifR? and then give the
general debnition in Subsection 2.3.2. After discussing resolutions and projective
coordinates we return to our motivating example (1.1) in Example 2.18. There
is also a short discussion of quasihomogeneous blow-up, which occurs naturally
in Section 6.

2.3.1 The idea

We brst explain the idea in the case of blowing up the point 0 inR?, see Figure 5:
Consider the set of rays (half lines) inR? emanating from 0. They are pairwise
disjoint except that they all share the common endpoint 0. The blow-up of 0
in R? is the space constructed fromR? by removing 0 and replacing it by one
separate endpoint for each ray.This space is denoted byR?,0]. So we replace 0
by a circle, and each point on the circle corresponds to a direction of approach
to 0. This circle is called the front face of the blow-up. Thus, blowing-up 0 in
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RZ [RZ , O]

Figure 5: Blow-up of 0 in R?, with a few rays (dashed) and a pair of corre-
sponding circles (dotted) drawn; the white disk is not part of [R?, 0]; its inner

boundary circle is the front face

/ / / /
(b) (©) (d)

@)

Figure 6: Some examples of blow-up; in each bottom picture the submanifold
being blown up is drawn fat, and the blown-up space is in the top picture.
The vertical arrow is the blow-down map. The third and fourth example are

3-dimensional, and only the edges are drawn.
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RE means taking out O from R? and then choosing a new OcompactiPcation at
00 oR?\ 0, by adding the front face instead of 0.

Here is a concrete mathematical model realizing this idea: As a space we
take [R?,0] = R, - S, whereS' = {&! R?:|&| = 1} is the unit circle. The
front face is ! := {0}- S . In Figure 5 the rays are the sets& = const, the
unbroken circle is ! and the dotted circle is {1}- S'. We then need to specify
how points of [R?, 0] correspond to points ofR?. This is done using the map

#:[R%,01" R? #(r&)=r&

called the blow-down map. Note that # is a dileomorphism from (0,) )- S?
to R?2\{ 0}; this means that it provides an identipcation of [R?,0]\ ! with
R2\{ 0}. The sets& = const are mapped to rays, and two dilerent such sets
have dilerent endpoints on !. All these endpoints are mapped to 0 by #. Thus,
this model and # do precisely what they were supposed to do.

In addition, the model gives [R?,0] a dilerentiable structure, making it a
smooth manifold with boundary and # a smooth map.

Note that if we parametrize S* by & = (cos', sin' ) then # is just the polar
coordinates map

(r,' ) %"(x,y), x=rcos,y =rsin'. (2.9)

Recall that Opolar coordinates ofR20 are not coordinates at the origin. SA2, 0]
is the space on which polar coordinates are actual coordinates P also fat= 0.

Exercise 2.11. Show that points of! correspond to directions at O not only of
rays, but of any regular curve. That is: Let( : [0,1) " R? be a smooth curve
with ((0) = 0, (0) = 0 and ((t) = 0 for t £ 0. Show that there is a unique
smooth curveé : [0,1) " [R2,0] lifting (, i.e. satisfying #, ¢ = (, and that

o _ #(0)
€)= oy

2.3.2 Definition and examples

The general operation of blow-up associates to any manifolX and submanifold

Y ' X a manifold with boundary, denoted [X, Y ], and a surjective smooth map
#:[X,Y]" X. We say that [X,Y ] is obtained from blowing up Y in X and
call # the blow-down map.t® X,Y may also be manifolds with corners, then
a local product assumption (see below) must be placed olY, and [X,Y ] is a
manifold with corners. The preimage# (Y) is called the front face ! of the
blow-up. It is a boundary hypersurface of K, Y ], and # maps dileomorphically
X, YV " X \Y. See Figure 6 for some examples.

To debne blow-up we use local models as in the previous subsection, but you

should always keep the original idea of adding endpoints of rays in mind. We

10For this to be dePned Y must have codimension at least one. We will always assume that
the codimension is at least two, the other case being less interesting.
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start with blow-up of an interior point, then generalize this in two ways: blow-
up of a point on the boundary, and blow-up of a subspace (by taking products).
Finally both generalizations are combined to yield the most general case.

Definition of blow-up for the local models.
Recall that a model spaceis a space of the formR"" k- RX (or Rk - R"" k),
We consider these brst.

1. Blow-up of!! 0 in R": Debne
[R",0]:= R, - S™ 1, #(r,&)=r&
whereS"" 1 = {&! R" :|&| =1} is the unit sphere,n # 1.
Note that [R", 0] is a manifold with boundary.
2. Blow-up of 0 in the upper half plane R - R.: Debne
[R- R.,0]:= Ry - S}, #(r,&) = r&

where S = S0 (R- R.) is the upper half circle. See Figure 6(a).

This is simply the upper half of case (1) withn = 2. This generalizes in
an obvious way to the blow-up of zero in any model space:

[R" % - RY,0]:= R, - SI" Y, #(r,&) = r&

where S 1 := S" 10 (R" X - RX). See Figure 6(b) forn = k = 2 and
Figure 6(c) for n = k = 3.

Note that [R"" ¥ - RX , 0] has corners ifk # 1.
3. Blow-up of the x-axis R -{ 0} in R3: Debne
[R®,R-{ 0}]:= R- [R? 0], #(x,y,2) = (X, #o(y,2))

with #o : [R?,0]" R? from case (1). So the lineY = R-{ 0} is blown up
to a cylinder, the front face of this blow-up. Any point p! Y is blown up
to a circle # (p). Points on the front face correspond to a pair consisting
of a point p! Y and a direction of approach to p, modulo directions
tangential to Y.

This generalizes in an obvious way to the blow-up oR"™" ™ -{ 0} in R":
[R",R" ™ -{ 0})]=R" ™ - [R™,0]
(write R" = R"" M - RM and take out the common factorR"" ™).
4. Blow-up of R, -{ 0} in R?. Combining cases (2) and (3) we debne

R, R, -{ 0}]= R: - [R2,0]

1170 simplify notation we often write 0 instead of ~ {0}. Also 0 denotes the origin in any R,
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see Figure 6(d).

The main point here is the product structure. In general, for model spaces
X, W, Z,

for X =W- Z, Y =W-{ 0 debne K,Y]=W- [Z,0] (2.10)
with [Z, 0] debPned in (2). In the example X = R3, W = R,, Z = R2.

Definition of blow-up for manifolds (possibly with corners). It can
be shown (see [47], [51]) that these constructions are invariant in the following
sense: for model spaceX, Y as in case (4), any self-dileomorphism ofX Pxing
Y pointwise lifts to a unique self-dileomorphism of [X,Y ].12 Now if X is a
manifold and Y ' X a submanifold, thenY ' X islocallyR"™ ™-{ 0}' R",in
suitable coordinates. Therefore, the blow-upX, Y ]is well-debPned as a manifold,
along with the blow-down map # : [X,Y]" X.2°

If X is a manifold with corners then a subsety ' X is called ap-submanifold
if it is everywhere locally like the models (2.10) (p is for product). Therefore,
the blow-up [X,Y ] is dePned for p-submanifoldsy ' X. For example, the fat
subsets in the bottom line of Figure 6 are p-submanifolds, as are the dashed
rays in the top line. However, the dashed rays in (b), (c) and (d) in the bottom
line are not p-submanifolds.

Put dilerently, a subset Y ' X is a p-submanifold if near everyq! Y there
are local coordinates centered at] so that Y and every face ofX containing qis
a coordinate subspace, i.e. a linear subspace spanned by some coordinate axes,
locally.

The preimage#” (Y)' [X,Y ]is a boundary hypersurface of X, Y ], called
the front face of the blow-up. The other boundary hypersurfaces of X,Y ] are
in 1-1 correspondence with those oK .

Remark 2.12. This notion of blow-up, sometimes calledoriented blow-up,

is closely related to (unoriented) blow-up as debned in real algebraic geometry,
where one Oglues in0 a real projective space instead of a sphere. Unoriented blow-
up can be obtained from oriented blow-up by identifying pairs of antipodal points

121n the case of [R2,0] this can be rephrased as follows: let x,y be standard cartesian
coordinates and r,! corresponding polar coordinates. Let x',y' be some other coordinate
system debned near 0 (possibly non-linearly related to  x,y), with x' = y' = 0 corresponding
to the point 0. Debne polar coordinates in terms of x',y', i.e. x' = r'cos!', y' = r'sin!'.
Then (r,! ) ) (r',1") is a smooth coordinate change on [ R, 0].

It is in this sense that blow-up is a coordinate free way of introducing polar coordinates:
the result does not depend on the (cartesian) coordinates chosen initially. This is important,
for example, for knowing that we may choose coordinates at our convenience. For example,
when doing an iterated blow-up we may choose projective coordinates after the brst blow-up,
or polar coordinates, and will get the same mathematics in the end.

13The original idea that points on the front face correspond to directions at 0 can be used
directly as an invariant debnition: Let M be a manifold and p ( M. The set of directions
at pis S,M = (T,M \{ 0})/R~q where T,M s the tangent space and R~¢ acts by scalar
multiplication. Then[ M,p]=(M \{ p})* Sp,M, with " the identity on M \{ p} and mapping
SpM to p. One still needs local coordinates to dePne the dilerentiable structure on[ M, p].

20



R? [R%, 0] [[R? 0], 2]

Figure 7: A double blow-up

of this sphere. This results in an interior hypersurface (usually called excep-
tional divisor) rather than a new boundary hypersurface as front face. Compare
Remark 2.4.

Unoriented blow-up has the virtue of being debnable purely algebraically, so
it extends to other ground Pelds, e.g. to complex manifolds. See [24], where
also a characterization of blow-up by a universal property is given (Proposition
7.14).

2.3.3 Multiple blow-ups

Due to the geometric nature of the blow-up operation, it can be iterated. So
if X is a manifold with corners andY a p-submanifold, we can prst form the
blow-up #; : [X,Y]" X. Next, if Z is a p-submanifold of [X,Y ] then we can
form the blow-up #, : [[X,Y ],Z]" [X,Y]. The total blow-down map is then
the composition

#=#, # [[X,Y],Z]" X.

See Figure 7 for a simple example. Of course one may iterate any Pnite number
of times.

2.3.4 Resolutions via blow-up

The main use of blow-ups is that they can be used to resolve singular objects,
for example functions and sets.

Definition 2.13 (Resolving functions). Let # : X " X be a (possibly iterated)
blow-down map of manifolds with corners and :int(X)" C a function. We
say thatf is resolved by # if #3f is a polyhomogeneous function ofX ". Here
#% = f , # is the pull-back.

Recall that #%f need only be debned on the interior oK ', compare Remark
2.8. In Example 2.18 we will see that the functionf (x,y) = Xfy onRR2 \{ 0} is
resolved by blowing up zero.

For subsets we need a slight generalization of p-submanifolds. d-submanifold
of a manifold with corners X is a subsetY ' X which is everywhere locally
modelled on

X=W-2z-R, Y=wW-{0- R, (2.11)
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for somel # 0 and model spacedW, Z (d means decomposable). This is a p-
submanifold i! | = 0, see (2.10). For example,R? ' R? is a d-submanifold
which is not a p-submanifold.

Definition 2.14 (Resolving subsets) Let # : X " X be a (possibly iterated)
blow-down map of manifolds with corners ands' X a subset. We say thatS
is resolved by # if #°S is a d-submanifold ofX . Here the lift** #*S under a
blow-down map[X,Y ]" X is debned as

#3s=#1(S\Y) ifS+Y, #S=#1S) ifS"' Y.
For an iterated blow-down map# = #; , 444 # we debne#®S = #3 .. . #S.

For example, the solid coneS ' R3 (left picture in Figure 4) is resolved by
blowing up 0 in R3. Here #S ' [R3,0] is a manifold with corners, the local
model at the corner is (2.11) withW = R- R:, Z = {0} and| = 1. The
boundary of the cone is also resolved by, its lift is even a p-submanifold.

Note that in general the lift #%S is almost the preimage, but not quite. In
the cone example, the preimaget’ 1S would be the union of #*S and the front
face of the blow-up, which is a 2-sphere. We conside#®S since it contains the
only interesting information about S.

See Figure 8(d) for another example (dashed lines) and Figure 16 for an
example of a resolution by a multiple blow-up. Both of them will be used later.

Of course we can combine Debnitions 2.14 and 2.13: B ' X then a
function f on SO int(X) is resolved by# : X' " X if S is resolved and#%f is
polyhomogeneous o#®S.

Note that in these debnitions we consider polyhomogeneous functions and d-
submanifolds as OregularQ and more general functions resp. subsets as OsingularQ.
Regular objects in this sense remain regular after blow-up, as is easy to see
using projective coordinates, introduced below*®

Remark 2.15. By a deep famous theorem of Hironaka every algebraic variety
S' CP" can be resolved by a sequence of blow-ups (in the algebraic geometric
sense, see Remark 2.12). Similar statements hold for algebraic (or even semi-
or subalgebraic) subsets oR", see [30] and [27] for a more entertaining and
low-tech survey.

Remark 2.16. There is a generalization of blow-up which is sometimes useful
when resolving several scales simultaneously, see [32], [36].
2.3.5 Projective coordinates

Projective coordinates simplify calculations with blow-ups and also provide the
link of blow-ups to the discussion of scales.

14The lift is also called the strict transform in the algebraic geometry literature.

15For a d-submanifold S " X to lift to a d-submanifold under blow-up of Y " X we must
require that S and Y intersect cleanly (which might be called Onormal crossings® by algebraic
geometers), i.e. near every intersection point there are coordinates in which X, S and Y are
given by model spaces.
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(b) (© (d)

Figure 8: Projective coordinates for examples (b), (c), (d) of Figure 6. Dashed
lines in (d) indicate a singular subset (below) and its resolution (above).

We brst discuss this for the space§? , 0], see Figure 8(b). Recall that points
of [R2 , 0] correspond to pairs consisting of a ray (inR2 , emanating from 0) and
a point on that ray. Now, with x,y standard coordinates onRR? ,

rays 1 values of%, points on aray 1 values ofx

except if the ray is the y-axis (which would correspond to% =) ). Here % #0
and x # 0, and x = 0 is the endpoint of the ray.

This means that ¥ and x provide a coordinate system for R2, 0]\ If, where
If (Oleft faced) is the lift of thg-axis:1®

(x, %) [RZ,0]\ If " R2 (2.12)
We need to check that this is a smooth coordinate system. This means:

1. The function ¥, which is defined and smooth on [RZ,0] \ (If U ff),
extends smoothly to [R%,0] \ If.

2. The map (2.12) is a diffeomorphism.

Both statements refer to the differentiable structure on [R2, 0], which was
defined by writing [R%,0] = Ry x SL, where S1, is the quarter circle.

161t would be formally better to write ﬁiz and " ®x instead of g and x, but this quickly
becomes cumbersome. Note that " $x vanishes on If * | and "%y vanishes on ! * rf.
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™

If we use the angle coordinate ¢ € [0, 5] on Si4 then we need to check
that the map (r,¢) — (x, %) extends smoothly from 7 > 0, < § to
r > 0,90 < 5 and is a diffeomorphism Ry x [0, ) = R4 x Ry. This can
be seen from the explicit formulas © = rcosp, £ = tan¢, and for the

. 2
inverse map r = z41/1 + (%) , ¢ = arctan ¥,

By symmetry, we have another smooth coordinate system given by: and y
on the set [R?, 0]\ rf, where rf (Oright faceQ) is the lift of the-axis.

Note that in the coordinate system x, ¥ the boundary debning function of
the front face is x, and in the coordinate systemy, § itisy.

Projective coordinates can be used to check that a function is resolved under
a blow-up:

Lemma 2.17. A function f on RZ, is resolved by the blow up o if and only
if f is polyhomogeneous as a function og,y and as a function ofx, L.

This is clear since polyhomogeneity (or smoothness) of a function on a man-
ifold means polyhomogeneity (or smoothmess) in each coordinate system of an
atlas.

Example 2.18. We consider the functionf (x,y) = -*- on R? \ 0 again. We

X+y
saw in Example 2.3) that f is not polyhomogeneous af. However,

. . X X
in coordinates X = =, y: #% =
y X+1
. . 1
in coordinates x, Y = Yo u% =
X 1+Y

and both of these functions are smooth fotX,y) ! R2 resp. (x,Y) ! R2, the
respective ranges of these coordinates. S is resolved by#, and #%f is even
smooth on[R2, 0].

As another example, considerf>(x,y) = 7%+ - Here #%, = ><+1XW
and #%f, = ﬁ in the two coordinate systems, sd, is also resolved by#.

Note that these agree with#®*f aty = 0 and x = O respectively, which means
#%f, = #%f at the front face. This is clear a priori since xy vanishes to second
order at x = y =0.

Remark 2.19 (Relation of projective coordinates to scaled limit). Suppose

a function f on RZ, is resolved by# : [RZ2,0] * R?, and assume#%f is
even smooth. To emphasize the relation to the discussion of scales, we denote
coordinates byx, h and write f,,(x) = f (x, h).

1. The rescaled limit g(X) = lim n; ofn(hX) is simply the restriction of #3f
to the front face ! , when parametrizing! by the projective coordinateX .

To see this, note that in the projective coordinate systenX, h the map#
is given by#(X,h) = (hX,h) (this is the meaning of writing X = ), so
#%)(X,h) = f(hX,h), and h =0 is the front face.
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2. That f is resolved by# contains additional information beyond existence
of this scaled limit: information on derivatives as well as information on
the behavior ofg(X) as X ") . Note that X = ) corresponds to the
OlowerO corner ifiR2,0]. More precisely, g is smooth at) in the sense
that ) %"g(%) is smooth at) = 0. Here) is the coordinateg in the second
projective coordinate system.

For more general blow-ups it is useful to have:

Quick practical guide to finding projective coordinate sys-
tems:

Point blow-up of 0 in RX - R"" k: Near the (lift of the) x-axis projec-
tive coordinates arex and %, wherey; are the variables other than
X. These are coordinates except on the (lift of the) sef{x = 0}.
Similarly for any other axis.

Blow-up of coordinate subspacey ! RK - R"" X: Apply the previous
to variables x, y; vanishing onY . Other variables remain unchanged.

It may be useful to think of x as Odominant® variable on the coordinate patch:

for any compact subset of the patch there is a constanC so that |y;| ( Cx. So
Y is bounded there. Note:

dominant variable = boundary debning function of front face

For the examples in Figure 6(a),(c),(d) we get the projective coordinate
systems, see also Figure 8(c),(d) (where only one system is indicated):

(@) [R- R4,0]: near the interior of the front face: vy, §; in a neighborhood of
the lift of the x-axis: x, £.*7

(c) [R3,0]: outside the left boundary hypersurface:x, % %, outside the back

boundary hypersurface: vy, § 5; outside the bottom boundary hypersur-

S X Y
face:z,7, 5.

(d) [R3,R: -{ 0}]: outside the back boundary hypersurface:x, y, 5; outside
the bottom boundary hypersurface: x, z, £.

: : ) ——— :
Exercise 2.20. Show that the functionf (x,y) = = x2+ xy + y3 on R? is
resolved by the double blow-up in Figure 7, but not by the simple blow-up

1 2 18
0! RZ.

17The latter are really two coordinate patches, one for x + O (near right corner) and one
for x , O (near left corner). Near the left corner it is more customary to use  |x]|, % instead
so the dominant variable is positive. .

18Splution: In coordinates x, Y = % the function "ff = x 1+ Y + xY 3 is polyhomoge-
neous since it is smooth. In coordinates X = % y the function "ff = yVX2+ X +yis

polyhomogeneous outside X = y = 0, but not at this point.
Therefore we blow up X = y =0, which is the point Z in Figure 7. Let " = " ;- "45. In coor-
dinates X , # = % the function "$f = X 3/2# X +1I+ #is polyhomogeneous. In coordinates

$= % y the function " 3f = y3/2,/$2y + $+ 1 is polyhomogeneous. So f is resolved by " .
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2.3.6 Quasihomogeneous blow-up

In many problems scalings other thanx $ y appear, for examplex $ 2 y in the
function f (x,y) = ﬁ These can be understood either by multiple blow-ups,
as in Exercise 2.20, or by the use of quasihomogeneous blow-up.

This occurs, for example, in Section 6, and also for the heat kernel (wherg
is time), see e.g. [50], [15], [45].

For simplicity we,only consider the quasihomogeneous blow-up of 0 ifR? ,
with x scaling like ©y. We denote it by [R2,0];. This is sometimes called
parabolic blow-up. The idea is analogous to regular blow-up, except that the
rays in R? through O are replaced by OparabolasO, by which we mean the sets
{y = Cx?} including the casesC = 0, i.e. the x-axis, and C = ) , i.e. the
y-axis. Then the blown-up space is constructed by removing 0 and replacing it
by one separate endpoint for each parabola. These endpoints can be thought of
as forming a quarter circle again, so the blown-up space looks just like, and in
fact will be dileomorphic to, [ R2,0]. However, the blow-down map# will be
dilerent. )

Here is a local model realizing this idea: Letr(x,y) = =~ x2+ y and S& =
{(&))! RZ :r(&))=1}. Then we let [RZ,0]; = R+ - S; with blow-down
map

#(r, (&))) = (1&,1?)).

This is constructed so that# maps each half line{ (&,)) = const} to a parabola,
so that indeed endpoints of parabolas correspond to points of ! :={0} - S&.
Also, # maps ! ' [R?,0]; to 0! R2 and is a di'leomorphism between the
complements of these set$?

Projective coordinates are as shown in Figure 9. The coordinates neak
seem quite natural: x smoothly parametrizes the points on each paraboldy =
Cx?} (except C = ) ), and the parabolas are parametrized by the value of
C= Xy—z SO pairs (g—z,x) parametrize pairs (parabola, point on this parabola).
On the other hand, the coordinates nearB require explanation. One way to
understand them is to check in the model that these are indeed coordinates
(compare the explanation after (2.12); do it!). Without reference to the model
the exponents that occur can be understood from three principles:

(@) The coordinate Oalong the front face® should reRect the scaling 2 y.

(b) # should be smooth, so bothx and y must be expressible as monomials
in the coordinates?® near A and near B

(c) The smooth structure on [R?, 0], should be the minimal one satisfying (a)
and (b), i.e. the exponents should be maximal possible.

9Maybe you ask: why this model, not another one? In fact, the precise choice or r and S(}
are irrelevant B any choice of positive smooth function r which is 1-homogeneous when giving
x the weight 1 and y the weight 2, and any section transversal to all parabolas which stays
away from the origin will do, with the same dePnition of " . Choosing S} = r" (1) has the
nice feature that use of the letter r is consistent in that r(" (R, (%,#)) = R.

20This means that we require " to be a b-map, a condition stronger than smoothness, see
[51].
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Figure 9: Projective coordinate systems for quasihomogeneous blow-uf? , 0,

So for the system neatd, (b) implies that in the coordinate along ! the exponent
of y must be % for somem ! N, and then (c) implies m = 1. Hence the
coordinate must be % by (a). The exponent of x in the other coordinate must
be 1 by (b) and (c). Similarly, near B in the coordinate along ! we needx in
prst power bzy (b) and (c), and (a) gives % Then (b) and (c) leave no choice
but to have ~ ¥ as the other coordinate?!

Projective coordinates can be used as in Lemma 2.17 to check whether quasi-
homogeneous blow-up resolves a function.

For more details, including the question of coordinate invariance, see [9] and
[51]; see also [19]. A more general blow-up procedure is introduced in [36], see
also [32], [35]. This is closely related to blow-up in toric geometry, see [5].

2.4 Summary on blow-up and scales; further examples

We Prst summarize our discussion of the functiorf (x,h) = Z+: f is smooth
on R? \ 0 but has no continuous extension to 0. The behavior of near 0 can
be described by saying that the scaling limit limy, of (hX,h) = g(X) exists for
all X . This can be restated in terms of the blow-up of 0 inR? with blow-down
map # : [R2,0]" R? and front face ! = #  1(0): the function #*f , debned on
[R?,0]\ !, extends continuously to !, and g is the restriction of this extension
to ! when ! is parametrized by X. Here X = } is part of the projective
coordinate systemX, h.

In fact, we saw that the extension of #3f is not only continuous but even
smooth on [RZ,0]. That is, f is resolved by# in the sense of Debnition 2.13.

The fact that g is not constant leads to the discontinuity of f at 0.

The example suggests that the vague idea of scaling behavior is captured by
the notion of resolution, which is debned rigorously in Debnition 2.13. We note
a few details of this depbnition:

21A dilerent way to understand the coordinates l% %% along ! is to note that Jc% is a
dePning function of rf in its interior x> 0, and %% is a debning function of If in its interior
y> 0.

This reRects the fact that only the point0  ( Ri is alected by the blow-up, thatis, that " isa

dileomorphism between the complements of " " (0) and {0}. In particular, quasihomogeneous
blow-up is not the same as brst replacing the variable y by y and then doing a standard
blow-up.
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1. The resolved function #%f is required to be polyhomogeneous, which
means in particular:

¥ the asymptotics holds with all derivatives
¥ full asymptotics is required, not just leading order asymptotics

To include derivatives is natural since we want to deal with dilerential
equations. To require full asymptotics is then natural since for example
smoothness at a boundary point means having a full asymptotic series (the
Taylor series). Only the combination of both conditions yields a unibed
theory.??

2. On the other hand, requiring #*f to be smooth would be too restrictive
(compare Footnote 7). What really matters is the product structure near
corners as explained in Section 2.2.2.

3. Of course any function can be Oover-resolvedO, for example i§ smooth
on R? then we may still look at #%f which is still smooth. This would
correspond to Olooking at at scalex $ hG&?3

We give some more examples to illustrate these points.

Examples 2.21. In these examples we denote coordinates oR2 by x,h to
emphasize the relation to scaling# is always the blow-down map for the blow-
up of 0 in R?.

1. f (x,h) = x+his smooth onRR?2 . In scaled coordinatesf (hX,h) = h(X +1)
is the expansion of#®f at the front face.

2__
2. f(x,h) = x+ h is not polyhomogeneous oR? as can be seen from the

Taylor expansion ash " 0 for bxedx > O:
*

2 2 h#¢+’
X

XxX+h= x 1+

compare (2.5). However, note thatfy, = f (§h) converges uniformly tofg
on R, . But already f,, does not converge uniformly tof,. The same is
true for fo(x,h) = x2+ h2 even thoughf is smooth.

Both f and f, are resolved by blowing u® in R2.

These examples show that non-trivial scaling behavior may only be visible
in the derivatives.

220f course one could debne bnite order (in number of derivatives or number of asymptotic
terms) theories, and this may be useful for some problems. However, many problems do admit
inPnite order asymptotics B once the scales are correctly identiPed. Requiring less than the
best possible sometimes obfuscates the view towards the structure of a problem.

2330 really we should not say that a function Oexhibits the scale x & hO, since every function
does. More appropriate may be & requires scale x & hO, or OThe scalg & h is relevant for
f 0. In any case, f0is resolved by " O is a well-debned statement giving an upper bound on the
ObadnessO 6f

28



2
3. f(x,h) = x2+ xh + h3 is resolved by the double blow-up in Figure 7,
see Exercise 2.20. The two front faces correspond to the scalgst h and
x $ h?. Any problem involving f needs to take into account both of these
scales.

To end this section we consider an example in three dimensions where a set
is resolved by two blow-ups. This will be used in Section 7.

Consider the family of plane domains # ' R?, h > 0, shown in Figure
10: The 1- h rectangle [Q1) - (0, h) with a bxed triangle (e.g. a right-angled
isosceles triangle), scaled to have badg attached at one end. Again we want to
describe the behavior of #, ash " 0. As in the brst example, dilerent features
emerge at dilerent scales:

1. We can consideB :=lim p; o#pn. This is just an interval. 2* Many features
of #, are lost in the limit: the thickness h, the triangular shape at the
end.

2. More information is retained by noting that y scales likeh, hence consid-
ering
An = {(x,Y): (x,hY)! #4}, (2.13)
the domain obtained from stretching by the factor h"  in the y-direction.
Then A :=limy oAy is the square (Q1) - (0,1). This still forgets the
triangular shape at the end.

3. At the left end, both x and y scale likeh. So we consider
Shi={(X,Y): (hX,hY ) ! #p} = h" 1%, . (2.14)

Then S :=lim, oSy is a half inbnite strip of width one with a triangle
attached at the left end. This limit remembers the triangle, but not that
#1, has essentially length 1 in thex-direction.

For the asymptotic analysis of the eigenvalue problem on # in Section 7
it will be essential to understand A and S as parts of one bigger space, which
arises as resolution of the closure of # =  #,-{ h}' R3. This resolution

h> 0
is shown in Figure 16 and explained there. Note thatA and S are boundary
hypersurfaces. The limit interval B occurs as the base of a natural Pbration of
the faceA.

3 Generalities on quasimode constructions; the
main steps

In this section we give an outline of the main steps of the quasimode construc-
tions that will be carried out in the following sections.

24The precise meaning of the limit is irrelevant for this motivational discussion. You may
think of Hausdor! limits.
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B A S

Figure 10: A family of domains #, and three rescaled limits ash " 0

For eachh > 0 let #, be a bounded domain inR?, and let P, = &$ be
the Laplacian on #;,, acting on functions that vanish at the boundary " #,. We
assume that" #, is piecewise smootH>

A quasimode for the family (# 1)n> o is a family (! ,up)h> o Where! I R
and uy, is in the domain of Py, (in particular, u, =0 at "#}), so that

(Ph&!p)up = O(h*) ash" 0. (3.1)

Here O(h* ) means O(hN) for each N. We are ambitious in that we require
these estimates to hold uniformly, also for all derivatives with respect tox ! #4,
and with respect to h.

We reformulate this as follows: Consider thetotal space

#=  #n-{ h}' R2- R,.
h> 0

We assume that #, depends continuously onh in the sense that # is open. A
family of functions u, on #y corresponds to a single functioru on # debned by
u(x, h) = un(x). The operators P,, debne a single operatoP on # via

(Pu)(dh) = Pn(un).

The operator P dilerentiates only in the # ,, directions, not in h. Then a
quasimode is a pair of functions! : R.o " R, u : # " R satisfying the
boundary conditions and

(P&!)u=0O(h*) ash" 0.

25More generally one can consider families of compact manifolds with (or without) boundary
and dilerential operators on them which are elliptic and self-adjoint with respect to given
measures and for given boundary conditions. The methods are designed to work naturally in
this context. Non-smooth boundary may require extra work.
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How can we Pnd quasimodes? Since the only issue is the behaviorta 0,
one expects that bnding! and u reduces to solving PDE problems Odt = 00,
along with an iterative construction: Prst solve with O(h) as right hand side,
then improve the solution so the error isO(h?) etc.

This is straightforward in the case of a regular perturbation, i.e. if the family
(#n)n> 0 has a limit #¢ at h =0, and the resulting family is smooth for h # 0.
This essentially means that the closure# of the total space # is a manifold with
corners, see Section 4.1 for details. In particular, % is still a bounded domain
in R2. Then the problem at h = 0 is the model problem

(Po&!lo)v=g on#y, v=0at "#g

where Py = &$ on # . Solving the model problem is the only analytic input in
the quasimode construction. As we recall in Section 4 the iterative step reduces
to solving this equation, plus some very simple algebra.

However, our main focus will be onsingular perturbations, where a limit
# o exists but #p, does not depend smoothly orh at h = 0, so # has a singularity
at h = 0. For example, if # g is an interval or a curve, then this singularity looks
approximately like an edge, see Figures 12, 14 and 16. We will consider several
concrete such families. Their common feature is that this singularity can be
resolved by (possibly several) blow-ups, yielding a manifold with cornerd! and
a smooth map

#.M" H.
As explained in Section 2 this corresponds to a certain scaling behavior in the
family (# n)h-0 ash " 0. The boundary hypersurfaces ofM at h = 0, whose
union is
"oM = # Y# 0{h=0}),

will now take the role of #g, i.e. they will carry the model problems whose
solution is used for constructing quasimodes.

Since in the singular case several model problems are involved, the algebra
needed for the quasimode construction is more complicated than in the regu-
lar case. However, this can be streamlined, and unibed, by cleverly debning
function spacesE(M ) and R (M) which will contain putative quasimodes u and
remaindersf = (P & !)u, respectively, along with suitable notions ofleading
part (at h = 0). The leading parts will lie in spaces E("oM) and R("oM),
and are, essentially, functions on'oM . All model problems together debne the
model operator (P &!)o:E("oM) "R ("oM). Denoting for the moment by
LP the leading part map, the needed algebra will be summarized in d.eading
part and model operator lemma which states’®

26This is analogous to the algebra needed for the parametrix construction in the classical
pseudodilerential calculus, as explained in [14]: LP corresponds to the symbol map, the
model operator is the constant coe"cient operator obtained by freezing coe"cients at any
point. Invertibility of the model operator (which amounts to ellipticity) allows construction
of a parametrix, which is the analogue of the construction of a quasimode.
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a) the exactness of the sequences

0" hEM) " EM) & E ("oM) " 0

0" hRMM) " R (M) & R ("oM) " O; (3.2

The main points here are exactness aR(M) and at E(" oM ), explicitly:
fIR (M), LP(f)=0. f ! hR(M),
and any v ! E ("oM) is the leading part of someu ! E (M);

b) the commutativity of the diagram

E(M) —= 5 E("oM) (3.3)

JP” % J(P" %0

R(M) —=—R("oM)

That is, (P & ! )o encodes the leading behavior oP & ! at h=0.
Summarizing, the main steps of the quasimode constructions are:
1. Resolve the geometry, Pnd the relevant scales
2. Find the correct spaces for eigenfunctions and remainders

3. Find the correct Oleading part©O dePnition for eigenfunctions and remain-
ders. Identify model operators, prove Leading part and model operator
lemma.

4. Study model operators (solvability of homogeneous/non-homogeneous PDE
problems)

5. Carry out the construction: Initial step, inductive step

The examples are progressively more complex, so that some features will occur
only in later examples. Of course the process of bnding the correct spaces etc.
may be non-linear, as usual.

The OmeatO is in step 4. After this, step 5 is easy. Steps 1-3 are the conceptual
work needed to reduce the construction of quasimodes to the study of model
operators.

The results are formulated in Theorems 4.3, 5.4, 6.1, 7.6. They all have the
same structure: given data for! and u at h = 0 there is a unique quasimode
having this data. For ! the data is the brst or brst two asymptotic terms, for u
the data is the restriction to the boundary hypersurfaces ofM at h = 0. Both
cannot be freely chosen but correspond to a boundary eigenvalue problem.

There are many other types of singular perturbations which can be treated
by the same scheme. For example, ¢ could be a domain with a corner and
# be obtained from #, by rounding the corner at scaleh. Or #, could be
obtained from a domain #, by removing a disk of radiush.
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Remark 3.1 (Are the blow-ups needed?) Our constructions yield precise asymp-
totic information about u as a function of h,x,y. Dilerent boundary hypersur-
faces ofM at h = 0 correspond to dilerent asymptotic regimes in the family
#n. This is nice, but is it really needed if we are only interested in! , say?

The leading asymptotic term for! and u ash " 0 is often easier to come
by and does not usually require considering dilerent regimes. But in order to
obtain higher order terms of! , it is necessary to obtain this detailed information
about u along the way. As we will see, all regimes of the asymptotics of
will OinRuenceO the asymptotics bf often starting at dilerent orders of the
expansion. Another mechanism is that justifying a formal expansion up to a
certain order usually requires knowing the expansion to a higher order (as is
explained in [20], for example).

4 Regular perturbations

To set the stage we brst consider the case of a regular perturbation. Here basic
features of any quasimode construction are introduced: the reduction to an
initial and an inductive step, the identibcation of a model operator, and the use
of the solvability properties of the model operator for carrying out the initial
and inductive steps.

4.1 Setup

Let #y, h # 0 be a family of bounded domains inR? with smooth boundary.?’
We say that this family is a regular perturbation of # ( if one of the following
equivalent conditions is satisbed:

(A) There are dileomorphisms %, : #o " #n So that %, is smooth inx | #g
andh# 0, and % =Id .

(B) The closure of the total space

M=%#=  #,-{h}' R?- R,
h* 0
is a manifold with corners, with boundary hypersurfaces
X = #o, "pM = "Hp.

h* 0

See Figure 1122 Note that the two boundary hypersurfaces play dilerent roles:

2TEverything works just as well in  R™ or in a smooth Riemannian manifold. Also the
smoothness of the boundary can be relaxed, for example the # j, could be domains with
corners, then the requirement (B) below is that M be a d-submanifold of R $ R, as debned
before DePnition 2.14.

28To prove the equivalence of (A) and (B) note that  #0$ R is a manifold with corners and
that the $ , dePne a trivialization (dileomorphism) $: #0$ Ry ! #,(x,h) ) ($n(x),h),
and conversely a trivialization debPnes $ .

(B) could also be reformulated as: M is a p-submanifold of R2$ R
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Figure 11: The total spaceM for a regular perturbation

At "pM, the ODirichlet boundary®, we impose Dirichlet boundary conditions.
The quasimode construction proceeds aX = {h = 0}. To unify notation, we
denote the boundary of X by "pX.

In the geometric spirit of this article, and to prepare for later generalization,
we use condition (B). For explicit calculations the maps % in (A) are useful,
as we indicate in Subsection 4.3.

As explained in Section 3 the quasimode construction problem is to bPnd
and ! satisfying (P & ! )u = O(h* ), where u is required to satisfy Dirichlet
boundary conditions. HereP = &$ on each #y,.

4.2 Solution

The idea is this: Rather than solve P & ! )u = O(h* ) directly, we proceed
inductively with respect to the order of vanishing of the right hand side:

Initial step: Find l,u satisfying (P & !)u= O(h).
Inductive step: Given !,u satisfying (P & !)u= O(hk) wherek # 1,
bnd F; w satisfying (P & Mye = O(h**1).

Before carrying this out, we prepare the stage. We structure the exposition of
the details so that it parallels the later generalizations.

4.2.1 Function spaces, leading part and model operator

For a regular perturbation we expect! and u to be smooth up to h = 0.
Therefore we introduce the function spaces

CiM)={u! C*M): u=0at "pM}
Chl(X)={v! C*(X): v=0at "pX}

and

/
hkc* (M)= {hkf : f 1 C* (M)}, h* C* (M)= hkc#* (Mm).
k %N

Soh* C* (M) is the space of smooth functions orM vanishing to inbnite order
at the boundary h = 0. For simplicity we always consider real-valued functions.
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We seeku ! CZ (M) for which the remaindersf = (P &!)u lie in hXC* (M)
fork=1,2,3,.... Our bPnal goal is:
Find ! ! C* (Ry), u! C5 (M)sothat(P&!)u! h* C* (M).

The leading partof u! C% (M) and of f ! C* (M) is dePned to be the
restriction to h = 0:
Ux == Ux, fx :=f|x.
The following lemma is obvious. In (a) use TaylorOs theorem.
Leading part and model operator lemma (regular perturbation) .
a) If f 1 C* (M) then

f1 hC* (M) ifandonlyif fx =0.

b) For ! I C* (R:) we have
P&!:CiM)" C* (M)
and
[(P &")ulx =(Po&!o)ux
where Py = &$ is the Laplacian on#g and ! g = ! (0).
We call
Po&!o:Ch (X)" C* (X)

the model operator of P & !, since it models its action ath = 0. Thus, the
leading part of (P & !)u is obtained by applying the model operator to the
leading part of u.

Remark 4.1. In the uniform notation of Section 3, see (3.2), (3.3), we have
"oM = X andE(M) = C§ (M),E("oM) = C§ (X),R(M) = C* (M),R("oM) =
C* (X) and LP(u) = ux, LP(f) = fx, (P &!)o= Po&!o.

4.2.2 Analytic input for model operator

The core analytic input in the construction of quasimodes is the following fact
about Py.

Lemma4.2. Let!o! Randg! C* (X). Thenthereis a unique( ! Ker(Py & ! o)
so that the equation
(Po&!o)v= g+ ( (4.1)
has a solutionv ! C§ (X). Also, ( =0 if and only if g3 Ker(Po & ! o).
The solution v is unique up to adding an element oKer(Pgy & ! o).

Note that the lemma is true for any elliptic, self-adjoint elliptic operator on
a compact manifold with boundary.

Proof. By standard elliptic theory, self-adjointness of Py in L2(X) and ellip-
tic regularity imply the orthogonal decomposition C* (X) = Ran(Py & ! o) 4
Ker(Pg & ! ). This implies the lemma. O
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4.2.3 Inductive construction of quasimodes
Initial step We want to solve
(P &!)u! hC* (M). (4.2)

By the leading part and model operator lemma this is equivalentto [P & ! Ju]x =0
and then to
(Po& ! o)Ux =0.

Therefore we choose

I o = an eigenvalue of Py
Up = a corresponding eigenfunction

then any u having ux = ug will solve (4.2). For simplicity we make the®®

Assumption: the eigenspace KerPy & ! o) is one-dimensional. (4.3)

Inductive step

Inductive step lemma (regular perturbation) . Let !, up be chosen as
in the initial step, and let k # 1. Suppose! ! C* (R.), u! Ci (M)
satisfy

(P&!)u! hkC* (M)

and! (0) = !, Ux = Ug. Then there arep! R, v! C¥ (M) so that

(P &F)a! hk*1c# (M)
for F =1 + h¥y, &= u+ hXv. The numberp is unique, andvy is unique
up to adding constant multiples ofug.

More precisely, g and vy (modulo Rug) are uniquely determined by ! g,
ug and the leading part of h" K(P & ! )u.

Proof. Writing (P & !)u= h*f andF =1 + h*y, &= u+ h*v we have
(P&F)e=h*[f & pu+ (P & ! )v & h¥pv]

This is in h**1 C* (M) if and only if the term in brackets is in hC* (M),
which by the leading part and model operator lemma (and byk # 1) is
equivalent to fx & pux +(Po & ! g)vx =0, i.e. (using ux = ug) to

(Po &! o)Vx = &fyx + Huog . (44)

This equation can be solved foiu, vx by applying Lemma 4.2tog= &fyx,
since Ker(Pg & ! o) = {Hup : 1! R} by (4.3). Having vx we extend it to
a smooth functionv on M. Lemma 4.2 also gives the uniqueness ¢f and
the uniqueness ofvxy modulo multiples of ug. O
29The method can be adjusted to the case dimKer( Po % &) > 1. The main dilerence is

that generically, not every eigenfunction ug of Po will arise as a limit of quasimodes uj with
h> 0.
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The initial and inductive steps give eigenvalues and quasimodes to any order
hN', and this is good enough for all purposes. It is still nice to go to the limit
and also consider unigueness. We get the bnal result:

Theorem 4.3 (quasimodes for regular perturbation). Assume the setup of a
regular perturbation as described in Section 4.1. Given a simple eigenvalug
and associated eigenfunctionug of Pg, there are! | C* (R.), u! C§ (M)
satisfying

(P&!")u! h* Cc* (M)

and
!(0):!0, Ux = Up.

Furthermore, ! and u are unique in Taylor series ath = 0, up to replacing u
by a(h)u wherea is smooth anda(0) = 1.

Clearly, u cannot be unique beyond what is stated.

Proof. Let ug, ! () be as obtained in the initial step (if k = 0) or the inductive
step (if k # 1), respectively. Then Uk+1) = Uy T O(hk), ! (k+1) = ! k)t O(hk)
for all k by construction, so by asymptotic summation (Borel Lemma, cf. Lemma
2.10) we obtain!,u as desired.

To prove uniqueness, we show inductively that for!,! " and u,u’ having
the same leading terms, the assumptionsR & ! )u! hkC* (M), (P & ! )u' !
hkC* (M) imply that ! & !" = O(h¥) and u & ay(h)u' ! h*Cf (M) for a

smooth function a, ax)(0) = 1.

For k = 1 there is nothing to prove. Suppose the claim is true fork, and
let (P& !)u! h*1c# (M), (P &!)u ! h**1C* (M). By the inductive
hypothesis, we have! &!" = O(h¥) and u & ay)(h)u' ! h*C% (M). Since the
leading terms ofh" ¥(P & ! )u and h" X(P & ! )u" both vanish, the uniqueness
statement in the inductive step lemma implies that ! & ! = O(h**') and
u&ag (hyu &chkug ! h¥*1 Ck (M) for somec! R. Then a1y (h) = ag (h)+
ch* satisPesu & ag.qy (h)u' ! h**1CZ (M). Now dePnea from the ay, by
asymptotic summation.

O

4.3 Explicit formulas

The proof of Theorem 4.3 is constructive: it gives a method for bndingi(x, h)
and ! (h) to any order in h, under the assumption that the model problem
(4.1) can be solved. We present two standard alternative ways of doing the
calculation.

We use the maps % : X " #n, see (A) in Section 4.1, whereX = #,. In
fact, only the restriction of %y, to "p X is needed, as will be clear from the brst
method presented below.
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4.3.1 Boundary perturbation

We will compute 0 where the dot denotes the brst derivative inh at h =
0. This is the brst order perturbation term since ! (h) = ! (0) + hU+ O(h?).
Dilerentiating the equation ( P & ! )u! h2C*# (M) in h at h = 0 we obtain

(18 Bug + (Py & ! o)li=0 . (4.5)

In our casePl = 0. The boundary condition is u(x,h) =0 for all x! "p#, and
all h, sou(%,(y),h) =0 for y! "pX. Dilerentiating in h yields the boundary
condition for u:

Vug+0=0 on"pX

where V ug is the derivative of ug in the direction of the vector beld V =
("h%n)h=0 - Now take the L2(X) s~calar product of (4.5) with ug. We write
the second summand using GreenOs formula as

0

aPO &! o)lljl, Ugb= (&"nUﬂéUo + U é."nUO) dS + &iil (Po &! Q)Uo6
&p X

where ", denotes the outward normal derivative. Using Ugig,x = 0, (Po &
' 9)ug = 0 we obtain
0
= 1

o= 7U072 o x V Uy é"nl.lods
D

where7uq7 is the L2(X )-norm of ug. Commonly one chooses fsothatV = a",
for a function a on "pX. This means that the boundary is perturbed in the
vertical direction at velocjty a. For L2-normalized ug this yields HadamardOs
formula (see [23)U = & eoX a("nup)?dS. Higher order terms are computed
in a similar way.

Note that we did not need to solve the model problem. Its solution is only
needed to computeu(or higher derivatives of! and u.

4.3.2 Taylor series ansatz

Here is a dilerent method where in a brst step all operators are transferred
to the h-independent spaceX . Using the maps % : X " #p, pull back the
operator Py to X:

P, = %3Py, .

Now P,, is a smooth family of elliptic operators onX, so we can write
P,$ Po+ hPy+ ...
Here Py is the Laplacian on X since % is the identity. We also make the ansatz

uS ug+hur+..., I'$log+hl+ ...
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where allu; ! CZ (X), multiply out the left side of
(Po+ hP; + 444 &y & h! 1 & ...)(Uo+ hu, + )$ 0,

order by powers ofh and equate each coe"cient to zero. Theh® term gives the
initial equation
(Po &! o)Uo =0 (46)

and the h¥ term, k # 1, gives the recursive set of equations

(Po &! O)Uk = &.(Pl &! 1)Uk" 1 &ééé&Pk &! k)UO

4.7
= &fx + ! kug 4.7)

wherefy is determined by ug,...,ux» 1 and!g,...,! - 1. This is the decompo-
sition of Lemma 4.2 forg = f, so it can be solved for! , ug.

We can solve (4.7) explicitly as follows: Taking the scalar product with ug
and using 5(Pg & ! g)uk, ugb= Sk, (Pg & ! o)ug6= 0 we get

5 K, Ugb
| = , 4.8
T (4.8)
for example
| _ SPilg, U6 _ HP1&!1)us + Paup, Uob
1 Y Tuo 72

Here uy, u, etc. are computed as
U = (Po & o) M(&Fk + ! Uo)

where (Po&! )" ! is a generalized inverse oPy& ! o, i.e. a left inverse dePned on
Ran(Po&! o). The choice (4.8) of!  guarantees that&fyi+! yuo ! Ran(Po&! o).

Remark 4.4. This method seems simpler and more elective than the one pre-
sented in Section 4.2. However, in the context of singular perturbations, where
several model problems occur, it will pay o! to have a geometric view and not
to have to write down asymptotic expansions.

The relation between these two methods becomes clearer if we formulate the
present one in terms of the operatorP’ on the space# = X - R, . The product
structure of # allows us to extend functions onX to functions on # in a
canonical way (namely, constant inh). This yields the explicit formulas. In
comparison, for # there is no such canonical extension.

4.4 Generalizations

Theorem 4.3 generalizes to any smooth family of uniformly elliptic operators
P with elliptic boundary conditions on a compact manifold with boundary,
supposingPy is self-adjoint. Note that Py, for h > 0 need not be self-adjoint. If
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P, has complex coe"cients thenu and ! will be complex valued, and if all Py,
are self-adjoint then! can be chosen real-valued.

The method in Subsection 4.3.2 can be formulated abstractly for any family
of operatorsP,, on a Hilbert space which has a regular Taylor expansion irh as
h" 0. Using contour integration one may bnd the asymptotics of eigenfunctions
and eigenvalues, not just quasimodes, directly and show that they vary smoothly
in the parameter h under the simplicity assumption (4.3). See [34].

5 Adiabatic limit with constant fibre eigenvalue

The adiabatic limit ° is a basic type of singular perturbation which will be part
of all settings considered later. Its simplest instance is the Laplacian on the
family of domains

#nh=(0,1)- (0,h)" R2. (5.1)
Since the domain of the variabley is (0, h) it is natural to use the variable
Y = L1 (0,1) instead. Then

$= "i+i=h g+ L (5.2)

Although it is not strictly needed for understanding the calculations below,
we explain how this is related to blow-up, in order to prepare for later general-
izations: The closure of the total space # = . ,#n-{ h}' R?- R, hasa
singularity (an edge) at h = 0.3! This singularity can be resolved by blowing
up the x-axisL = {y = h=0}in R?- R,. If #:[R?- R,,L]" R?- R, is
the blow-down map then the lift

M = #%%

is contained in the domain of the projective coordinates systenx,Y = % h,
compare Figure 8(d). In these coordinates the seM is given by x ! [0,1], Y !
[0,1,h! R, . See Figure 12. Note that the operators $ turn into the Osingular®
family of operators (5.2) on M.

This example, and the generalization needed in Section 6, motivates consid-
ering the following setting. See Section 5.4 for more examples where this setup
occurs.

5.1 Setup

SupposeB, F are compact manifolds, possibly with boundary. For the purpose
of this article you may simply take B, F to be closed intervals (but see Subsec-
tion 5.5 for a generalization needed later). We consider a family of dilerential

30The word adiabatic originally refers to physical systems that change slowly. In their
guantum mechanical description structures similar to the ones described here occur, where  x
corresponds to time and h" ! to the time scale of unit changes of the system. This motivated
the use of the word adiabatic limit in global analysis in this context.

31 The precise meaning of this is that # is not a d-submanifold of R2? $ Ry, as debned
before Debnition 2.14. This is what distinguishes it from a regular perturbation. Note that
# happens to be a submanifold with corners of R3, but this is irrelevant here.
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yk

#n #

Figure 12: Domain #y, total space # and resolution M of # for adiabatic
limit. Compare Figure 8(d). On the right only the part of the blown-up space
[RZ - R, ,{y = h = 0}] where the OtopO projective coordinatésY = L are
debned is shown. Dotted lines are bbres of the natural bbration of the front
face A.

operators depending onh > 0
P(h)$ h" 2P + Po+ hPy + ... (5.3)
onA =B - F. We assume
Pr is a self-adjoint elliptic operator on F (5.4

where boundary conditions are imposed iff has boundary3? For example, if
F = [0, 1] then we could takeP¢r = &"Z with Dirichlet boundary conditions.
Po,P1,... are dilerential operators on A. A condition on Py will be imposed
below, see equations (5.11), (5.12).

One should think of A as the union of the bPbres (preimages of points) of the
projecton* :A=B- F" B,ie. A= {x}- F, see also Remark 5.6 below.

X %B

We call F the Pbre andB the base. The analysis below generalizes to the case
of bPbre bundlesA " B, see Section 5.5. The letterA is used for Oadiabatic
limitO.

We will denote coordinates onB by x and on F by Y. This may seem
strange but serves to unify notation over the whole article, since this notation
is natural in the following sections.

5.2 What to expect: the product case
To get an idea what happens, we consider the case of a product operator, i.e.
P(h)= h" 2Pg + Pg

where Pg, Pr are second order elliptic operators orB and F, self-adjoint with
given boundary conditions. An example is (5.1), (5.2) whereB = F =[0, 1] and

32Formally it would be more correct to write [d . Pr instead of P in (5.3), but here and
in the sequel we will use the simplibed notation.
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Pg = &"2, P = &"2. More generally,Pg, Pe could be the Laplacians on com-
pact Riemannian manifolds B,9s), (F,gr). Then P would be the Laplacian
on A with respect to the metric h?ge 4 gs in which the lengths in F -direction
are scaled down by the factorh.

By separation of variables P (h) has the eigenvalued y; = h" 2l gy + ! g,
where ! g, !, are the eigenvalues ofPr, Pg respectively, with eigenfunc-
tions33 +, 8 , .

Although we have solved the problem, we now rederive the result using
formal expansions, in order to distill from it essential features that will appear
in the general case. We make the ansatz

u=up+hug+ ..., =h"21.,+ ...
and plug in
(h" 2P + Pg &h" 21 ,&h" 11w 1 &1 g&...)(Up+ huy + huy+...)=0. (5.5)

The h" 2 term gives
(PF &' 2)U0 =0 (56)

so !+, must be an eigenvalue ofPr. Suppose it is simple and let, be a
normalized eigenfunction. It follows that

Uo(x, Y) = +(x), (Y)

for some yet unknown function +. How can we Pnd+? The h" ! term gives
(P & '+ 2)u; = !+jug. Taking the scalar product with ug and using self-
adjointness of P we get! . ; =0. The h° term then gives

(PF &' 2)U2 = &(PB &! o)Uo.
By Lemma 4.2, applied to P for bxedx ! B, this has a solutionu, if and only
if
(Pg & !'9)ug(x,§ 3, in L?(F) for eachx ! B. (5.7)
Now the left side is [(Pg & ! 0)+(X)], , SO we get
(PB &!o)+=00n B.

Thus, ! ¢ is an eigenvalue ofPg with eigenfunction +. This solves the problem
since+ 8 , is clearly an eigenfunction ofP (h) with eigenvalue h" 2!+ , + 1 4.
From these considerations, we see basic features of the adiabatic problem:

¥ .5 is an eigenvalue of the Pbre operatoPr .
¥ |4 is an eigenvalue of the base operatoPg .

¥ The leading term of the eigenfunction, ug, is the tensor product of the
eigenfunctions on Pbre and base. It is determined from the two OlevelsO,
h" 2 and h° of (5.5).

33Forfunctions ' :B! Rand( :F! Rwewrte'. ( :B$SF! R, (x,Y)) "(X)((Y).
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For a general operator (5.3) we cannot separate variables sinde, (and the
higher P;) may involve Y -derivatives (or Y -dependent coe"cients). However,
the OadiabaticO structure d?(h) still allows separation of variables to leading
order: The h" ? term of (5.5) still yields up = +8 , and the h" ! term yields
.1 =0. The h® term now yields condition (5.7) with Pg replaced byPg. This
shows that + must be an eigenfunction of the operator

U %"(& , Po)(U8 ,)

where & = 5u,, & is the L?(F) scalar product with , . This motivates the
debnition of the horizontal operator Pg below.

5.3 Solution

The solution of the formal expansion equation (5.5) is complicated by the fact
that a single u; is only determined using severalh®. It is desirable to avoid
this, in order to easily progress to more complex problems afterwards. Thus,
we need a procedure where consideration of a bxdtf gives full information on
the corresponding next term in the u expansion.

This can be achieved by redebning the function space containing the remain-
dersf = (P & !)u in the iteration, as well as their notion of leading part.

As before, we consider a family ¢y, )n+ ¢ of functions onB - F as one function
on the total space

M=B- F- R,

and consider a dilerential operator P acting on functions on M and having an
expansion as in (5.3). Let
A=B-F-{0}

be the boundary ath =0 of M.

5.3.1 A priori step: Fixing a vertical mode. The horizontal operator.
A priori we bx
I« , = a simple eigenvalue ofPg

5.8
, =an L?(F)-normalized corresponding eigenfunction 8

We will seek (quasi-)eigenvalues oP of the form h™ 2!. , + C*# (R.).
Everyf | C* (F) may be decomposed into @ component and a component
perpendicular to, :

f=H, 6, +f", f*3F, (5.9)

where5, 6: is the L2(F) scalar product. The same formula debnes a Pbrewise
decomposition off in C* (A) or in hKC* (M), k ! Z. The coe'"cient of ,
debnes projections

&:C* (A)" C* (B)

f %",
&: hkC* (M)" hkC* (B - R.) 5. &
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By self-adjointness of Pg
&, (PF&!-5)=0 (5.10)

on the domain of P . Motivated by the consideration at the end of the previous
section we debne theéhorizontal operator3*

g :Ch(B)" C*(B), U%"&Py(U8 ). (5.11)
We can now formulate the assumption onPy:
Pg is a self-adjoint elliptic dilerential operator on B (5.12)

where self-adjointness is with respect to some bxed density oB and given
boundary conditions. This notation is consistent with the use of Pg in the
product case.

5.3.2 Function spaces, leading part and model operator

We will seek quasimodesi in the solution space Cf (M), the space of smooth
functions on M satisfying the boundary conditions. The leading part of u !
CE (M) is dePned to be

Ua == Up=o ! CH (A).

The following debnition captures the essential properties of the remainders
f = (P & !)u arising in the iteration.

Definition 5.1. The remainder space for the adiabatic limit is
R(M):= {f ! h"2C* (M): &f is smooth ath = 0}
={f=h2,+h ..+ 444 & ,=&f. 1 =0}.

The leading part of f 'R (M), f = h"?f.,+ h" .+ ... is%

+
_ fus
fag = &fo

)

I C* (A)s. 4 C* (B)

where
C* (A)yr :={v! C* (A): &v=0}.
For functions in the solution space we clearly have:

Letu! C5(M). Thenu! hCi (M) 9 uap=0.

The depnition of the leading part off ! R (M) is designed to make the corre-
sponding fact forf true:

34p g is also called the elective Hamiltonian , e.g. in [56].
35The notation f 4p is meant to indicate that the leading part has components which are
functions on A and on B.
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Leading part and model operator lemma (adiabatic limit) .
a) If f IR (M) then
f 1 hR(M) ifandonly if fag =0.

b) For ! I h"?1.,+ C* (R,) we have

P&!:CH(M)"R (M) (5.13)
and +( &1 )’
Pe 1w o)ua
| =
[(P & !)u]as &(Po & ! o)Un (5.14)
where! ; is the constant term of! .
+ 1
.
The operator (P & ! )a = Pr &2 is called the model operator for
&(Po & ! )
P&! at A.
Proof.

a) Letf = h"2fu,+ h" fu i+ fo+ ... with &f., = &f.; = 0. Suppose
fag =0,s0f->=0and &fg=0. Then f = h" 1f. 1+ fo+ O(h) with
&f.1=&fy=0,s0f ! hR(M). The converse is obvious.

b) If u! Ci (M)then (P&!)u=h"2(Pe &!+)u+(Po&!o)u+ O(h)is
in R(M) by (5.10), and then the debnition of leading part implies (5.14).

O

Remark 5.2. In the uniform notation of Section 3, see (3.2), (3.3), we have
"oM = A and E(M) = C% (M), E("oM) = C& (A), R(M) is debned in Def-
inition 5.1, R("oM) = C# (A),. 4 C* (B), and LP(u) = ua, LP(f) = fag,
P&!")Y=(P &!)a.

5.3.3 Analytic input for model operator

For the iterative construction of quasimodes we need the solution properties of
the model operator, analogous to Lemma 4.2. The main additional input is the
triangular structure of the model operator, equation (5.16) below.

By debpnition

(P&!)a:Ch(A)" C* (A),.4 C* (B)

In the proof below it will be important to decompose functionsv ! CZ (A) into
their Pbrewise & and & components. More precisely, the decompaosition (5.9)
debPnes an isomorphism

Ct (A)2 CE (A)s.4 CE(B), V%'(V',&V) (5.15)

sothatv=v* +(&Vv)8 , .
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Lemma 5.3. Let P be an operator onM having an expansion as in(5.3), (5.4),
and assumeP and!-,! R,, ! C§ (F) satisfy (5.8), (5.12).
Then for eachg! C# (A),. 4 C* (B) and!( ! R there is a unique( !
Ker(Pg & ! o) ' Cp (B) so that the equation
+

(P&!1)av=g+

O!

(

has a solutionv ! Cf (A). This solution is unique up to addingw 8 , where
w! Ker(Pg &!p).

Proof. Decomposev! C# (M) asin (5.15). Then (Pr & !~ )v = (Pg &! p)v*
and &(Pg & ! g)v = & Pov™ +(Pg & ! g)&V since &* = 0 and by debnition of
Pg . Therefore, we may write (P & ! )a as a 2- 2 matrix:

% '

Pr&! 0 CE (A)y C* (A)y
(P&!)a=¢& (: 4 4 (5.16)
&Py Pe &!o Ct (B) c* (B)
+ ., + +
In order to solve (P & ! )av= g+ ? we write v = ‘\; and g = g# and
#

get the system

(PF &' 2)V+ g+
&POV++(PB&!0)V# g#+(

The brst equation has a unique solutiorv* by Lemma 4.2 applied toPg . Then
by Lemma 4.2 applied to Pg, there is a unique( ! Ker(Pg & ! ) so that the
second equation has a solutiorvy , and vy is uniqgue modulo Ker(Pg & !g). O
5.3.4 Inductive construction of quasimodes

We now set up the iteration.

Initial step: We want to solve
(P&!)u! hR(M). (5.17)

By the leading part and model operator lemma this is equivalentto [P & ! Ju]az =0
and then to
(PF&!"z)UA:O, &(Po&!o)UAZO.

By (5.8) the brst equation impliesus = +8 , for some function+ on B,
and then the second equation is equivalent to g & ! o)+ = 0 by (5.11),
so if we choose

I o = an eigenvalue of Pg
+ = a corresponding eigenfunction ofPg
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then any u having ua = +8 , satisbes (5.17). Again, we make the
Assumption: the eigenvalue! ¢ of Pg is simple (5.18)
From now on, we bx the following data:

leog, 1o! R, up:=+8, ! C&(A).

Inductive step:

Inductive step lemma (adiabatic limit) . Let!- ,, ! g and ug be as above,
and letk # 1. Suppose! ! h" 2C* (R,), u! C§ (M) satisfy

(P&!)u! hkR(M)

and! = h"21. 5+ 14+ 0(h), us = Up. Then there arep! R,v! CE (M)
so that

(P &F)a! h**R(M)
for ¥ =1 + hy, &= u+ h*v. The number u is unique, andv, is unique
up to adding constant multiples ofug.

Proof. Writing (P & !)u= h*f andF =1 + h*y, &= u+ h*v we have
(P&F)a=h*[f & pu+ (P & !)v& h¥pv]

This is in h**1R(M) if and only if the term in brackets is in hR(M),
which by the initial step and model operator lemma is equivalent to f &
pu + (P & !')v]l]ag =0 and then to

+ 1

0

(P&!)ava = &fpp + "

where we used (i°u)h=o =0 and &ua = & Up = +. Now Lemma 5.3 gives
the result. O
We obtain the following theorem.

Theorem 5.4 (quasimodes for adiabatic limit). Suppose the operatorP in
(5.3) satisbes(5.4) and (5.12), where Pg is debned in (5.11). Given simple
eigenvalues! - 5, ! o of P, Pg with eigenfunctions, , + respectively, there are
L'l h"2C* (R.), u! C& (M) satisfying

(P&!u! h* Cc* (M)

and
l=h2l.,+19+0(h), ua=+8,.

Furthermore, ! and u are unique in Taylor series ath = 0, up to replacing u
by a(h)u wherea is smooth anda(0) = 1.
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Proof. This follows from the initial and inductive step as in the proof of Theorem
4.3. O

Remark 5.5 (Quasimodes vs. modes) This construction works for any simple
eigenvalues! - ,,! o of Pg,Pg respectively. However, when we ask whether a
quasimode(!,u) is close (for small h) to an actual eigenvalue/eigenfunction
pair we need to be careful: whilé will still be close to a true eigenvaluey may
not be close to an eigenfunction unless- , is the smallest eigenvalue ofPg
(Obrst vertical modeO). This is in contrast to the case of a regular perturbation
where this problem does not arise.

The reason is that closeness ofi to an eigenfunction can only be proved
(and in general is only true) if we have some a priori knowledge of a spectral
gap, i.e. separation of eigenvalues. Such a separation is guaranteed for small
only for the smallest! - ,. For example, in the case of intervalsB = F =[0,*]
we have eigenvalue$;, = h" 212+ m?, k,I ! N. Then for each m there are
hi" Oandm; ! Nsothat!,n, = Pim: for eachi. Then besidesu,, also
au;m + buims, a,b! R are eigenfunctions for these eigenvalues, and in fact
under small perturbations (i.e. if P, = 0) only the latter type may OsurviveO.

If one bxesk and considers thekth eigenvalue! ¢ (h) of #, then, for su"-
ciently small h, it will automatically correspond to the brst vertical mode. This
is clear for the rectangle but follows in general from the arguments that show
that such a quasimode is close to an eigenfunction.

Remark 5.6 (Why bbres?). Why is it natural to think of the subsetsFy :=
{x}- F of A= B- F as ObbresO (and not the sBts{ Y}, for example)? The
reason is that these sets are inherently distinguished by the operatét: if u is
a smooth function onM = A - R, then Pu is generally of orderh” 2. But it
is bounded ash " 0 if and only if u and ",u are constant on each sef,. Put
invariantly, P determines the Pbred, to second order at the boundaryh = 0.

In the geometric setup of the problem, which is sketched in Figure 12, the
Pbres arise naturally as bPbres (i.e. preimages of points) of the blow-down map
# restricted to the front face.

Exercise 5.7. Find a formula for the brst non-trivial perturbation term ! ;.

5.4 Examples

We already looked at the trivial example of a rectangle. A non-trivial example
will be given in Section 6. Tubes around curves provide another interesting

example: Let( : 1 " R? be a smooth simple curve in the plane parametrized
by arc length, wherel ' R is a compact interval. The tube of width h > 0
around ( is

Th = {(()+ hYn(x) : x! 1Y ! [&3, 1]}

where n(x) is a unit normal at ( (x). For h small the given parametrization is a
dileomorphism, and in coordinates x, Y the euclidean metric onT, is a?dx? +
h2dY?2 wherea(x, Y) = 1 &hY - (x) with - the curvature of (, so the Laplacian is
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$=a l"ya ", +h" 2a ™"ya"y, which is selfadjoint for the measureadxdy .
This does not have the desired form. However, the operatoP = &aY?$a” /2
is unitarily equivalent to &$ and self-adjointin L?(I - [&%, %], dxdY), and short
calculation gives

P=&h ?"2&"2& %-2 + O(h).

Theorem 5.4 now yields quasimodes wheré- , = *2k? and ! is a Dirichlet
eigenvalue of the operator&"? & %-2 on | . See [17] and [11] for details.

In all previous examples (and also in the example of Section 6) the operators
P and Po commute. Here is a simple example where this is not the case.
Take B = F =[0,1], P = &"2 and Py = &"2 + b(x,Y) for some smooth
fuTction b. Then Pg = &"2 + ¢(x) where ¢(x) = 5(x,Y), (Y),, (Y)& =
% 01 b(x,Y)sin2 *Y dY if I+, = *2 js the lowest eigenvalue ofPr. Here Py
commutes with Pg i! b= h(x), and then c= b.

5.5 Generalizations
Fibre bundles

The product B - F can be replaced by a bbre bundl& : A" B with baseB and
PbresF, = *" 1(x). We assumeP is given as in (5.3), whereP dilerentiates
only in the Pbre directions. That is, for eachx ! B there is an operator Pg,
on the Pbre Fy. We assume that Pg, has the sameeigenvalue! - , for each
x ! B, with one-dimensional eigenspac& x. Under this assumption there are
no essential changes, mostly notational ones:

The K form a line bundle K over B. Sections ofK " B may be identibed
with functions on A which restricted to Fy are in K, for eachx, so

c* (B,K)"' C* (A).

The line bundle K " B may not have a global non-vanishing section (replacing
, ). We deal with this by replacing functions on B by sections ofK " B. The
projections C* (Fyx) " K, bt together to a map

&:C* (M)" C* (B- R:,K)
and then
Ps =& Ppi : C5 (B,K)" C* (B,K)

wherei : C5 (B,K) " C% (A)isthe inclusion. We replaceC* (B) by C* (B,K)
and+8, byug! C& (B,K)' Cj (A), an eigensection ofPg, everywhere.
Then the construction of formal eigenvalues and eigenfunctions works as before.

The adiabatic limit for bbre bundles has been considered frequently in the
global analysis literature, see for example [43], [6].
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Figure 13: Thin domain #, of variable thickness

Multiplicities

The construction can be generalized to the case where , and ! ; are multiple
eigenvalues. In the case of bbre bundles it is important that the multiplicity of
I+ 5 is independent of the base point, otherwise new analytic phenomena arise.

Noncompact base

The base (or Pbre) need not be compact as long & (resp. Pr) has compact
resolvent (hence discrete spectrum) and the higher order (irh) terms of P
behave well at inPnity.

For example, the caseB = R with Pg = &"2+ V(x) where V(x) ") as
[X|") arises in Section 6.

6 Adiabatic limit with variable fibre eigenvalue

In this section we consider thin domains of variable thickness, see Figure 13.
We will see that the nonconstancy of the thickness makes a big dilerence to
the behavior of eigenfunctions and hence to the construction of quasimodes.
However, using a suitable rescaling, reRected in the second blow-up in Figure
14, we can reduce the problem to the case considered in the previous section.
We consider a family of domains # ' R? debned as follows. Let ' R be

a bounded open interval anda- ,a, : | " R be functions satisfyinga- (x) <
a, (x) forall x! I. Let
#n={(x,y)! R?®: ha (x)<y<ha,(x), x! I} (6.1)

for h > 0. We assume that the height functiona := a, & a- has a unique,
non-degenerate maximum, which we may assume to be at!0 1. More precisely

for each$ > O thereisa.> Osothat|x|>$. a(x)<a(0)&.,and
a is smooth near 0 anda’ (0) < 0
(6.2)

The conditions in the second line sharpen the brst condition near 0. See Section
6.3 for generalizations.

As before, we want to construct quasimodes!(y, uy) for the Laplacian on
#n with Dirichlet boundary conditions, as h " 0. Our construction will apply
to OlowO eigenvalues, see Remark 6.2 below.
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As in the previous section we rescale thg-variable to lie in a bxed interval,
independent ofx: Let
- y&ha (x)
~ ha(x)

The change of variables %, y) " (x,Y) transforms the vector belds", "y to3®

1 (0,1). (6.3)

"y a. a
kb Tk BGY) Ty, b o= & &Y
nY . .
ny! . "Y - h la luY
y

Therefore
$= h"%a "% +("+ b'y)?

This is reminiscent of the adiabatic limit considered in Section 5, but the bbre
operator @' 2"Z has brst eigenvaluer 2a(x)" 2 depending onx, so the analysis
developed there is not directly applicable.

We deal with this by expanding around x = 0 and rescaling the x-variable.

6.1 Heuristics: Finding the relevant scale
The assumptiona’ (0) < 0 implies that the Taylor series ofa’ 2 around 0 is
a?(x)$ctox?+..., ©>06>0 (6.4)
so
$= Coh" 22 + Goh" 2x2"2 + 444 (" + b'y)? (6.5)

near x = 0.
Which behavior do we expect for the eigenfunctions with small eigenvalues,
say the brst? Such an eigenfunctionu will minimize the Rayleigh-quotient

5&$ u, u6

R = — 7

among functions satisfying Dirichlet boundary conditions. Let us see how the
dilerent terms in (6.5) contribute to R(u):

¥ The h"2"Z term contributes at least co*?h" 2, since 5&"'2,,, 6o #
*27, 744 forany , :[0,1]" R having boundary values zero®

36This is common but terrible notation. For calculational purposes it helps to write ( xY)

for the new coordinates, related to ( x,y) via x' = x and (6.3). Then 2 = % 2+ 2 2 =
9

57 b(x!,Y)% and similarly for 0% In the end replace x' by x to simplify notation.
Put dilerently, ! means push-forward under the map F(x,y)=(XxY (x,¥)).
37This is just the fact that the smallest eigenvalue of the Dirichlet Laplacian on [0 ,1]is) 2.
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¥ The h" 2x2"2 term contributes a positive summand which isO(h" 2), but
can be much smaller if the eigenfunction is large only forx near zero.
Specibcally, ifu concentrates nearx = 0 on a scale ofL, i.e.

LYY+, (Y)

for a function + on R that is rapidly decaying at inbnity then this term
will be of order

h'2L?
sincex?+(%) = L2¥(X) for ¥(/) = /?+(/) and ¥ is bounded®®. If L " 0
for h" 0 then this is much smaller thanh" 2.

¥ On the other hand, the "2 term will be of order L" 2 if u concentrates on
a scale ofL nearx = 0.

¥ The other terms are smaller.

We can now determine the scald. (as function of h) for which the sum of the
h" 2x2"2 and "2 terms is smallest: For Pxedh the sumh" 2L2+ L" 2 is smallest
whenh" 2L2 = L" 2 (since the product ofh" 2L? and L" 2 is constant), i.e.

L =h'2

The expectation of concentration justiPes using the Taylor expansions around
x =0.

The heuristic considerations of this section are justibed by the construction
of quasimodes in the next section.

6.2 Solution by reduction to the adiabatic limit with con-
stant fibre

The scaling considerations suggest to introduce the variable

X
= rz (6.6)
in (6.5). Expanding also b(x, Y) in Taylor series around x = 0 and substituting
x = /h¥?2 we obtain

$ $ h 2Au2 h 12u2 /2 -.23 # hj/ 2P' 6.7
Co"y + ft+ /ety + | (6.7)
j="1

where P; are second order dilerential operators in/,Y whose coe"cients are
polynomial in / (of degree at mostj +4) and linear in Y.

The right hand side of (6.7) is a formal series of dilerential operators which
are debned fory ! (0,1) and/ ! R. Now we may apply the constructions of

38|t is useful to think of this as follows: O ' (£) contributes only for x/ L, andthen x2/ L20.
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Mo M

|

Figure 14: Total space for adiabatic limit with variable thickness and its reso-
lution

Section 5, with F = [0, 1] and B = R. More precisely,&$ = h" 1P where, with
t = h1/2,
P$t 2P+ Po+tPr+...

with Pr = &¢o"2 and Py = &"2 & /2¢,"2. These operators act on bounded
functions satisfying Dirichlet boundary conditions at Y =0 and Y = 1. Using

the brst eigenvalue,! - » = c*2, of Pr we get the horizontal operator (see
(5.11)) >
Pg = &"2+ &%%, &= "Colr*.

This is the well-known quantum harmonic oscillator, with eigenvaluespy, =
&(2m+1), m=0,1,2,..., and eigenfunctions

Zi no1lp 2
v m(/)= Hn (" &1)e = (6.8)

where H, is the mth Hermite polynomial.

The exponential decay of, , as|/| ") justipes a posteriori the scaling
limit considerations above. It means that quasimodes concentrate on a strip
around x = 0 whose width is of order h'/?2 .

By Theorem 5.4 in Section 5 the operatorP has quasimodes sifY, (/) +
O(t). To get quasimodes for&$ on # ;, we simply substitute the coordinates
Y,/ as in (6.3), (6.6). In addition, we should introduce a cuto! near the ends
of the interval | so that Dirichlet boundary conditions are satisbed there.

We state the result in terms of resolutions. Introducing the singular coordi-
natesY and/ corresponds to a resolution of the total space # = |, (#n-{ h}
by two blow-ups as shown in Figure 14:

#% [#,{y=h=0}]=Mo®& [Mo,{X=h=0}q= M.

The blow-up of # in the x axis corresponds to introducingY, as in Section
5, and results in the spaceM . The quasihomogeneous blow-up (see Subsection
2.3.6) of Mg in the Y -axis corresgonds to introducing/ = )X—H Compare Figure

9 (with y replaced byh): / and h = t, the variables used for the operatorP,
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are precisely the OtopO projective coordinates debPned away from the right face.
Denote the total blow-down map by

#.M"OH.

Each of the two blow-ups creates a boundary hypersurface oM at h = 0:
the brst blow-up createsZ, the second blow-up createsA (for OadiabaticO). In
addition, M has the Dirichlet boundary "p M which is the lift of (" #n) -
{h}' #.

The essence of these blow-ups is that we can construct quasimodes as smooth
functions on M .3° Their expansion at A is the one obtained using the analysis
of P. Since the quasimodes oP are exponentially decaying as/ " +) , we
may just take the zero expansion atZ (hence the letter Z).

Summarizing, we obtain the following theorem. We denote

Ci,(Ri)= {W:R: " R:p(h)= 1:1(2 h) for some ! C* (R.)}.

Theorem 6.1 (quasimodes for adiabatic limit with variable Pbre eigenvalue)
Consider the family of domains#,, debPned in(6.1) and satisfying (6.2). Debne
M as above. Then for eacm ! N there are! , | h" 2C¥ ,(R:), um ! C§ (M)
satisfying

(&$ & ! m)um ! h* C* (M)

and

v, 2 . .
I'm $ co*2h" 2+ “Coe*2m+1)h" 1+ O(h" V?2)
Up =Sin*Y, n(/) atA, un=0atZz

where g = a(0)" 2, ¢, = &a (0)a(0)’ 1. In addition, u,, vanishes to inPnite
order at Z.

In the original coordinates on #;, the conditions on u, translate to

5

4
y & ha- (x) )+ OhY2 1+ Xh—z ) (6.9)

( X
ha(x) '™‘'hv/2

Um(h,X,y) =sin *

for all N. There is also a uniqueness statement similar to the one in Theorem
5.4.

Proof. Choose a functionu,, on M satisfying the following conditions: The
expansion ofup, at the face A is given by the expansion for the quasimodes of
P discussed above. The expansion af,, at the face Z is identically zero; and
Um is zero at the Dirichlet boundary of M. Since, , is exponentially decaying
and all P; have coe"cients which are polynomial in/, all terms in the expansion
at A are exponentially decaying as/ ") . Since/ = ) corresponds to the
corner A 0 Z, the matching conditions of the Borel Lemma 2.10 are satisbed, so

390f course this means that we construct quasimodes on # so that their pull-backs to M
extend smoothly to the boundary of M.
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um ! C& (M) exists having the given expansions. Since both expansions satisfy
the eigenvalue equation to inPnite order, so does,,. The extra decay factor in
the error term of uy, in (6.9) corresponds to the inPnite order vanishing atZ,

since"h—2 debnesZ near A 0 Z, see Figure 9. O

Remark 6.2. The scaling considerations depended on the assumption that
concentrates nearx =0 ash " 0, and this was justibed a posteriori by Theorem
6.1. On the other hand, it can also be shown a priori using Agmon estimates that
eigenfunctions for eigenvalued ¢ (h), wherek is bxed ash " 0, behave in this
way (and this can be used to prove closeness of quasimodes to eigenfunctions,
see [1], [7] for example).

Quasimodes can also be constructed for higher vertical modes, i.e. taking
lw, = I2¢*? for any | ! N. However, the same caveat as in Remark 5.5
applies.

Exercise 6.3. Compute the next term in the expansion of ., i.e. the coe"-
cient of h" /2,

6.3 Generalizations
Degenerate maximum

A very similar procedure works if a has a bnitely degenerate maximum, i.e. if
the condition a’ (0) < 0 in (6.2) is replaced by

al)(0)=0 for j< 2p, a@P(0)< 0 (6.10)

for somep ! N. The order is even by smoothness. The expansion (6.4) is
replaced by a ?(x) $ co + Cpx? + ... with ¢ > 0, and then the correct

scaling is found from the equationh” 2L2? = L" 2, soL = h#7T. So we set
| = X wheret = h#+1, then &$ = t" 2P where

P=1t 2P(&C"E) +(&" 7 & Cpp/ " §) + Py + ...

The adiabatic limit analysis works just as well with t" 2P as with t" 2 in the
leading term (do it!), and the eigenfunctions of the operator&"? + &2/2° are
still rapidly decaying at inbnity, so we obtain

21" 2 # i
'm$ c*h <+ dim h7¥
j="2

and a similar statement for uy, .
This problem with weaker regularity assumptions (and also allowing half-
integer p in (6.10)) was analyzed in [12], by a dilerent method.
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Figure 15: Example of domains # and #},, and rescaling after brst blow-up

Several maxima

If the height function a has several isolated maxima then each one will contribute
quasimodes. For instance, consider the case of two maxima at = x; and
X = X, With a = a(x;j), and let ! ((h) be the kth eigenvalue of #, for bxed
k! N. If a; > a, then the leading term of the quasi-eigenvalue constructed
at a; is smaller than the one ata,, and therefore the aymptotics of! (h) as
h" 0is determined from the Taylor series ofa around x 1, and the eigenfunction
concentrates nearx; alone. On the other hand, ifa; = a, then both maxima
will generally contribute, and it is interesting to analyze their interaction (so-
called tunnelling). A special case of this was analyzed in [53], and a detailed
study of tunnelling for Schredinger operators with potentials was carried out in
[29] and [28].

Other approaches

A dilerent, more operator-theoretic approach to the problem considered here
(and more general ones, e.g. higher dimensions) is taken in [40], [22], [39], see
also the book [56].

7 Adiabatic limit with ends

We consider the following problem, see Figure 15 left and center: Let #' R?
be a bounded domain contained in the left half planex < 0, having {0}- [0, 1]
as part of its boundary. For h > 0 consider the domain

#p= h#L: Ry' R? Rp=[0,1)- (0,h) (7.1)

i.e. a1- h rectangle with the Oend,# scaled down by the factorh, attached
at its left boundary. To simplify notation we assume that # | is such that the
boundary of #,, is smooth, except for the right angles at the right end; however,
this is irrelevant for the method.

We denote coordinates on # by x,y. We will construct quasimodes ( ,, up)
for the Laplacian $, = "2 + 3 on #y, with Dirichlet boundary conditions, as
h" 0.
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The central di"culty, and new aspect compared to the adiabatic limit, is
the fact that there are two dilerent scalings in the problem:

¥ in the rectangular part of #, only the y-direction scales likeh,
¥ in the left end both x- and y-directions scale likeh.

This leads to dilerent ways in which these two parts of #, inBuence eigenvalues
and eigenfunctions.

This is a simple case of a much more general setup arising in contexts such
as surgery in global analysis and Ofat graph®O analysis, see Section 7.4. The
essential structures, however, already appear in this simple case. An explicit
analysis using matched asymptotic expansions was carried out in [20]. We will
rederive the quasimode expansions in a more conceptual way using the idea of
resolutions.

7.1 Resolution

First, we construct a space on which we may hope the eigenfunctions (and
quasimodes) to be smooth. We start with the total space on which these are
functions, which is _

#= #n-{ h}' R®

h> 0

see the left picture in Figure 16. Really we want to consider the closuré since
we are interested in the behavior of quasimodes a@s" 0, compare Remark 2.8.
This set is not a manifold with corners, let alone a d-submanifold ofR? - R.
(compare Footnote 31). Aty = h = 0 the set # has an adiabatic limit type
singularity as in the case of Section 5. In addition, it has a conical singularity
(with singular base) at the point x = y = h=0.

So we blow up these two submanifolds oR® and bnd the lift (see Debnition
2.14) of #: The blow up of {y = h =0} results in the spaceMg in the center
of Figure 16. Projective coordinates arex, Y = ¥ and h, globally on M since
ly] ( Ch on #.%° The bottom face of Mg is h = 0, and the preimage of the
point x = y = h =0 is the bold face linex = h=0in Mg. So we blow up this
line and debneM to be the lift of Mg.4!

As always we will usex,y,h to denote the pull-backs of the coordinate
functions x,y,h on#to M. Projective coordinate systems for the second blow-
up give coordinatesh,X = £,Y onM \ A and g,x,Y in a neighborhood ofA.

The spaceM has two types of boundary hypersurfaces:

40To make sense of the picture for Mg it may help to note that Mg is the closure of
Unso#h, ${ h} where #} = {(x,Y): (xy) ( #,Y = 4} is depicted on the right in Figure
15.

41you may wonder if we would have obtained a dilerent space if had brst blown up the
point x = y = h =0 and then the (lift of the) line y = h = 0. It can easily be checked that
this results in the same space M B more precisely that the identity on the interiors of this
space and of M extends to the boundary as a dileomorphism. This also follows from the fact
that {x =y=h=0}"{ y= h=0} and a general theorem about commuting blow-ups, see
[51].
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yk'/ % /\\{ 77§(

Figure 16: Total space and its resolution for adiabatic limit with ends, with
bbration of the adiabatic face A; solid lines are codimension 2 corners o1,
dashed or dotted lines are not

1.Y

Figure 17: OFlattenedO picture &f = 0 boundary of resolved total spaceM ,
with coordinates for each face
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¥ The ODirichlet boundary®p M, which gorresponds to the boundary of #,.
This is the union of the two OverticalO faces in the right picture of Figure
16: a 7

A=

oM =#'1 - #n-{ h)
h>0
where# : M " # is the total blow-down map.

¥ The boundary at h =0,
"oM =S; A
where A and S are the front faces of the two blow-ups, which meet in the
corner S0 A.#4?

Our interest lies in the behavior of quasimodes atA and S. All functions will
be smooth at the Dirichlet boundary.

The facesA and S are rescaled limits of #,, see the discussion at the end of
Section 2.4. The adiabatic faceA is naturally a rectangle

A < [0,1]- [0, 1] with coordinatesx and Y = %
It is the limit as h " 0 of {(x,%) : (x,y) ! Rn} D this is precisely what
the blow-up means, in terms of projective coordinates. The Laplacian in these
coordinates is

$= h2Z 42

Thus, we have an adiabatic problem, with baseB = [0, 1]x and bbreF =[0, 1]y
and Pr = &"2, Pg = &"2. The corresponding projection is

*a:Un" Us, (xY,h) %"(x,h) (7.2)

whereUg = B - [0,%) for some$ > 0 and U, is a neighborhood ofA. There is
a dilerence to the setup in Section 5 in that h is not a debning function for A.
This leads to various issues below.

The interior of the surgery face S can be identibed with the plane domain
## obtained by taking h" '#, and letting h " 0 (again, by depnition of the
blowup):

int(S) < #% :=#_; ([0,) )- (0,1)) with coordinates X =

o>l X

and the Laplacian is
$= h'2(F+"2).

The corner S0 A is the interval [0,1] and corresponds tox = 0 in A and
to X = ) in S. Coordinates near the corner arex, debning S locally, and
h = X" 1, debningA locally and even globally.

Note that the face A carries naturally a non-trivial Pbration, compare Re-
mark 5.6, but the face S does not: locally near any point of S no direction is
distinguished.

427 s for adiabatic and S is for surgery, see Section 7.4 for an explanation.
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7.2 Solution

The construction of quasimodes builds on the construction for the adiabatic
limit in Section 5. The presence of the extra scale, i.e. the left end of #, leads
to a number of new features.

To emphasize the relation with previous sections and motivated by the con-
siderations above we will use the notation

P=8&%$= &"2&"J

7.4
Pr=&"7, Pg=&"2 Ps=8&"% &"% (7:4)

7.2.1 A priori step: Fixing the vertical mode.
Since an adiabatic limit is involved, we bx a priori
I+, = a simple eigenvalue ofPg on [0, 1], with Dirichlet boundary conditions
, =an L2-normalized corresponding eigenfunction
Here we take the lowest bbre eigenvalfé
lep= %2 (Y)= 2ésinw

We will seek (quasi-)eigenvalues oP of the form ! (h) ! h"21. , + C* (R,).

7.2.2 Function spaces, leading parts and model operators

We want to debne space€(M) and R(M ) which will contain the eigenfunc-
tions/quasimodes and remainders in the construction, respectively.

Our resolution was chosen so that eigenfunctions have a chance of being
smooth on M, so E(M) ' C¥ (M). Since 2 is a debning function for A,

functions u! C* (M) have an expansion atA
g(x,Y), & ! C*(A).

In the sequel it will be convenient to write this as
#
u$ hu(x,Y) (7.5)
j =0

whereu; = x" /& . Note that u; may be not smooth atx =0, i.e. at SOA, even
though u! C# (M). We posit that quasimodes satisfy the stronger condition
that u; be smooth onA (including S0 A) and debne

C*"(M)={u! C*(M): u; ! C* (A)in the expansion (7.5} (7.6)

430ne could also consider higher bPbre modes, but this would change the analysis at S, see
also Remark 5.5. ‘
44In order to have Pu & > hJPuj. But note that h is not a debning function of A.
J
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See Remark 7.5 below for an explanation why we expect quasimodes to satisfy
this condition. This can be reformulated as a OtriangularO condition on the

indices in the expansion at the cornerS 0 A:
# Th
ful! C* (M), u$ ay (Y) x' nearS0A
=0 (7.7)

thenu! C* (M) 9 (g =0. I#]).

X |z

In addition, quasimodes should vanish at the Dirichlet boundary"pM . As
before, we indicate this by the indexD in the function spaces. For functions
on the facesA, S, SO A we use a similar notation. For example,C¥ (A) is
the space of smooth functions orA vanishing on the Dirichlet boundary of A,
which consists of the three sidex =1, Y =0, Y =1.

Definition 7.1. The space of quasimodes for the adiabatic limit with ends
is debPned as
E(M)= Cp " (M)

i.e. smooth functions on M satisfying Dirichlet boundary conditions and the
triangular condition explained above. Theleading parts of u ! E (M) are
debned as

Ug = U|S, Ua = U|A.

What are the restrictions of elements ofE(M) to "oM = S; A? Debne

CH(S):={us! CH(S):us=a(Y)+ OX™ )asX ") , al! C(SOA)}
(7.8)
E("oM ) = {(Us,ua) DU ! Cg o (S), ugy ! Cg (A), Us = Uz at SO A}
(7.9)

Here we use the coordinateX on S. Recall that X 1 debnes the fac&S 0 A of
S.

Lemma 7.2 (leading parts of quasimodes, adiabatic limit with ends) If u!
E(M) then (us,ua) ! E ("oM). Conversely, given(us,uy) ! E ("oM) there is
u!E (M) satisfying (us,ua) = (Us, Ugy), and u is unique modulohE(M ).

This could be formulated as existence of a short exact sequence:
0" hE(M)"E (M)"E ("oM)" O (7.10)
where the left map is inclusion and the right map is restriction.

Proof. It is clear that the restrictions of u! E (M) to S, A are smooth and agree
at S0 A. Write the expansion of u at the corner as in (7.7). Thel =0 terms
give the expansion cgu atSO0A,ie asg " 0. The only such termisj =0,

sous = ago(Y)+ O( & 7). From & = X" we get (us,ua) ' E ("oM).
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Given (us,Uy) ! E ("oM) one constructsu ! E (M) having this boundary
data using the Borel Lemma 2.10, as follows. We writ§ = X." * for the function
debning A and suppress theY -coordinate. Write ua(x) $ . Oao|x', x" 0.
We chooseu having complete expansions

! asx" 0, ie. atS

#
ux,))$ usQ0)+  aax
I=1

u(x,)) $ ua(x) as)" 0, ie. atA

(with error O()# ) in the second case). Such a! C} (M) exists by the Borel
Lemma D the matching conditions atx = ) = 0 are satisbed since% =
for all I. Also, the expansions satisfy the triangular condition in (7.7), hence
ul ct(m).

Finally, we need to show that ifu! E (M), (us,ua) =0 then u! hE(M).
Now h = Qx is a total boundary debning function for {S, A}, sou = hu for
somew! Cf (M) by.Lemma 2.2. In the expansion (7.5) allu; are smooth and
Up=Ux=0,s06= . h"ty isin CJ " (M). O

The debnition of the remainder space combines the triangular condition with
the remainder space for the adiabatic limit. First, the choice of! - , debPnes a
projection type map related to the projection * : Uy " Ug, see (7.2),

&:C* (M)" C* (Ug), f %"B,., & .

Then
&, (PE&!-5)=0 (7.11)
where this is debned.

Definition 7.3. The remainder space for the adiabatic limit with ends is
debned as

R(M)= {f ! h"2C* " (M): &f is smooth atB}.

whereB ;= B-{ 0}' Ug. The leading parts of f /R (M) are
+

f.
fros = (h’f)s, fas = &ff)‘/:\

wheref. ;o = (h?f)ja, &foa = (& f)5.

Thus, a function f ! h"2C* (M) is in R(M) i! it has an expansion f $
h' 2fuop + h" o ga + foa + ... at A with fjo ! C* (A) analogous to (7.5),
and &f- ;4 =& f+ 14 =0. This debnesf- ;o andfoa in the debnition of f s .
Note that f | R (M) implies that

fuos! C*(S), &f.ps=0at SOA. (7.12)
The brst statement follows as in the proof of Lemma 7.2 and the second from

&(h2f)a = 0 and (h?f)a = (h?f)s at SO A.
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As usual, the remainder space and leading part debnitions are justibped by
the following properties. Recall the debnition of the operatorsP, Pg, Pg, Ps in
(7.4).

Leading part and model operator lemma (adiabatic limit with ends) .
a) If f 'R (M) then
f1 hR(M) ifand onlyif f.-,5 =0, fag =0.
b) For ! I h"21.,+ C* (R,) we have
P&!:E(M)"R (M)

and

[(P &! )U]" 25 = ( P&! )SUS Where(P &! )s _'F_)S &l (713)
Pe &!lwp
&(Pg & ! o)

(7.14)

[(P&')U]AB :(P&!)AUA Where(P&!)A

where! ¢ is the constant term of ! .

The operators P &!)s, (P &!)a are called themodel operators of P & !
at S and at A. There is also a short exact sequence like (7.10) fdR (M), but
we need only what is stated as a).

Proof.

a) Q Oisobvious. @ O: Iff 'R (M)then h?f | C*:'(M),andf. 55 =0,
faz = 0 imply (h?f)s = 0, (h?*f)a = 0, so Lemma 7.2 givesh?f !
hC* " (M), sof = hf-with ! h"2C* " (M). Furthermore, fag =0
impliesf- o =0and &foa =0, so &f*is smooth atB, hencef"! R (M).

b) If u! E(M) then (P &!)u = h"?(Ps & !, + O(h?))u near S and
(P&!)u=h 2(Pg &!5)u+(Pg &!g)u+ O(h) near A. This is clearly
in h" 2C* (M), and even inR(M) by (7.11). The debnition of leading
parts directly implies (7.13), (7.14).

O

7.2.3 Analytic input for model operators

At the face A, i.e. for the operatorsPr = &"2 and Pg = &"2 on F =[O0, 1}y
resp. B = [0, 1], with Dirichlet boundary conditions, we have the standard
elliptic solvability result, Lemma 4.2.

The solvability properties of the model operator (P & ! )s are of a dilerent
nature, essentially since this operator has essential spectrum.

Recall from (7.3) that the interior of S can be identibped with the unbounded
domain #% ' R2?, see Figure 17. This set is the union of a compact set and an
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inbnite strip, hence an example of a space with inbnite cylindrical ends, and we
can use the standard theory for such spaces. We assume:

Non-resonance assumption: The resolventz %"(Ps & z) ! (7.15)
of the Laplacian Ps on #¥ has no pole atz= 1., = *2, '

It is well-known that this condition is equivalent to the non-existence of bounded
solutions of (Ps &! - ;)v = 0, and also to the unique solvability of (Ps &! - ;)v =

f for compactly supported f , with bounded v, see [50, Proposition 6.28]. Also,
this condition is satisped for convex sets # , see [20, Lemma 7], and holds for
generic #_.

Lemma 7.4. Assume## ' R? satisbes the non-resonance assumptio(v.15).
If fg! C* ' (S), & s =0 at SO A then the equation

(PS &' 2)V5 = fs (716)
has a unique bounded solutiors, and vg ! Cg (s).

Proof. Uniqueness holds sinceRs & ! - 2)v = 0 has no bounded solution. For
existence, we brst reduce to the case of compactly supportdd, then use the
non-resonance assumption to get a bounded solutions and then show that
Vs ! Cg (S). The brst and third step can be gone by developingfs and
vs for each bxedX > 0 in eigenfunctions, (Y) = 2sink%Y of the Overtical®
operator &" 2 on [0, 1] with Dirichlet conditions: f<(X,Y ) = ﬁzl f(X), k(Y).
Then (7.16) is equivalent, in X > 0, to the ODEs (&dgj(—g2 + Hk)vk = fx where
e = (k% & 1)*2, and these can be analyzed explicitly. For example, ik > 1
and f(X) =0 for large X then any bounded solutionvy must be exponentially
decaying. For details see [20, Lemma 6 and Lemma 9 (witp = 0)]. O

Remark 7.5. This lemma explains why we expect the Otriangular® condition
on the Taylor series of quasimodes: for compactly supportefi; the solution vg
lies in Cg ' (S). This leads to the debnition of E("oM). Then E(M) must be
debned so that the sequeng@.10) is exact.
7.2.4 Inductive construction of quasimodes
Initial step We want to solve

(P&!')yu! hR(M), u!EM).

By the leading part and model operator lemma this means

(Ps & ! 2)Us =0 (7.17)
(PF & ! 2)UA =0 (718)
(Pg &!0)&ua =0 (7.19)

where we used that & commutes withPg = &" 2.
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Also, (us,ua) 'E ("oM), debned in (7.9).
First, Lemma 7.4 implies us = 0.

Thereforeua = 0at SOA, henceua satisbes Dirichlet boundary conditions
at all four sides of the squareA. Thus we have an adiabatic problem
as treated in Section 5, so! o must be a Dirichlet eigenvalue of&"2 on
B =[0,1], i.e.

2 _
lo=*2m2, ua=up:=+8, + (X)= 2sin*mx

for somem ! N. SinceB is one-dimensional,! ¢ is a simple eigenvalue as
required in (5.18).

From now on we bxm, +, 1+, =*2 lg andug= +8, .
Inductive step

Inductive step lemma (adiabatic limit with ends) . Let I-,, !4 and
Uo be chosen as above in the initial step, and lek # 1. Suppose! !
h"2C* (Ry), u!'E (M) satisfy

(P&!)u! hkR(M)

and! = h"2l.,+ 13+ 0O(h) andus =0,us = Ug. Then there arep ! R,
v!E (M) so that
(P&Ma! h*1TR(M)

for F = | + h*u, & = u+ hXv. The number u and the restriction vs are
unique, and v, is unique up to adding constant multiples ofug.

Proof. Writing (P & ! )u= h¥f,f IR (M) we have
(P&F)et=h*[f & pu+ (P & !)v& hpv]

This is in h**'R(M) if and only if the term in brackets is in hR(M),
which by the leading part and model operator lemma is equivalent to

(PS &' 2)VS = &f- 2,8 (720)
(PF & 2)VA = &f- 2.A (721)
(Pg &!0)&Va = &&foa + Pt (7.22)

where we have used that K?u)s = 0, (h?u)a =0 and &ua = & ug = +.

We brst solve atS: We havef ! R (M), so by (7.12) we can apply
Lemma 7.4 with fg = &f+ ,s and obtain vg ! Cg ' (S) solving (7.20).
This determines in particular vis, 4, i.e. the boundary value ofvy at SOA.

Now at A we need to solve an adiabatic problem, but with an inhomo-
geneous boundary condition atS 0 A. To this end we extendv|s A to
v 1 CE(A). Wiiting va = V + V' we then need to bndv" satisfy-
ing homogeneous boundary conditions also a& 0 A, and solving (7.21),
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(7.22) with f+ ;o modibed tof- 5 +(Pg & !+ )V and fga modibed to
foa +(Pe &!o)V.

This is an adiabatic problem, so Lemma 5.3 guarantees the existence of a
solution v' . Note that since & commutes with Pg there is no o!-diagonal
term in (5.16) (where Py = Pg in current notation).

The uniqueness follows directly from (7.20)-(7.22): The dilerence between
two solutions v would satisfy the same equations withf = 0, so would
have to vanish at S and therefore solve the adiabatic problem atA with
homogeneous boundary condition atS 0 A, for which we have already
shown that p is unique andvya is unique up to multiples of ug. O

Now by the same arguments as for Theorem 4.3 we obtain from the initial
and inductive steps:

Theorem 7.6 (quasimodes for adiabatic limit with ends). Consider the family
of domains # debned in(7.1). Suppose the non-resonance assumptio(v.15)
is satisbed. Then for eachm ! N there are! , ! h" 2C* (R.), um ! CZ " (M)
satisfying

(P& ! m)um ! h* C* (M)

and

Im = h 2% 2 4 m2*2+ O(h)

Ua =2sinm*x sin*Y , us=0
There is also a uniqueness statement similar to the one in Theorem 5.4.

Remark 7.7 (Quasimodes vs. modes) It is shown in [20] that for convex#y,
all eigenfunctions are captured by this construction. That is, for eachm ! N
there is hg > 0 so that for h < hy the mth eigenvalue of#,, is simple, and both
eigenvalue and (suitably normalized) eigenfunction are approximated by, , um
with error O(h* ). However, if #, is not convex then there may be an additional
Pnite number of eigenvalues not captured by this construction. Essentially, these
arise from L2-eigenvalues of the Laplacian o## below the essential spectrum.
See [16] and references there for a detailed discussion.

7.3 Explicit formulas

The inductive step yields a method for bPnding any number of terms in the
expansions ofl ,, andu,, ash ™ 0 in terms of solutions of the model problems.
In [20] the next two terms for ! ,, are computed:

Im = h 2% 2 4 m2*2(1+ ah) 2 4 O(h3)

wherea > 0 is determined by the scattering theory of&$ on # # at the inbmum
of the essential spectrum, which equal% 2. More precisely, there is, up to scalar
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multiples, a unique polynomially bounded solutionv of ($+ *2)v=0on #% ,
and it has the form

v(X,Y)=(X + a)sin*Y + O(e *)asX ")

This bxesa. Another description is a = %('(0) where ((s) is the scattering
phase at frequency* 2 + s2.

7.4 Generalizations

The structure of #,, may be described as Othin cylinder with end attachedO. A
natural general setup for this structure is obtained by replacing theY -interval

[0, 1] by a compact Riemannian manifold, of dimensiom& 1, and the end #_ by
another compact Riemannian manifold, of dimensiomn, which has an isometric
copy of Y as part of its boundary. One may also add another Riemannian
manifold as right end. This is studied in global analysis (where it is sometimes
called Oanalytic surgeryQ) as a tool to study the glueing behavior of spectral
invariants, see [25], [26], [44] for example. Other degenerations which have
been studied by similar methods include conic degeneration [21], [54], [55] and
degeneration to a (Pbred) cusp [2], [3].

Another generalization is to have several thin cylinders meeting in prescribed
ways, so that in the limit h = 0 one obtains a graph-like structure instead of
an interval. This is called a Ofat graphO. For example, consider a Pnite graph
embedded inR" with straight edges, and let #, be the set of points ofR" having
distance at mosth from this graph. This was studied in detail in [10], [16] and
[52], see also [17] for a discussion and many more references. The methods in
these papers actually yield a stronger result:! , (h) is given by a power series
in h which converges for smallh, plus an exponentially small error term.

8 Summary of the quasimodes constructions

We summarize the essential points of the quasimode constructions, continuing
the outline given in Section 3.

In the case of a regular perturbation we introduced the iterative setup that
allowed us to reduce the quasimode construction to the solution of a model
problem (Lemma 4.2). It involves spaces of quasimodes and remainders and
notions of leading part. In this case these are simply smooth functions and
their restriction to h =0.

For the adiabatic limit problem with constant bbre eigenvalue this needs
to be rebned: the dilerent scaling in Pbre and base directions requires a new
dePnition of remainder space and leading part of remainders (DepPnition 5.1).
The model operator combines bbre and horizontal operators, and its triangular
structure with respect to the decomposition of functions in Pbrewisd - , modes
and other modes, Equation (5.16), enables us to solve the model problem.

The adiabatic limit problem with variable Pbre eigenvalue can be reduced
to the previous case by expanding the Pbre eigenvalue (as function on the base)
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around its maximum and by rescaling the base variable. This rescaling balances
the leading non-constant term in the expansion of the eigenvalue with the leading
term of the base operator. The rescaling is encoded geometrically by a blow-up
of the total space.

The adiabatic limit problem with ends carries the new feature of having two
regions with dilerent scaling behavior. Geometrically this corresponds to two
boundary hypersurfaces,A and S, at h = 0 in the resolved total space. The
model problem at A is the same as for the adiabatic limit with constant bPbre
eigenvalue. The model problem atS is a scattering problem, i.e. a spectral
problem on a non-compact domain. The properties of the solutions of the
scattering problem lead to the triangular condition on the Taylor series at the
corner S 0 A in the spaces of quasimodes and remainders. Once this setup is
installed the construction proceeds in a straight-forward way as in the other
cases.
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