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For which complex numbers z is zz real? 
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Abstract We consider the problem for which complex numbers , ,= + Îz a bi a b  the 

exponent zz  is a real number. This might be an interesting question for school mathematics. 
 
Introduction and main results. 

 

Complex numbers are, in former times, traditionally treated at the end of high school 

mathematics in Germany, especially Euler’s theorem 

 

cos( ) sin( ), x .= + Îixe x i x   

 

This leads to the conclusion 
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i.e. the cosinus of a purely imaginary argument is real! (cf. Reidt/Wolff/Athen (1967), p.331). 

 

In a similar way, it can be shown that 
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This leads to the more general question for which complex numbers , ,= + Îz a bi a b  the 

exponent zz  is a real number. For simplicity, we start our analysis for , 0.>a b  In this case, 

by the polar coordinate transformation (cf. e.g. Reidt/Wolff/Athen (1967), p.236), 

 

j= + = iz a bi re  with 2 2= +r a b  and  cos( ), sin( ),j j= ⋅ = ⋅a r b r  hence arctan .j
æ ö÷ç= ÷ç ÷çè ø
b
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So it follows that 
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( ) ( )exp (ln( ) ) ( ) exp ( ln( ) ) ( ln( )) .j j j j= = + ⋅ + = - + +z i zz re r i a bi a r b a b r i   

 

A sufficient condition to make this expression real is 

 

ln( ) 0j+ =a b r  or exp
jæ ö÷ç= - ÷ç ÷çè ø

a
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  with cot( ).j=
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  Hence we get ( )exp cot( )j j= - ⋅r  

with ( )( ) : exp cot( ) cos( ),j j j j= = - ⋅ ⋅a a   ( )( ) : exp cot( ) sin( ).j j j j= = - ⋅ ⋅b b  

 

Here is a plot of  [ ]( ), ( ) , 0 :
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Fig.1 

 

It follows that 
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Note that cot 0, sin 1,
2 2

p pæ ö æ ö÷ ÷ç ç= =÷ ÷ç ç÷ ÷ç çè ø è ø
 so that exp

2

pæ ö÷ç= - ÷ç ÷çè ø
ii  is reobtained from the last relation. 

 
 

It can further be shown that the above relations are also generally valid for 0 j p< <  and  

2 .p j p< <  For ,j p=  we can choose , 0=- =a r b  for arbitrary Îr  which means that 
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 is also real. 

 

Here is a plot of ( ),0 :j j p£ £f  
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Fig.2 

 
 

Some numerical examples:  
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a 
1

0,3678...

- =e
 0,3223… 0,2843… 0 –1,0393… –7,4604… 

b 0  0,3223… 0,4427… 1 2,2710… 7,4604… 

( )( ) ++ a bia bi   
( )1exp

0,6922...

--

=

e
 0,6026… 0,5350… 0,2078… 0,0041… 0,5390… 1510-⋅  
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