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In this paper, which is a follow-up publication to [4], we show that
normal distributions can be considered as weak limits of appropriately

rescaled symmetric beta distributions.

Let X be a random variable with a symmetric standard beta

distribution, i.e., with a p.d.f. f given by

f=0a)=2

0<x<1, a>0,

where B(Oc, B) = %ﬁg denotes Euler’s Beta function (cf. [2], (25.2).

The first moments are given by
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E(X) = 5 Var(X) = T GarT) (cf. [2], relations (25.15a) and (25.15b)).

Now let Y :=c-(2X -1) with a real ¢ >0. Then Y follows a

generalized symmetric beta distribution with support [— c, c] and p.d.f.

aly; o ¢) = Zch[% + L oc}, —¢ <y <c (cf. [2], (25.3) and (25.5)).

For the first moments, we thus obtain

CZ

E(Y) = 0, Var(Y) = m
For the sequel, we need the following Lemma.
Lemma. There holds k()< Blo, o) < k(o) e/®®  with k(o) =
2\/E -47% o >0 and hence 0 < Bla, o) — k(o) < M - exp € with
o ’ ’ 60 6o
Blo, a)

i =1.
ocl—I}:o k(OC)

Proof. By the known analytical estimate for Stirling’s formula (cf. [1],
(6.1.38))

exp(ﬁ], x>0

there follows

2x 2x
T 2x T 2x 1
d — — (2 — — . _—
an ‘,x(ej < I(2x) < x(ej exp(24xj,

hence
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0<e“{‘zia)<'Bgéf)zlxiz&im)<e”{€%} >0

from  which the Lemma follows immediately. Note that

exp(x)—l <x- exp(x), x > 0.

The following figure shows the function A(a) = %)a_k# - 6(a0),

0<a<100:
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Figure 1. Plot of g(a).
This leads to the following

Theorem. Let ¢ > 0 be fixed and ¢ =+20 -6 for o> 0. Then

. 1 y . .

lim g(y; a, c) = —exp|———|, il.e., the rescaled symmetric beta
o—o0 \27 2(52

distribution converges weakly to the normal distribution with mean zero
and variance 62.

Proof. We have
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9 a-1 9 oa-1 92
Now since lim (l—y—J = lim (1— Y 2} = exp(—y—], the

oL—>0

Theorem is proved.

The following figures show some comparisons between g(y; a, c)

2
(plotted in red) and n(y; (5) - exp| — B4 (plotted in blue), for
J2no 262
several choices of o and ©.
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Figure 2. . =10, 6 =2, ¢ =8.944....
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Figure 5. o =15, 6 =5, ¢ = 27.386... .
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Figure 3. a =5, 6 =2, ¢ =6.324... .
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Figure 4. o =15, 6 = 2, ¢ = 10.954... .
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Note that for the variance of Y, we have Var(Y)zm

2062 9
= = for 1 1 f o.
S0+ 1 o or large values or o

Further relationships between beta and other distributions are

discussed in [3].

References

[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables, US National Bureau of Standards,
Applied Mathematics Series 55, 10th printing, 1972.

[2] N. L. Johnson, S. Kotz and N. Balakrishnan, Continuous Univariate Distributions,
Volume 2, 2nd ed., Wiley, N.Y., 1995.

[8] S. Kotz and J. R. van Dorp, Beyond Beta, Other Continuous Families of
Distributions with Bounded Support and Applications, World Scientific Publishing
Co. Pt. Ltd., Singapore, 2004.

[4] D. Pfeifer, On an asymptotic relationship between beta and gamma distributions,
Fundamental J. Math. Math. Sci. 19(2) (2025), 189-193.



