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In this note, we investigate multivariate distributions with densities of the form 
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 i.e. it is the density of a mixture 

of n product-gamma distributions where exactly one component is representing a 

(2,1)-distributionG  and all others represent independent (1)-Exponential  distributions. Note 

that an (1)-Exponential  distribution is identical to a (1,1)-distributionG (see [1], p. 337, 

(17.2)). This implies that we can write the corresponding c.d.f. H as follows: 
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all { }0,1 -valued  n-tuples with all entries equal to zero except for exactly one entry equal to 1, 

and 0 ( ) 1 exp( )= - -F x x  and 1( ) 1 (1 )exp( ), 0.= - + - ³F x x x x  The one-dimensional 

marginal c.d.f. 1H is thus given by 1 0
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density 1 0
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 where 0 ( ) exp( )= -f x x  and 

1( ) exp( ), 0= - ³f x x x x  while the two-dimensional marginal c.d.f. 2H  is correspondingly 

given by  
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which implies that we have the following expressions for moments of random variables 

( )1, ,= nX XX   with density h: 
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and correlation ( ) 2
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 The following graph shows a 

scatterplot of 10,000 simulated pairs ( )1 2,X X  for case 2 :=n   
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The following graph shows the corresponding density for 2 :=n   

 

  
 

Unfortunately, the two-dimensional copulas 2C  derived from 2H  cannot be explicitly stated 

since the quantile function 1Q  pertaining to 1H  cannot be expressed in simple terms. But we 
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can approximate 1H  as follows: 1
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which we get an approximation *
1Q  to the true quantile function 1Q  as  

*
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 The following 3d-graph shows the functions 

( )*
1 1 ( , )H Q u n u-  for 0 1< £u  and 2 9 :£ £n   

 

  
As to be expected, the approximation error gets smaller for increasing values of  n. We thus 

get the following approximation ( )* * *
2 1 1( , , ) : ( , ), ( , )C u v n H Q u n Q u n=  to the true copula 

( )2 1 1( , ) H ( , ), ( , ) ,0 , 1,C u v Q u v Q u v u v= £ £   according to Sklar’s theorem (cf. [2], p. 47, 

Corollary 2.10.10). The following graphs show the densities 
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 Seemingly, with increasing n, *( , , )C n   tends to the independence copula which is clear 

since 0 1 1 0 0 0
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