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Abstract. The concept of replica symmetry breaking found in the solution of the
mean- eld Sherrington-Kirkpatric k spin-glass model has been applied to a variety
of problems in scienceranging from biological to computational and even nancial

analysis. Thus it is of paramount importance to understand which predictions of
the mean- eld solution apply to non-mean- eld systems, such as realistic short-
range spin-glass models. The one-dimensional spin glass with random power-law
interactions promises to be an ideal test-bed to answer this question: Not only
can large system sizes|whic h are usually a shortcoming in simulations of high-
dimensional short-range system|b e studied, by tuning the power-law exponert of
the interactions the universality classof the model can be contin uously tuned from

the mean- eld to the short-range universality class.We presert details of the model,
aswell asrecert applications to somequestions of the physics of spin glasses.First,

we study the existence of a spin-glass state in an external eld. In addition, we
discussthe existence of ultrametricit y in short-range spin glasses.Finally, because
the range of interactions can be changed, the model is a formidable test-bed for
optimization algorithms.

1 Intro duction

Spin glasseqd1{3] are paradigmatic modelswhich can be applied to a wide va-
riety of problemsand elds ranging from economicalto biological, aswell as
sociological problems, to name a few. Most prominent is the replica symme-
try breaking solution of Parisi [4] of the mean- eld Sherrington-Kirkpatric k
(SK) spin glass.Unfortunately, an analytical solution for short-rangerealistic
spin-glassmodels, such asthe Edwards-Andersonlsing spin glass[5], remain
to be found and generally phenomenologicaldescriptions, such asthe droplet
picture [6] or numerical simulations are used to understand these systems.
Given the lack of rigorous results for short-range spin glassesit is of impor-
tance to understand the applicability of dierent predictions made by the
mean- eld solution of the SK model, as well as other theoretical pictures.
Unfortunately, numerical studies of spin glassesare di cult to accom-
plish and in general only small to moderate system sizescan be accessed.
Despite huge technological advancesin the last decadewhich have enabled
the construction of large computer clusters out of commadity componerts,
brute force computation alone will not suce to probe considerably larger
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system sizes. The source of this problem lies in the diverging equilibration
times of Monte Carlo simulations of spin glassesthe systemsare generally
NP hard. Furthermore, to obtain thermodynamically sound results, calcula-
tions needto be disorder averaged,thus adding considerable overheard to
any simulation. To properly probe the thermodynamic limiting behavior it is
thus important to usee cien t algorithms, improved models, as well aslarge
computer clusters.

We discussin detail a one-dimensionalspin-glassmodel with power-law
interactions [6{8] where, by tuning the exponert of the power-law interactions
di erent universality classesfrom in nite-range SK to short-range can be
probed. Furthermore, becausethe model is one-dimensional,a wide range
of system sizescan be probed. In the past we have applied the model to
di erent problemsin the physicsof spin glasseg8{13]. In this work we study
two questions which lie at the core of the applicability of the mean- eld
solution to short-range spin glasses:Do short-range spin glassesorder in an
externally-applied magnetic eld? Are short-range spin glassesultrametric?
Our results suggestthat new theoretical descriptions are needed:While there
are indications of an ultrametric structure of phasespace,spin-glassorder is
destroyedin a eld for short-range systems.

Finally, we also discussextensionsas well modi cations of the model to
study dierent related problems in the physics of spin glassesand presen
applications to algorithm developmert and testing.

2 Model & Numerical Metho d

We rst introduce the one-dimensionallsing chain in detail and explain its
rich phasediagram. Furthermore, we describe exchange (parallel tempering)
Monte Carlo, a numerical method which is very e cien t to study spin-glass
systemsat low temperatures.

2.1 The one-dimensional Ising chain

The Hamiltonian of the one-dimensionallsing chain with power-law interac-
tions [7,14,8]is given by
X X .
Hip = Jij Si§; hiSi ; Jij = ¢( )r--l—]; 1)
i<j i [
where S; 2 f 1g are Ising spins and the sum rangesover all spinsin the
system. To ensure periodic boundary conditions, the L spins are placed on
aring, seeFig. 1 (right panel). Here,rj = (L= )sin( ji jj=L) is the dis-
tance betweenthe spinson the ring topology and j are Gaussian-distributed
random couplings of zero mean and standard deviation unity. The constart
¢( ) is chosensud that the mean- eld transition temperature to a spin-glass
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Fig. 1. Left panel: Schematic phase diagram of the one-dimensional Ising chain
with power-law interactions [14]. The white horizontal arrow correspondsto d = 1.
For 1=2 we expect in nite-range (IR) behaviour reminiscent of the SK model.
For 1=2 < 2=3 we have mean- eld (MF) behaviour corresponding to an e ectiv e
space dimension de 6, whereasfor 2=3 < . 1 we have a long-range (LR )
spin glasswith a nite ordering temperature Tc. In theseregimesde 2=(2 1)
[1]. For 1 . 2 we have a long-range spin glasswith T. = 0 (LR®) and for & 2
the model displays short-range (SR) behaviour with T, = 0. Figure adapted from
Ref. [8]. Right panel: Graphical represertation of the one-dimensional Ising chain
with L = 16 spins.

phaseis TMF = 1; seeRef. [8] for details. The model has a very rich phase
diagram in the d{ plane, seeFig. 1 (left panel). In this work we are in-
terested in d = 1 which corresponds to the thick horizontal white arrow in
the phasediagram. The universality classand range of the interactions of
the model can be contin uously tuned by changing the power-law exponert
Furthermore, there are theoretical predictions for the critical exponerts [7]:
=1=2 1) for 2=3,and = 3 2 . Therefore, predictions made for
the mean- eld spin-glasscan be probed when the e ectiv e spacedimension
(range of the interactions) is reduced. Furthermore, becausethe e ciency of
di erent algorithms often dependsstrongly on the range of the interactions,
the one-dimensionalchain is an ideal test bed to benchmark the e ciency of
optimization algorithms.
In one space dimension, for 1=2 the model is in the Sherrington-
Kirkpatric k [15] in nite-range universality classwherethe energy of the sys-
tem needsto be rescaledwith the systemsizeto avoid divergencies.In par-

ticular, for = 0 the SK model is recovered exactly. For 1=2 < < 1 the
model has a nite-temp erature spin-glassordering transition. Furthermore,
for 1=2 < 2=3 the system s in the mean- eld universality classcor-

responding to a high-dimensional short-range spin-glass system above the
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upper critical dimensiond, = 6. For 2=3 < < 1 the systemis non-mean
eld, whereasfor 1 the spin-glassphaseonly existsat T = 0, i.e., the
lower critical dimension of short-range spin glassescorrespondsto = 1.

2.2 Numerical metho d

Becauseof a rough energy landscape and diverging relaxation times, spin
glassesare extremely dicult to study numerically. Any numerical method
used must have the potential to e cien tly crossenergy barriers and thus
sample the phasespaceewvenly. Probably one of the simplest, yet most e -
cient methods to study problemswith rough energylandscapes(beyond spin
glasses)is the exchange (parallel tempering) Monte Carlo method [16].

The idea behind the method is to allow for a Markov processin temper-
ature space.M copiesof the systemare simulated at di erent temperatures,
wherethe largesttemperature is generally chosento be of the order of 2TMF .
Besidesthe simple Monte Carlo updates[17] on ead spin of the system, after
a certain number of lattice sweepsthe energiesof neighboring temperatures
are compared and a Monte Carlo move which swaps the temperatures of
neighboring con gurations is proposed.With this approadc, a con guration
stuck in a metastable state hasthe possibility to heat up and then cool back
down to the true equilibrium state thus e ectiv ely speedingup equilibration
by orders of magnitude. The position of the temperatures has to be chosen
with care: If neighboring temperatures are chosentoo far apart, a bottleneck
in the temperature-spaceMarkov processemergeghus reducing the e ciency
of the method. If the temperatures are too closeextra unnecessaryoverhead
is introduced. To selectthe position of the temperatures, it is conveniert to
study the acceptanceprobabilities of the global Monte Carlo moves.Because
in spin glassesthe susceptibility does not diverge, a generally good thumb-
rule is to selectthe position of the temperatures such that the probabilities
are between0:2 and 0:9 and roughly independen of temperature. This is not
necessarilythe casefor other systems.We also refer the readerto Ref. [18]
where an iterativ e feedba& method is introduced which ensuresthat the
random walk of eat con guration in temperature spaceis optimal.

When using Gaussian-distributed disorder we test equilibration of the
Monte C,;arlo simulations by equating the link overlap g to the energyU =

(I=N) ; [Jj "SiSjilay Of the system[19],i.e.,

LIS g 2% DBl
2T ’ N (TeF)?

U(Q): [rsisji‘%]av: (2)

In Eqg. (2), h it represents a thermal averageand [ ]a, an averageover
the disorder. T is the temperature of the system. As can be seenin Fig. 2,
starting from a random con guration will underestimate U(q), whereasthe
energy U will be overestimated. Once both agree,the systemis in thermal
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0.5 Fig. 2. Equilibration test using
r b Eqg. (2). Once the energy U com-
puted directly and from the link
overlap [U(q)] agree, the system
isin thermal equilibrium. Data for
L =512, T = 0:20and = 0:75.
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equilibrium. Note that the method can be easily extended to system with
(Gaussiandistributed) external elds [11].

3 Selected results

We have applied the one-dimensionallsing chain to seweral problemsin the
physics of spin glassesBelow we presert in more detail two questionswhich
lie at the core of the applicability of the mean- eld solution to short-range
spin glasses.In the following we compare the mean- eld SK model ( = 0)
to the one-dimensionallsing chain for = 0:75 where the model is in the
non-mean- eld universality class.

3.1 Do spin glasses order in a magnetic eld?

The applicability of spin-glassmodelsto other elds of sciencerelies heavily
on the existenceof a spin-glassphasein a eld. Many mappings onto spin-
glass models produce external eld terms. While the mean- eld model has
been shown to have a spin-glassphasein a eld, it has been unclear until
recenly if short-range spin glassesorderin a eld aswell [20{29]. Simulations
of three-dimensional spin-glassmodels [28,30] suggestthat the de Almeida-
Thoulessline [31], which separatesthe spin-glassfrom the paramagneticstate
in the H{T phasediagram doesnot exist for realistic short-range Ising spin
glassesAlthough the aforemertioned studiesin three spacedimensionsusing
the nite-size two-point correlation length [32] provide clear evidencethat
short-range spin glassesdo not order in a eld, they do not shedany light
on the behavior of short-range spin glasseswith spacedimensionsabove the
upper critical dimension.
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In Ref. [11] the one-dimensionallsing chain hasbeenstudied in an exter-
nally applied Gaussian-distributed random eld|whic h hasa similar behav-
ior than a uniform eld |for dierent exponerts of the power-law inter-
actions. For exponerts which correspond to e ectiv e spacedimensionsabove
the upper critical dimension, a spin-glassstate in a eld is found, whereasfor
exponerts > 2=3 which correspond to e ectiv e spacedimensionslessthan
six, no de Almeida-Thoulessline could be found for simulations down to very
low temperatures. Tedhnical details about the simulation, and in particular
the parametersof the simulation can be found in Ref. [11].

In order to probe the existenceof a spin-glassstat?_,we add an external
(random) eld to the Hamiltonian, i.e., Hip ! Hip i hiSi. The reasons
for using random elds are the ability to thoroughly test for equilibration
of the Monte Carlo method (for detail seeRefs.[28] and [11]). Furthermore,
exchange Monte Carlo performs better.

To test for the existenceof the transition for > 1=2, we compute the
nite-size correlation length from the Fourier transform of the spin-glasssus-
ceptibility [33,32]:

1 X h 2i )
_ ; : ; ik(Ri Rj).
sc(k) = — (hSiSjit  MSithsjit)? <R Ri): 3)
N .. av
i
C T ] 27\ R il
SK . - SK ]
i 175 & H=0.10 ]
1 g 15F -
1 &< [ ]
> L -
1 = i ]
1 = 125 .
] LE= e ]
®128 N [ ®128
2256 ] =
ol i v ] 075 L1 \ L
0.8 0.9 1 1.1 1.2 0.7 0.8 0.9 1
T

Fig. 3. Left panel: Scaled spin-glasssusceptibility N

1=3

sc as a function of tem-

perature for the mean- eld Sherrington-Kirkpatric k model at zero external eld.

The data crossat T¢(H =

0) = 1.0 in agreemert with analytical results. Right

panel: Sameobsenable and model asdepicted in the left panel, exceptfor H = 0:10.
The data crossat T¢(H = 0:10)

0:82 thus clearly showing that the mean- eld
model orders in a eld, asexpected from theoretical results.
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Fig. 4. Left panel: Finite-size correlation length divided by the system size as a
function of temperature for the one-dimensional Ising spin chain with = 0:75 at
zero eld. In this regime the systemis not in the mean- eld universality class. The
data crosscleanly at Tc(H = 0) 0:69. Right panel: Same obsernable and model
asthe left panel, exceptfor H = 0:10. Note that for temperatures aslow asT = 0:1
there is no crossing visible, suggesting that there is no spin-glass state in a eld.
Figure adapted from Ref. [11].

After performing an Ornstein-Zernicke approximation we obtain for the two-
point nite-size correlation length

B 1 s6(0) we n
= Tk =) solkmn) ’ )

where sg(0) is the standard spin-glasssusceptibility and kmin = 2 =L. The
nite-size correlation length divided by the system size is a dimensionless
quantity which scalesas | =L = X[L'® (T T.)]. Becausein the in nite-
rangeuniversality classno correlation length can be computed, we exploit the
fact that the critical exponert = 1=3is exactly known for the SK model
[34,30]. Therefore, we locate the transition in the SK model by studying

se NP = CIL¥ (T T.)], where sg = sc(k = 0). Oncethe respective
obsenables for dierent system sizescross we have a spin-glass state for
T Tc, where T, is given by the crossingpoint.

In Fig. 3 we shov sg=N 13 for the SK model ( = 0) as a function of
temperature for zero, as well as an external eld of strength H = 0:10. In
both casesthe data cross,indicativ e of a transition in zero as well as nite
elds. This is not the casefor the one-dimensionalmodel with = 0:75.
While the data of the nite-size correlation length at zero eld clearly show
a transition at T  0:69 (seeFig. 4, left panel), this is not the casefor

L
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H = 0:10 where the data do not cross even for temperatures considerably
lower than the critical temperature (seeFig. 4, right panel).

The preserted results clearly show the numerical existenceof an AT line
for the mean- eld SK model, whereasfor the model at = 0:75 (outside the
mean- eld universality classthere is no sign of a transition in a small but
nite eld). Together with results preseried in Ref. [11] we thus conclude
that short-range spin glassesbelow the upper critical dimensiondo not order
in an externally-applied magnetic eld.

3.2 Are spin glasses ultrametric?

Ultrametricit y is an intrinsic property of the Parisi solution of the mean-
eld model [35] and it can be described in the following way: Consider an
equilibrium ensenble of statesat T < T, and pick three, S , S and S , at

randgm. Order them sothat their distancesd = (1 g )=2,whereq =
L 1 S S isthe spin overlap, satisfy d d d . Ultrametricit y
meansthat in the thermodynamic limit weobtaind = d with probability

1, i.e., the stateslie on an isosceledriangle.

To date, the existence of ultrametricit y for short-range spin glasses|
which would validate the applicability of the mean- eld solution to short-
rangesystemslis highly cortroversial. Recen results [36] suggestthat short-
range systemsare not ultrametric, whereasother opinions exist [37{39]. Be-
causethe one-dimensionallsing chain allows for tuning the system away
from the mean- eld universality class,it preserts itself asthe ideal test-bed
for this problem. Below we presert results for = 0:0 (SK) as well as 0:75
(non-mean- eld regime) using an approac closelyrelated to the one usedby
Hed et al. [36].

We generate1000equilibrium states (spin con gurations) for 1000{ 4000
disorder instances of the model using exchange Monte Carlo at T = 0:4T.
(i.e., T = 0:4 for the SK model and T = 0:27 for the one-dimensionalchain
with = 0:75). The temperature used is chosensud that we probe deep
in the spin-glassphase,but not too low to avoid trivial state triangles. The
generatedstates are in turn sorted using Ward's hierarchical clustering ap-
proach [40] (seeFig. 5). The clustering procedurestarts with L clusterswhich
contain one state and the two closestlying clusters are merged. Distancesare
measuredin terms of the hamming distanced = (1 q )=2. This pro-
cedure is repeated until one large cluster is obtained. Once the states are
clustered, we selectthree states from di erent branches of the left sub-tree
(see Ref. [36] for details) and sort the distances:dmax  Omed  dmin . We
compute the correlator

_ dmax dmed_
T T ®)
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Fig. 5. Dendrograms and distance matrices. Darker colors correspond to closer
distancesin phasespace.Left panel: SK model at T = 0:4 (L = 1024). The distance
matrix shows clear structure below T.. Middle panel: One-dimensional Ising chain
for = 075and T = 0:40 < T¢ (L = 512). Again the data show structure. This
is in contrast to the right panel which shows data for the one-dimensional chain at
T=140 T, (L =512, = 0:75).
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Fig. 6. Left panel: Distribution P (K) for the mean-eld SK model at T = 0:4T..
The data peak for K ! 0 with increasing system size showing clearly that phase
space is ultrametric. Right panel: Same obsenable as in the left panel for the
one-dimensional Ising chain with = 0:75 (hon-mean- eld universality class) at
T = 0:27 0:4T.. While the divergenceat K = 0is lesspronounced, the data show
a similar behavior than in the left panel.

where %4d) is the width of the distribution of distances.If the spaceis ultra-
metric, we expect dnax = dmeg for L ! 1 . This meansfor the distribution
P(K)!' (K=0)forL! 1.

In Fig. 6 (left panel) we show data for the distribution P (K) for the SK
model at T = 0:4T.. For increasingsystemsizethe data seemto cornvergeto
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a limiting delta function. This is not the casefor T = T, (not shavn) where
the data are independert of system size and showv no divergencefor K !
0. This suggeststhat the used obsenable correctly captures the underlying
ultrametric behavior. Furthermore, studiesof cophoneticdistancesshow that
the structures found in the dendrogramsare not arbitrary . Figure 6 (right
panel) shavs P(K) for the one-dimensionallsing chain with = 0:75 at
T = 0:27 0:4T; for a range of system sizes. The data show a similar
behavior than for the SK model, although the e ect is not as pronounced.
Further simulations at  values larger than 0:75 as well as a quantitativ e
study of the number of clusters and RSB layers shall clarify with certainty if
short-range spin glasseshave an ultrametric phasestructure or not.

4 Future directions

In the past, we have studied seeral properties of spin glassesusing the one-
dimensional Ising chain, sud as the nature of the spin-glassstate [8,9,41],
ground-state energy distributions of spin glasseq10], the existenceof a spin-
glassstate in a eld [11](seeabove), eld chaosin spin glasseq13],local- eld

distributions in spin glasseq12], as well as ultrametricit y in spin glasseq13]
(see above). Furthermore, other groups have also studied other open ques-
tions in the physics of spin glasseswith this model, such as nonequilibrium
problems[42] or di erent cumulants of the order parameter distribution [43].
All previous studies had beendone on the model preseried in Eq. (1) using
Ising spins. In this section we mertion someextensions,as well as modi ca-

tions of the model which can be usedto study di erent problems.

4.1 Variations on the model

Recerily, a one-dimensionalspin-glasschain with Heiserberg spins has been
studied in Ref. [44]to test the controversial spin-chiralit y decouplingscenario
[45{48] proposedby Kawamura. It is unclear to date what the nature of the
spin-glassstate in Heiserberg spin glassess. In particular, it is unclearif spin
and chiralit y degreesof freedom decouple.To test this scenario,simulations
of the one-dimensionalHeiserberg chain [44]at = 1:1 have beenperformed.
For = 1:1the spin degreesof freedomonly order at T = 0, whereasresults
suggestthat the chiralit y degreesof freedomorder at nite nonzerotemper-
atures. Similar studies could be performed for models with planar XY spin
degreesof freedom, as well as Potts spins (work in progress).

Finally, the Hamiltonian can also be modied to include, for example,
p-spin interactions to study structural glasses[49] (work in progress). Pre-
liminary results suggestthat the model hasa nite ordering temperature in
the mean- eld regime.
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4.2 Studying larger systems with dilution

While the linear systemsizesL studied with the one-dimensionallsing chain
are considerably larger than the system sizesaccessiblein short-range sys-
tems, the fact that the model is fully-connected makesit dicult to access
large numbers of spins becauseany algorithm would have to do O(L?) up-
dates at every Monte Carlo sweep. This is becausethe system has O(L?)
interactions betweenthe spins. Recerily, Leuzzi and collaborators suggested
a variation of the model which is diluted, thus drastically reducing the num-
ber of neighbors for eac spin [50]. In their version, a random bimodally-
distributed bond between two spins is placed with a power-law dependen
probability adjusted such that the mean connectivity z is always 6 for all
This hasthe eect that for ! 0 we recover the Viana-Bray model with
xed connectivity [51]. Becauseof the dilution, systemsof 10* spins can be
studied to temperaturesaslow as  0:4T..

In Fig. 7 we presert data for a diluted systemwith Gaussian-distributed
random interactionsand = 0:75.In this case the probability to placeabond
betweentwo spinsis P(J; 6 0)=r 2 , wherer is the distance betweenthe
spins. The mean connectivity z of the model is then givenby z= 2 (2 ) in
the thermodynamic limit, where is the Riemann zeta function. For =0
we recover the SK model, whereas, for example, for = 0:75 the mean
connectivity isonly z  5:22 thus allowing the study of large systems(note
that the interactions are rescaledsudh that TMF = 1). In the left panel of
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Fig. 7. Left panel: Finite-size correlation length for the power-law diluted one-
dimensional Ising spin glass with variable connectivity. The data cross at T.
0:54 illustrating the existence of a transition. Right panel: Distribution of the spin
overlap function P(q) at T = 0:4 for di erent system sizes.The width of the lines
corresponds to the error bars.
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Fig. 7 the nite-size correlation length asa function of temperature is shown.
The data crossat T,  0:54 signaling the existenceof a spin-glasstransition.
In thlg right panel of Fig. 7 we shaw the distribution of the spin overlap g =
L ' S S . While the data show corrections due to critical uctuations,
they corverge to a seemingly system-sizeindependert value around jqj

0. This would agreewith the replica symmetry breaking scenarioby Parisi
[4,52,53,2]although lower temperatures are neededto properly addressthis
guestion. Current work focuseson revisiting the existenceof a spin-glassstate
in a eld using the model with dilution.

5 Benchmarking of algorithms

Benchmarking optimization algorithms [55,56]plays a crucial role in the eld
of disordered and complex systems, as well as many other interdisciplinary
applications. Knowing the range of applicability of a given algorithms can
be of great importance when trying to solve a given problem. For example,
whereasthe branch, cut & price algorithm [57{59] works best for short-range
systems, it is least e cien t when the interactions are long range [10].
Recerly, the hysteretic optimization heuristic [60] has been intro duced
to estimate ground states of spin-glass systems. The method is known to
work well for the mean- eld SK model, as well as the traveling salesman
problem [56]. The idea behind hysteretic optimization is successie demag-
netization at zerotemperature. With additional shake-ups( eld increasesto
further randomize the system) close-to-ground-state con gurations can be
obtained. Recerly, Goncalves and Bottc her [54] have studied the e ciency
of the method on the one-dimensionallsing chain. Data adapted from their
work shown in Fig. 8 clearly show that the method works best for in nite-

(= LR R L IR IR Fig. 8. Percentage error in the
ground-state energies obtained
with  hysteretic optimization in
comparisonto exact ground states
as a function of the exponent

for dierent system sizes L.
Clearly, the algorithm works best
for . 1=2 (vertical dashedline),
i.e., in the innite-range regime.
Outside the in nite-range regime,
avalanches do not percolate the
T system and thus the algorithm is

02 04 06 08 lesse cien t. Figure adapted from

4 reference[54].

% error
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-
L

(@}
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range models ( 1=2) where avalanchesin the hysteresisloops proliferate
easily While the error in nding the ground states increasesslightly with
systemsizefor . 1=2the increaseis considerably stronger for larger values
of . As soon asthe systemis not in nite-ranged, avalanchesare small and
the method is not e cien t.

6 Concluding remarks

By using a one-dimensionalspin-glassmodel with random power-law interac-
tions we have beenable to shedsomelight on someof the open questionsin
the physics of spin glasses.The one-dimensionalspin-glasschain hasthe ad-
vantage over corventional modelsthat large linear system sizescan be stud-
ied. Furthermore, by changing the power-law exponert of the interactions,
di erent universality classesranging from the mean- eld to the short-range
universality classcan be probed. The latter feature of the model allows also
for e cien t bendhmarking of optimization algorithms.

Ac knowledgmen ts

We would like to thank Stefan Bettcher, lan Campbell, Thomas Jerg, Flo-
rent Krz akala, Wolfgang Raderbach, David Sherrington and Gergely Zimanyi
for discussions.In particular, we would like to thank B. Goncalves and
S. Bettcher for sharing their data from Ref. [54]. The simulations have been
performed on the Asgard, Brutus, Gonzalesand Hreidar clusters at ETH
Zurich. H.G.K acknowledgessupport from the SwissNational ScienceFoun-
dation under Grant No. PP002-114713.A.P.Y. acknowledgessupport from
the National ScienceFoundation under Grant No. DMR 0337049.

References

1. K. Binder, A.P. Young, Rev. Mod. Phys. 58, 801 (1986)

. M. Mezard, G. Parisi, M.A. Virasoro, Spin Glass Theory and Beyond (W orld
Scierti ¢, Singapore, 1987)

3. A.P. Young (ed.), Spin Glassesand Random Fields (World Sciertic, Singa-

pore, 1998)

4. G. Parisi, Phys. Rev. Lett. 43, 1754 (1979)

5. S.F. Edwards, P.W. Anderson, J. Phys. F: Met. Phys. 5, 965 (1975)

6. D.S. Fisher, D.A. Huse, Phys. Rev. Lett. 56, 1601 (1986)

7. G. Kotliar, P.W. Anderson, D.L. Stein, Phys. Rev. B 27, R602 (1983)

8

9

0

N

. H.G. Katzgraber, A.P. Young, Phys. Rev. B 67, 134410(2003)

. H.G. Katzgraber, A.P. Young, Phys. Rev. B 68, 224408(2003)

. H.G. Katzgraber, M. Korner, F. Liers, M. Junger, A.K. Hartmann, Phys. Rev.
B 72, 094421 (2005)

11. H.G. Katzgraber, A.P. Young, Phys. Rev. B 72, 184416(2005)



14

12

13.
14.
15.
16.
17.
18.

19.
20.
21.

22.
23.
24.
25.
26.

27.

28.
29.
30.

31.
32.

33.
34.

35.

36.
37.
38.

39.

40.
41.

42.
43.
44,
45.
46.

Helmut G. Katzgraber et al.

S. Boettcher, H.G. Katzgraber, D.S. Sherrington, Local eld distributions in
spin glasses(2007). (arXiv:cond-mat/0711.3934)

H.G. Katzgraber, J. Phys.: Conf. Ser. 95, 012004 (2008)

D.S. Fisher, D.A. Huse, Phys. Rev. B 38, 386 (1988)

D. Sherrington, S. Kirkpatric k, Phys. Rev. Lett. 35, 1792 (1975)

K. Hukushima, K. Nemoto, J. Phys. Soc. Jpn. 65, 1604 (1996)

N. Metropolis, S. Ulam, J. Am. Stat. Assoc. 44, 335 (1949)

H.G. Katzgraber, S. Trebst, D.A. Huse, M. Troyer, J. Stat. Mech. P03018
(2006)

H.G. Katzgrab er, M. Palassini, A.P. Young, Phys. Rev. B 63, 184422(2001)
R.N. Bhatt, A.P. Young, Phys. Rev. Lett. 54, 924 (1985)

J.C. Ciria, G. Parisi, F. Ritort, J.J. Ruiz-Lorenzo, J. Phys. | France 3, 2207
(1993)

N. Kawashima, A.P. Young, Phys. Rev. B 53, R484 (1996)

A. Billoire, B. Coluzzi, Phys. Rev. E 68, 026131(2003)

E. Marinari, C. Naitza, F. Zuliani, J. Phys. A 31, 6355 (1998)

J. Houdayer, O.C. Martin, Phys. Rev. Lett. 82, 4934 (1999)

F. Krzakala, J. Houdayer, E. Marinari, O.C. Martin, G. Parisi, Phys. Rev. Lett.
87, 197204(2001)

H. Takayama, K. Hukushima, Field-shift aging protocol on the 3D Ising spin-
glass model: dynamical crossorer between the spin-glass and paramagnetic
states (2004). (cond-mat/0307641)

A.P. Young, H.G. Katzgraber, Phys. Rev. Lett. 93, 207203(2004)

P.E. Jonsson,H. Takayama, J. Phys. Soc. Jap. 74, 1131 (2005)

T. Jorg, H.G. Katzgraber, F. Krzakala, Do spin glassesorder in a eld? (2007).
(arXiv:cond-mat/0712.2009)

J.R.L. de Almeida, D.J. Thouless, J. Phys. A 11, 983 (1978)

H.G. Ballesteros, A. Cruz, L.A. Fernandez, V. Martin-Ma yor, J. Pech, J.J.
Ruiz-Lorenzo, A. Tarancon, P. Tellez, C.L. Ullod, C. Ungil, Phys. Rev. B 62,
14237 (2000)

M. Palassini, S. Caracciolo, Phys. Rev. Lett. 82, 5128 (1999)

A. Billoire, Some aspects of in nite range models of spin glasses:theory and
numerical simulations (2007). (arXiv:cond-mat/0709.1552)

M. Mezard, G. Parisi, N. Sourlas, G. Toulouse, M. Virasoro, Phys. Rev. Lett.
52, 1156 (1984)

G. Hed, A.P. Young, E. Domany, Phys. Rev. Lett. 92, 157201 (2004)

S. Franz, F. Ricci-Tersenghi, Phys. Rev. E 61, 1121 (2000)

P. Contucci, C. Giardina, C. Giberti, G. Parisi, C. Vernia, Phys. Rev. Lett. 99,
057206 (2007)

T. Jorg, F. Krzakala, Comment on "Ultrametricit y in the Edwards-Anderson
Model" (2007). (arXiv:cond-mat/0709.0894)

J. Ward, J. of the Am. Stat. Association 58, 236 (1963)

H.G. Katzgraber, M. Korner, F. Liers, A.K. Hartmann, Prog. Theor. Phys.
Supp. 157, 59 (2005)

M.A. Montemurro, F.A. Tamarit, Int. J. Mod. Phys. C 14, 1 (2003)

L. Leuzzi, J. Phys. A 32, 1417 (1999)

A. Matsuda, M. Nakamura, H. Kawamura, J. Phys. C 19, 5220 (2007)

H. Kawamura, Phys. Rev. Lett. 68, 3785(1992)

L.W. Lee, A.P. Young, Phys. Rev. Lett. 90, 227203(2003)



a7
48

49.
50.

51.
52.
53.
54.
55.
56.

57.
58.

59.

60.

New Insights from One-Dimensional Spin Glasses 15

. K. Hukushima, H. Kawamura, Phys. Rev. B 72, 144416(2005)

. I. Campos, M. Cotallo-Aban, V. Martin-Ma yor, S. Perez-Gaviro, A. Tarancon,
Phys. Rev. Lett. 97, 217204 (2006)

M.A. Moore, Phys. Rev. Lett. 96, 137202(2006)

L. Leuzzi, G. Parisi, F. Ricci-T ersenghi,J.J. Ruiz-Lorenzo, (2008). (arxiv:cond-
mat/0801.4855)

L. Viana, A.J. Bray, J. Phys. C 18, 3037 (1985)

G. Parisi, J. Phys. A 13, 1101 (1980)

G. Parisi, Phys. Rev. Lett. 50, 1946 (1983)

B. Goncalves, S. Boettcher, J. Stat. Mech. P01003 (2008)

A.K. Hartmann, H. Rieger, Optimization Algorithms in Physics (Wiley-V CH,
Berlin, 2001)

A.K. Hartmann, H. Rieger, New Optimization Algorithms in Physics (Wiley-
VCH, Berlin, 2004)

F. Barahona, M. Gretschel, M. Junger, G. Reinelt, Oper. Res. 36, 493 (1988)
F. Liers, M. Junger, G. Reinelt, G. Rinaldi, in New Optimization Algorithms
in Physics, ed. by A.K. Hartmann, H. Rieger (Wiley-V CH, Berlin, 2004)

M. Junger, G. Reinelt, S. Thienel, in DIMA CS Series in Discrete Mathemat-
ics and Theoretical Computer Science, vol. 20, ed. by W. Cook, L. Lovasz,
P. Seymour (American Mathematical Society, 1995)

K.F. Pal, Physica A 367, 261 (2006)



