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For statistics of rare events in systems obeying a large-deviation principle, the rate function is a
key quantity. When numerically estimating the rate function one is always restricted to finite system
sizes. Thus, if the interest is in the limiting rate function for infinite system sizes, first, several system
sizes have to be studied numerically. Here rare-event algorithms using biased ensembles give access
to the low-probability region. Second, some kind of system-size extrapolation has to be performed.

Here we demonstrate how rare-event importance sampling schemes can be combined with multi-
histogram reweighting. We study two ways of performing the system-size extrapolation, either
directly acting on the empirical rate functions, or on the scaled cumulant generating functions, to
obtain the infinite-size limit. The presented method is demonstrated for a binomial distributed
variable, a Markov process of random bits and the largest connected component of Erdés-Rényi
random graphs. Analytical solutions are available in all cases for direct comparison. It is observed in
particular that phase transitions appearing in the biased ensembles can lead to systematic deviations

from the true result.

I. INTRODUCTION

Let S be an extensive random variable of a system at
scale A that is under consideration. The scale N could
be the duration of a process or the number of individual
system components. For a very simple example, let S be
the number of rainy days in a region within a total time
span of A days. A corresponding intensive quantity is
then s = S/N, i.e. the fraction of rainy days. Since the
number of days varies with time, a stochastic modeling is
natural, described by a probability distribution p(s; ).
Often such distributions follow the large-deviation prin-
ciple [TH3], which means that there exists a so-called rate
function I(s) such that

ps;N) = e NI 1)

This is equivalent to the existence of the limit

1
Sli_)rr;O Y Inp(s; N) = I(s). (2)
There exists an analytical solution for a simple model
of the rainy day example, as will be discussed below,
but for more complex systems numerical methods are
a viable alternative. Here many different systems have
been investigated in the physics community like ran-
dom graphs [4H6], exclusion processes [7] [§], the contact
process [9], spin glasses [10], Brownian [11 12] or frac-
tional Brownian motion [I3HI5], traffic models [I6], the
Kardar-Parisi-Zhang equation [T7HI9], chaotic maps [20],
non-equilibrium work processes [21H23], and many more.
Here one has to take into account that the probability
density p(s; ) following Eq. becomes exponentially
small in A/ almost everywhere. Therefore, in ordder to
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obtain a good estimate of the rate function I(s), rare-
event samples have to be obtained from the distribution
tails, which is a numerical challenge. For this purpose,
various large-deviation algorithms and methods [24, 25]
have been devised. One class of approaches is based
on population dynamics, referred to as cloning or split-
ting [7THOL 26], with Adaptive Multilevel Splitting (AMS)
[11, 27, 28] as a notable variant. In these, a set of systems
is evolved simultaneously and at certain points systems
are discarded and/or duplicated based on an importance
function that biases the dynamics towards rare-events.
Another approach, the adaptive power method [29], is
centered around estimating the eigenvalue of the sys-
tems tilted transition matrix, which allows to get the
rate function by means of the Gértner-Ellis theorem [2].
In some methods, the maximum likelihood pathway of a
rare event, the so called instanton, is numerically deter-
mined by mapping to a classical system, to gain insight
into a systems large-deviation properties [30H32]. The fi-
nal class of approaches are importance-sampling methods
Bl [6, 2TH23] 33]. Here, data points are sampled according
to some Monte Carlo scheme but with respect to a tilted
or biased distribution to obtain improved estimates in the
original distributions tails. This later class of algorithms
are of relevance here.

The purpose of this paper is to demonstrate how multi-
histogram reweighting [34H38] can be effectively com-
bined with importance-sampling large-deviation tech-
niques and finite-size fitting extrapolation [9] [39, 40] to
obtain a rate function estimate.

The paper is structured as follows: We start by ex-
plaining methods for estimating rate functions. Subse-
quently, three case studies are presented while applying
the above mentioned approaches. First, a simple bino-
mial distributed case is considered. Second, a Markov
process of random bits. And third, we investigate the
more complex case of the largest connected component
of Erdés Rényi (ER) random graphs. For these investiga-
tions, the general behavior of the approaches in relation
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to their parameters are demonstrated. We conclude with
an overarching discussion.

II. RATE FUNCTION ESTIMATION METHODS
A. Empirical Rate Function at a Large Scale

A naive way to estimate a rate function is to perform
large-deviation simulations at a sufficiently large system
scale NV, ideally chosen such that the empirical deter-
mined finite-size corrections are insignificant compared
to the desired magnitude of statistical errors.

An estimate of the underlying probability distribution
p(s, ) for the quantity of interest in form of a histogram
h(s; N) is straightforward to calculate, see [21] for an
example. From this, the empirical rate function is given
by:

In(h(s; N))
N ®)

This approach assumes that the chosen system size is
“large enough” which can roughly be tested by perform-
ing at least some simulations for a larger size like 2N and
verifying that the results do not change as compared to
the statistical error.

A minor but very common drawback of this method
is that the histogram requires to select an appropriate
binning, which can limit the spacial resolution in regions
with less data samples. Statistical error propagation, on
the other hand, is relatively easy accomplished with this
method via simple Gaussian error propagation. The ap-
proach presented below is histogram-free and involves er-
ror propagation, too.

I(s;N) = —

B. Direct Extrapolation of the Empirical Rate
Function

An extension of the previous method is to obtain data
for various system scales N and subsequently calculate
the empirical rate function in Eq. at each of them.
Often one assumes that the finite-size effects behave like
a power-law as a function of N, which is very common
for the finite-size behavior of physical systems, i.e.,

I(s;N') =I(s) + a(s)N b (4)
with b(s) > 0.

This allows for a fit for selected values of s over the system
scales N, where I, a and b are s-dependent fit parame-
ters. Thus, for every considered value of s an indepen-
dent fit is performed. The extrapolated rate function is
I(s). There is no a-priory argument, why a power law is
an appropriate choice in all cases. However, such shape
of finite-size dependencies has been observed already in
large-deviation contexts [9, [39, [41]. The discussion fol-
lowing Eq. below will elaborate this briefly. When

the measured quantity S only takes values from a finite
set of elements that scales with N, this approach comes
with a further drawback. Since the empirical rate func-
tion is then evaluated at discrete points s = S/N, too,
which must be common at all system scales A/, the spatial
resolution of the rate function estimate will be limited by
the resolution at smallest system scale.

Finally, a benefit of extrapolation can sometimes be
that it helps to reduce the overall computational effort,
because smaller system sizes are generally easier to simu-
late than rather large ones. However, if finite size effects
prevent a good extrapolation, i.e, the fitted function is
not representative of the data, there is little to be gained
(see for example the ¢ &~ 0.316 curve in the lower panel
of Figure @

C. SCGF Transformation with Multi-Histogram
Reweighting

Instead of using Eq. for a direct estimate of the
rate function, the approach presented here is centered
around the approximation of the scaled cumulant gener-
ating function (SCGF) that is given by

o1 q
U(q) := lim Nln (e?%), (5)
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where S = N's and (...) denotes the expectation value
with respect to p(S;N). From this estimate, the rate
function is obtained via the Gértner-Ellis theorem [2] 3],
which states that the rate function is the Legendre-
Fenchel (LF) transformation of the SCGF:

I(s) = sup[gs — ¥(q)]- (6)

q

Note that the application of this transformation as-
sumes that the underlying distribution follows the large-
deviation principle Eq. (1). Furthermore, it will only
yield the convex envelope of the rate function if the SCGF
is non-convex [2]. There are benefits from taking this de-
tour over the SCGF, compared to the direct methods.
First, no histogram binning is required to calculate the
expectation value in Eq. (5)), which can just be approx-
imated by an average of the data. Second, should the
distributions undergo substantial changes when increas-
ing the system scale A, i.e., strong finite-size effects, Eq.
can be sometimes easier for extrapolateion by means
of a fit than the empirical rate function in Eq. , see
below.

The starting point is to perform numerical simula-
tions of the system of interest, for several scales A/ and
various suitably chosen values of the bias parameter g,
which appears already in the definition of the SCGF.
The simulations generate exponentially-biased data series
(S1,..., S?Vq) of N, values of the system quantity S of in-
terest. For convenience, the data points are assumed to
be uncorrelated. Note that for simplicity of notation we



do not denote the system-scale dependence of the data se-
ries. Exponentially biased means here that for the given
value g of the bias parameter the data points are obtained
according the biased probability

p(S; N) exp(qS)
Z(q,N) @)

instead of the original distribution p(S;AN). Note that
p(S;N,q = 0) = p(S;N) for the unbiased case. While
the angular brackets in Eq. could be evaluated by di-
rectly sampling from the original non-biased distribution
p(S; N) and then applying a weight of e?°, the important
point here is the observation that this method becomes
increasingly inefficient as ¢ deviates more and more from
zero. A simple argument for this is that since p(S; ) and
p(S; N)e?® usually do not peak around the same value
of S for ¢ values other than zero, most of the directly
generated samples do not contribute significantly to the
expectation value <eqS > anymore, i.e, they are suppressed
by the exponential weight. To overcome this limitation,
it is then more efficient to equivalently sample accord-
ing to the biased distribution p(S; N, q) with a weight of
one for the individual samples. Such biased data can be
generated using corresponding large-deviation algorithms
[21, 241 [42], [43]. The exponential bias exp(¢S) is chosen
to explicitly match the functional form of the expectation
value argument in Eq. and is frequently used in other
previous studies that employ large-deviation algorithms
[21, 22]. In these studies a temperature like parameter ¢
is usually denoted in the exponential bias, which relates
to the parameter ¢ through ¢ = —1/6. In an importance
sampling context, this setup is also referred to as an ex-
ponential change of measure [3]. Since the present work
is concerned with the data analysis and extrapolation
rather than the actual simulations, we refer to the litera-
ture on large-deviation simulation algorithms. However,
in order to give a complete picture of the method the
large-deviation algorithm from [2I] will be explained in
section [[ITB] for the Markov process. The same algorithm
is used for the random graph case study, too.

The next step is to estimate from the numerical results
the SCGF at finite size N, namely ¥ (q; \V'), and the tilted
expectation value u(q; N) := ¥'(q; N), i.e., the derivative
of ¥ with respect to q. The latter one is needed to con-
veniently perform the LF transform, see below. We start
with p(g; V') and obtain

p(S; N, q) =

W@ N) = a%mq;/v) (®)

_ <Seqs>p(S;N)
N (e®®) sy
_ Ossiva )
N
= (S)psinva)»

at finite system scales N. Details of the calculations for
Eq. @D are shown in appendix The expectation values

(... >ﬁ(S;N,q) are with respect to the biased distribution
in Eq. with the bias parameter q.

Thus, u(q; M) can be estimated for a given size N di-
rectly for any value of ¢ where simulations have been
performed. But large-deviation simulations can be com-
putationally costly, therefore it is impractical to perform
these for many values of ¢ at various scales N. If the
number of values ¢ is large, this would be tedious. To ad-
dress this issue, we apply histogram reweighting, also of-
ten referred to as Ferrenberg-Swendsen reweighting [34-
31, to obtain estimates at arbitrary values of ¢q. Actu-
ally, in the form that is presented below, the approach is
histogram-free, which is very flexible. To ensure that the
reweighting procedure works correctly, the requirement
arises that the spacing between bias values ¢ during the
simulations is sufficiently small and therefore the relevant
distribution support is decently covered by the sampled
data. However, this depends severely on the investigated
model and has to be determined empirically in each case.

Let ¢; with ¢ = 1,..., K be the bias values used within
the simulations, i.e., N,, denotes the number of sampled
data points for the i’th simulation. An expectation value
of a quantity O = O(S), i.e., an arbitrary function de-
pending on S, obtained at arbitrary bias ¢ is then given
by [30]

K Ng, ) i
: Oqzeqsa +fq
(Ohsva) =20 = w0 (10)
N, i
=Tzt Ly Noge® 5o Ha
where OF' = O(S]"). The normalization constant f, is

determined by considering O = 1 such that (O);5.rr o) =
1 and dividing by efe results in

f K Nqi eqsgi
el = g g , . (11)
K sdi
N, edrSa’+fq,
i=1a=1 2uk=1Var € k

While the corresponding constants fg, in the denomina-
tor are determined self consistently by setting f, = fq,
with j = 1,..., K on the left side of Eq. . The values
of f,, can be obtained by iteration, e.g., starting with
fq; = 0 for all values of j or by more sophisticated ap-
proaches [38]. Note that the values of f,, can be deter-
mined only up to an additive but irrelevant constant.
Reweighting by means of Eq. is performed over
the data points directly, i.e., there is the additional ben-
efit that it is a histogram-less method. Thus, no selec-
tion of a specific binning for the measured values of S
is necessary. The calculation of the corresponding sta-
tistical error-propagation is given in appendix |B} which,
according to the knowledge of the authors, has not been
published in the literature so far. For only unbiased data
samples, a discussion of statistical errors can be found in
[44] and for importance-sampling estimators in [33].
With the approach explained above, p(q, ') can be
obtained for basically any desired value of q. Thus, we
turn now to the determination of ¥(q; '), which can be
written as ﬁ In <eq5>p(S;N). By comparing with Eq.



we observe that the calculation of the average can be
achieved by first setting ¢ = 0, which also means that
fq = fo in the equation, and then using O = e9%, where
now ¢ has become a free parameter. The latter yields
0% = eqsgl, when applied to the data points. This re-
sults in

K Ng;

<eqs>p(s;/\f) = Z Z K

i=1a=1 k=1

While this looks very similar to Eq. for O =1, it
differs in the fact that fy appears in the argument of
the exponential, instead of f,. Since the values of f,,
and fy are already known, by taking the logarithm and
dividing by N, ¥(s; ) is readily obtained. It should be
mentioned that ¥(q; V') could also be determined from
Eq. using thermodynamic integration [3], which is
not done here to keep the error-propagation calculations
simple for the SCGF estimator.

Since there is data for various scales N, next we want
to extrapolate uu(q; N) and ¥(q; V') toward infinite scales,
i.e., taking the limit N' — oo. For this purpose, for any
choice of ¢, a function g(N; q) is fitted. Here, again power
laws

engi-&-fo

: . 12
qu erng +qu ( )

9(WN;q) =C(q) + A(gN~P@ (13)
with B(g) > 0

are used, where A, B, and C are ¢ dependent fit-
parameters. The extrapolated value is given by C'(g) and
is different when extrapolating p or W. The same symbol
is only used for simplicity here. While the true functional
form usually depends on the finite-size behavior at bias
parameter g of the considered system and is unknown in
general, the power law in Eq. is a robust choice.
For example, there are cases where this form of scaling is
known to apply in a large-deviation context: In a cloning
approach, the corresponding SCGF estimator is shown to
follow a power-law scaling [9,[39]. Note that for problems
which are admissible to the cloning approach, the SCGF
can be estimated directly from “growth factors” describ-
ing the evolution of the population, while our approach is
based on Eq. , which is very general. Finite-size cor-
rections to eigenvalue statistics of random matrices were
investigated in [41], where leading order correction terms
are found to follow a power-law, too.

The final step is to perform the LF transform in Eq.
@. Instead of fixing s and then searching for the value
of ¢ that maximizes the supremum argument, it is easier
to do a parametric LF transformation [2| [29]: For maxi-
mizing with respect to ¢ one takes the derivative of the
supremum argument and equals it to zero, which gives
¥'(q) = s = p(q). Substituting back into Eq. (6) yields

I(1(q)) = quiq) — ¥ (q)- (14)

This form of the rate function can be directly evaluated
for any desired value of ¢ at u(q) and ¥(gq), which are
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the extrapolated values for N' — co by means of fitting
Eq. . Doing so for sufficiently many values of ¢, each
time yielding s = u(q), will give arbitrary dense resolu-
tion on the rate function I(s). This is computationally
cheap, since arbitrary values for the bias parameter ¢ can
be utilized. As long as the data samples cover the region
of s that is relevant for the chosen bias ¢, no new simu-
lations are necessary. For error-propagation, the correla-
tion between u(q) and ¥(q) in Eq. is ignored.

III. CASE STUDIES

Three systems are analyzed. First, a slight variation
of binomial distributed data. This is mostly intended as
a proof of concept for the presented method. Second, a
Markov process of random bits, also referred to as Bal-
anced Markov Bits [2]. The model has a less trivial yet
convex rate function than the binomial distributed data.
Here, it is used to compare the performance of the differ-
ent rate function estimation methods. The third system
is the distribution of the largest connected component in
ER random graphs, which has a rather complicated and
non-convex rate function in the highly connected phase,
see Eq. ) It serves to test the method’s performance
in a complex system scenario, for example in the presence
of phase transitions, as will be shown. ER graphs have
been subject to large-deviation studies in various context
before [4H6) 29, [45].

A. Binomial Distributed Data

Holding on to the terminology of the introductory
example[46] in order to be less abstract, the probabil-
ity distribution of a number S of rainy days in a period
of N days is assumed to be binomial distributed, i.e.,

psin) = (4 ) rnSa- a0 s.

This is a very strong simplification of real precipitation
events that are usually correlated in time and can be af-
fected by seasonal variations, too. Equivalently, also the
fraction of rainy days s = S/N can be considered, which
is done in the following. To introduce a more challeng-
ing scaling behavior, which leads to a size-dependence
of the rate function, the rain probability r(N) is set to
explicitly have a system scale N dependence of the form

r(N) =10 + N7, (16)

where 0 < 7o < 1, v > 0 and c is a constant. The
parameters have to be chosen such that 0 < r(N) < 1 for
all values of N. The specific choices 7o, = 0.25, ¢ = 7.4
and v = 1 are used here, while the considered system
scales are N; = [10 - (1.25)], with i € [2,3,...,17].

A plot of the probability distributions in Eq. (L5]) re-
sulting from the scale dependency of r(N') in Eq. (16) is
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FIG. 1. Normalized binomial distributions with scale de-
pendent parameter r(N') as given in Eq. (16). In contrast
to a binomial distribution with constant value of 7(N), the
mean and variance change with the system scale N'. The cir-
cles mark the corresponding distribution maximum. Only a
selection of system scales A is shown for visual purposes.

shown in figure [I] for various scales /. The curves un-
dergo significant change with increasing scale parameter,
especially the peak of the distribution shifts from around
s~ (.76 towards s =~ roo = 0.25

The reason for making the parameter r(N') explicitly de-
pendent on the system scale A is that this causes the
expectation value

() = % =Too + N7 (17)

and the SCGF
P (q;N) =In(1 —r(N)(1 —e?)), (18)

here given before taking the limit N' — oo, to be a func-
tion of the systems scale A/ as well. Finite-size behavior
similar to this, which emerges for most complex systems
naturally without including it explicitly, can make the
estimation of rate functions difficult. The reason is that
simply rescaling the data, i.e., dividing it with the scale
N, does not necessarily mitigate finite-size effects. For
this particular case, it means that rescaling the data will
result in a different estimate of the mean (s), for every
scale \V, in contrast to when r(N) is constant.

The scaling behavior in this simple binomial example
is known and generally follows a power law due to the
specific choice for the parameter 7(N) in Eq. (16). For
the expectation value (s), this can be seen directly in Eq.
(17). The SCGF Eq. by Talyor expansion around
q = 0, approximately follows this behavior too, i.e.,

U(g;N) =~ qr(N) = qroo +qeN 7. (19)

Therefore, the extrapolation by means of Eq. is well
justified.

We tested the numerical simulation of biased data, sub-
sequent determination of u(q, N') and ¥(q; N), extrapo-
lation to infinite N” — oo, and finally applying the LF to
obtain the limiting rate function I(S). For this purpose,
36 bias values ¢ from the regime ¢ € [—5,...,5] were se-
lected in a way that the value ranges close to the peak of
the biased distributions cover the entire set of s values.
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FIG. 2. Biased binomial distribution p(s;N,q) ~
p(s; V) exp(gs) at system scale N' = 444 for the various bias
values q. The thicker curve shows the unbiased case, i.e.,
q = 0. Depending on the specific bias value ¢, the distribu-
tions are shifted towards higher or smaller values of the frac-
tion of rainy days s. Each distributions peak region stretches
over a different subset of s, such that in total the entire range
of s is covered.

An example of the resulting biased probability distri-
butions p(s; N, q) ~ p(s; N) exp(gN's) is depicted in fig-
ure [2] for the largest system scale N/ = 444, where the
unbiased case, i.e. ¢ = 0, is highlighted with a thicker
line. Figure [2| illustrates that the biased distributions
cover a regime of s values with high probability that oth-
erwise only have very small values in the original unbi-
ased distribution. Employing a large-deviation algorithm
to sample realizations according to the biased distribu-
tions p(s; N, q) is generally, and in particular at larger
system scales, more efficient when numerically estimat-
ing the necessary expectation values with ¢ # 0, e.g., in
Eq. , compared to direct sampling at ¢ = 0.

However, the system scales used for the binomial case
are in fact so small that direct sampling is possible, i.e.,
calculating all probabilities p(s; N, ¢) explicitly and then
draw for each sample the number S of rainy days accord-
ingly. For every bias value ¢, N = 3 - A data points
are generated, thus a very small number as compared to
typical number of samples needed for statistical analyzes.
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FIG. 3. Fit of the power-law in Eq. for the bino-

mial distributed data to extrapolate towards infinite system
sizes N. Curves for a selection of bias values q are shown to-
gether with the corresponding fits. Top: SCGF ¥ (q; ). Also
shown are the correct limiting values according to Eq.
as dashed horizontal green lines. Bottom: Biased expectation
value u(q; N). Fit parameters are summarized for both pan-
els in Table |I| under Appendix @

Exemplary extrapolation fits for the SCGF and the ex-
pectation value at various biases parameters q are shown
in figure The power law behavior is found to match
the data decently.

In figure [4] the parametric LF transformation (see Eq.
(14)) of the extrapolated SCGF is depicted. This is com-
pared to the analytical rate function

1—
IL.(s) = sln > + (I-9)In 7 i , (20)

T —Too

which is identical to the form when r(N) is scale inde-
pendent [46]. Note that due the parametric LF transfor-
mation also the horizontal axis for s exhibits error bars.
Mostly, good agreement is found within errors for the rate
function I(s), while for s values towards one, a slight sys-
tematic deviation is visible There, the estimated result is
higher than the analytical curve. This is somewhat ex-
pected, due to the fact that in this regime the power
law behavior for the SCGF extrapolation (see Eq. (19))
becomes less accurate.
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FIG. 4. Comparison of the exact analytical rate function in
Eq. and the rate function obtained from the parametric
Legendre-Fenchel transformation (see Eq. ) of the nu-
merically estimated SCGF for the number of rainy days. The
procedure to obtain the estimated curve in described under
subsection [[TC] Errorbars are smaller than symbol size.

B. Balanced Markov Bits

The second case study is about a two state Markov
process with sequence S = (S1, 5%, ...,Sx) where S; €
{0,1} and N constitutes the length of the chain. If the
system is currently in state S;, then the probability of
transitioning to the other state is given by a € (0,1),
which for the next state would mean S;;1 = S;+1 mod 2.
Consequently, the probability of remaining in the cur-
rent state, i.e., S;41 = S, is 1 — a. The inset in the
top panel of figure [§] depicts the corresponding state
graph of the Markov process. The initial state Sy of
the sequence is chosen randomly with uniform probabil-
ity. The quantity of interest is the number of ones in
the chain: § = Zﬁl S;. Note that in contrast to the
Bernoulli case, the fraction of ones always converges to-
wards s = £ — 0.5 as N — <.

Following the reasoning in section 4.3 of [2], the SCGF
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FIG. 5. Top: Comparison of the analytical rate function

in Eq. , the Legendre-Fenchel transformed extrapolated
SCGF (see subsection , the empirical rate function at
system size N/ = 800 (see subsection and the directly
extrapolated empirical rate function (see subsection for
the two state Markov process case study with transition prob-
ability a = 0.25. The inset shows the state transition diagram
of the Markov chain. Bottom: Corresponding residuals, high-
lighting the difference of the presented estimation methods to
the exact analytical solution.

for the Balance Markov Bits is given by

¥(q) = In¢(Ily), (21)

where ((II,) is the dominant eigenvalue of the tilted tran-
sition matrix II,

= ( et (1 — aes > : (22)

The corresponding rate function I(s) can then be ob-
tained via a parametric LF transformation of the SCGF
¥U(q). For a = 0.5, the limiting rate function is iden-
tical to that of the previous Bernoulli case study with
Too = 0.5.

For the numerical simulations, the transi-
tion probability o« = 0.25 and chain lengths
N € {25,50,100, 200,400,800} were considered. There
are 25 bias values from the regime ¢ € [—4.21,4.21],
explicitly including ¢ = 0, for which up to 3810
independent samples were generated each.

The large-deviation sampling procedure then goes as
follows: First, note that in standard simulations all ran-
dom numbers are generated on demand by calling a
pseudo random-number generator. Usually it is sufficient
to generate U(0, 1) random numbers, i.e., uniformly dis-
tributed in [0, 1], since more complex distributions can
be obtained by transformations [47]. To implement a
large-deviation approach, instead of drawing the neces-
sary random numbers on demand, they are computed in
advance [48] and stored in a vector £ = (£1,&2,...,&N)
with £ € [0,1]. The algorithm relies on the fact that the
number S of ones within one realization of the Markov
chain is a deterministic function of the random num-
bers ¢ utilized during the simulation, i.e., S = S(£).
During step ¢ = 1,...,N of the simulation for exam-
ple, the current state remains, if {; < « and vice versa.
Sampling according to the biased probability distribu-
tion p(S; N, q) o< p(S(€); N)exp(¢S(§)) in Eq. is
then realized by treating the random number vector & as
the state variable in another overarching Markov chain
Monte Carlo (MC) simulation. In this overarching MC
simulation, each MC step then consist of first redrawing
with U(0,1) uniform density a number of entries in £ to
obtain a trial state &’. For this trial state, the underly-
ing Markov chain is simulated and the number of ones
determined, i.e., S = S(¢’). Finally, the trial state is
accepted using the corresponding Metropolis probability
PMetr. (6 = &) = min{l,exp (¢(5’ — 9))} for Eq. (7).
For the number of entries that are redrawn in £ during
every MC step of the overarching MC simulation, one
aims for an empirical acceptance probability close to 0.5.
To ensure the equilibration of the Markov chain, multi-
ple simulations can be started at different extremal initial
values for the state &, i.e., all entries zero or all entries
one. When the resulting values for S that are gener-
ated have become sufficiently similar between the multi-
ple simulations, i.e., they have converged to each other,
the Markov chains are likely sufficiently equilibrated, i.e.,
have “forgotten” their initial state.

The large-deviation rate function resulting from the
various estimation methods are depicted in the top panel
of figure [5| together with the analytical curve. While on
first glance there seems to be good agreement with the
analytical prediction, the residuals in the bottom panel,
which show the difference to the analytical curve, re-
veal that there are small systematic deviations across all
methods, especially towards the boundaries of s. While



the result for the rate function obtained via SCGF trans-
formation (see method in subsection seems to be
rather prone to these systematic deviation near the def-
inition boundaries, it attributes higher statistical uncer-
tainty in these regions in contrast to the other methods.
Furthermore, it has the advantage that it has in princi-
ple arbitrary spatial resolution along the s domain, since
arbitrary bias values ¢ can be considered. Please note
that for visual purposes in figure [b| only a representative
selection of points is depicted. The other methods are
in this regard limited by either the smallest simulated
system size for the direct extrapolation (see subsection
, or the largest system size that can reasonably be
simulated to obtain the empirical rate function (see sub-

section [T Aj).

C. Largest Connected Component of Erdés-Rényi
Random Graphs

As third case study, the largest connected component
size of ER random graphs [4] is considered. Each graph
consists of N nodes. For each pair 4, j of nodes an edge
is randomly and independently inserted with probability
¢/(N — 1), where the connectivity ¢ denotes the mean
number of edges that are incident to a node. This graph
ensemble exhibits a percolation transition at ¢ = 1. For
¢ < 1 the graph is composed of many small tree-like
components, where for ¢ > 1 there exists in the limit
N — oo one large component, which is of the order of
the system size.

The analytical rate function for the relative size of the
largest connected component s = S/AN is known [49]. It
is given piecewise on intervals [sy,sk—1] C [0,1] which
are arranged from right to left:

S0 =1

S —CS
Sk ZSLSIp{l_kS =1-—e }
m(y) =log (1 —eY)
I.(s) = — ksm(cs) + kslog(s) + (1 — ks)log(1 — ks)
+ cks — k(k 4+ 1)cs?/2
for s, <s<s8p_1, (23)

Note that for ¢ <1, s; = 0, thus there is only one inter-
val [s1,8¢], where for ¢ > 1 in principle infinitely many
intervals are needed to describe I(s), but almost all of
them accumulate near s = 0.

Here, the two representative connectivi-
ties ¢ € {0.5,2.0} for graphs of order N €
{50, 75, 100, 150, 200, 300, 400,800} were investigated.
We considered 34 bias values ¢ € [-3.85,...,3.85],
where one is always the unbiased case, i.e., ¢ = 0. For
sampling, the same methods as described in [5] are used,
which involves the application of the large-deviation
algorithm explained in the previous subsection. Only
the actual model driven by the random vector & is

different. Now the random numbers are used to generate
a random graph for which the size S of the largest
connected component is measured, i.e., S = S(§) is
again a deterministic function of the random numbers &.
Up to 5912 independent data points were generated for
each value of q.

For connectivity ¢ = 0.5, the top panel of figure[6|shows
the mean relative size of the largest connected compo-
nent (s) as a function of the bias value q. The analytical
curve is obtained numerically from the rate function in
Eq. , which means first performing a LF transfor-
mation of I(s) and then calculating the derivative, since
U'(q) = (s). Except for a region around ¢ ~ 0.3, the
analytical result is reproduced within error by the ex-
trapolation via Eq. .

At this value of ¢, the biased ensemble for the smaller
system sizes experiences a phase-transition like behav-
ior as can be seen from the double peak structure in the
corresponding probability distribution of the largest com-
ponent size, which is shown in the bottom panel of fig-
ure 6] This causes a different scaling behavior, making
the extrapolation by means of a power law inaccurate
around this bias value regime (see figure [7)). A similar
break-down of scaling in presence of a phase transition
was observed in [40], too.

In figure[§] the exact rate function, the LF transformed
size-extrapolated SCGF (section, the empirical rate
function Eq. for the largest graph at N = 800 (sec-
tion [II A)) and the directly extrapolated rate function
(section [[IB)) are shown for ¢ = 0.5 together with the
corresponding residuals (bottom row). To asses finite-
size effects, especially in the region around s = 0.25, the
analysis is done twice: First, incorporating all simulated
graph sizes (left column in figure|8)) and second only sys-
tem scales NV > 200 (right column). Around s ~ 0.25
the directly extrapolated curve shows rather large devi-
ations from the analytical result, which could not be al-
leviated by only considering A/ > 200 system sizes. Also
the transformed SCGF curve fails to reliably produce es-
timates in this region, i.e., there is an unexpected gap
in the parametric LF transformation instead of a con-
tinuous line. The empirical rate function at N' = 800
does not suffer from finite size effects in this region of
s. Generally, the empirical rate function and the directly
estimated rate function are systematically above or be-
low the analytical result. In contrast, the transformed
SCGF is overall closer to the exact result, however com-
pared to the estimated errors, there are still systematic
deviations resulting from the accuracy of the extrapola-
tion fits. Except for these caveats, all methods are able
to get decently close to the analytical result.

For connectivity ¢ = 2.0, the rate function has concave
regions and its minimum is no longer located at s = 0, as
can be seen in figure[9} Both, the analytical solution and
empirical rate functions (section[[TA]) at various scales
are depicted. Convergence of the empirical rate function
towards the true curve is observed for increasing graph
order A/, while the convergence is slower for smaller val-
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FIG. 6. Top: For connectivity ¢ = 0.5, analytical and extrap-
olated relative size p(g) of the larges connected component of
the Erdos Rényi random graph ensemble. The extrapolation
is according to Eq. . The dashed horizontal lines indicate
the limiting values of the expectation value p(q) for ¢ — +oo.
The gap at ¢ =~ 0.3 for the extrapolated curve is caused by
a an apparent first-order phase transition in the correspond-
ing biased ensemble, resulting in deviations from the assumed
power law scaling behavior. Bottom: Biased distribution of
the largest connected component relative size at ¢ ~ 0.317.
The apparent phase transition is indicated by the double peak
structure that vanishes for increasing graph order N. For
comparison, the analytical curve is shown, too and which is
given by p(s;q,N') ~ exp (—8001(s))exp(800¢s) with rate
function I(s) from Eq. (23). Lines are a guide to the eye
only.
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FIG. 7. Infinite system size N/ extrapolation fit by means of

the power-law in Eq. for the largest connected compo-
nent in the Erdés-Rényi random graph ensemble with connec-
tivity ¢ = 0.5. Curves for a selection of bias values q are shown
together with the corresponding fits. Top: SCGF ¥(q;N).
Bottom: Biased expectation value u(q; N). The scaling be-
havior for ¢ ~ 3.17 shows substantial deviations from that of
a power law. Also shown is a fit at ¢ &~ 3.17 only including
data values with A > 200. Fit parameters are summarized
for both panels in Table [l under Appendix [C]

ues of s.

A comparison of the rate function estimates for ¢ = 2.0
from all methods is shown in figure [I0] The residuals in
the bottom panel show that all methods are able to de-
cently reproduce the analytical curve for values s > 0.75.
For the empirical rate function with A/ = 800 (section
and the directly extrapolated curve (section
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FIG. 8. The left column shows analysis results that in-

clude data points at all simulated system scales, while the
right column only considers graph sizes where NV > 200. Top
row: Comparison of the analytical rate function in Eq. ,
the Legendre-Fenchel transformed extrapolated SCGF (see
subsection , the empirical rate function at system size
N = 800 (see subsection and the directly extrapolated
empirical rate function (see subsection for the Erdds
Rényi random graph ensemble. The connectivity is ¢ = 0.5.
The gap in the transformed SCGF curve at s ~ 0.25 is due
to the finite-size apparent first-order phase transition of the
biased graph ensemble at this point and the resulting break-
down of the assumed scaling power law in Eq. used for
extrapolation. Bottom row: Corresponding residuals, high-
lighting the difference of the presented estimation methods to
the exact analytical solution. For visual purposes, the data
point with the largest error value is omitted in the left plot
and likewise the two data points with the largest errors in the
right plot.

this is event true for values s > 0.6. For small values
of s &~ 0.2, the directly extrapolated results are closest
to the analytical curve compared to the other methods.
Due to the convexity of the rate function on certain in-
tervals for s < 0.75, it is expected that the transformed
SCGF curve (section can not yield the analytical
result but rather the convex envelope, which the method
clearly failed to do.

IV. DISCUSSION

We presented an approach to estimate large-deviation
rate functions. The method is based on biased sam-
pling of the quantity of interest, multi-data histogram-
less reweighting, followed by a finite-size extrapolation fit
of the SCGF and the tilted expectation value, with a final
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FIG. 9. For the Erdés Rényi random graph ensemble at
connectivity ¢ = 2.0, the analytical rate function in Eq. (23)
and empirical rate functions at various system scales N (see
method under subsection . While the analytical curve is

already matched for values s > 0.8 by the curves at finite sys-
tem sizes N\, the convergence at smaller values of s is slower.

application of the Legendre-Fenchel transform. Also an
analysis of the resulting statistical errors was performed,
as shown in the appendix. The intended targets of the
approach are models which exhibit strong finite-size be-
havior in the context of numerical simulations, specifi-
cally when applying importance-sampling approaches. A
comparison to two other rate function estimation meth-
ods, namely the empirical rate function and its direct
extrapolation, was performed, too.

Three example systems with known analytical solu-
tions were considered: First, a modified binomial dis-
tributed variable, for which the rate function could be
reliably reproduced. Second, a Markov process of ran-
dom bits. Third, the distribution of the size of the largest
connected component for ER graphs. For the low connec-
tivity case, a finite-size first-order phase-transition like
behavior in the biased system distribution changed the
finite-size behavior such that the extrapolation fit had
bad quality, which led to a gap in the estimated rate
function. In the high connectivity phase, the rate func-
tion could be reproduced in the convex regions. Due to
this non-convexity at very small values of the relative
size of the largest connected component, which exhibited
very slow convergence with increasing system scale, the
method can not outperform other methods.

The comparison of the different rate function estima-
tion procedures showed that they all usually show some
systematic deviations of similar magnitude from the ana-
lytical result, except for cases where the extrapolation fit
became inaccurate. There, the ordinary empirical rate
function at a sufficiently large system size yields in com-
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FIG. 10. top: Plot of the analytical rate function in Eq. ,
the Legendre-Fenchel transformed extrapolated SCGF (see
subsection , the empirical rate function at system size
N = 800 (see subsection and the directly extrapolated
empirical rate function (see subsection for the Erdds
Rényi random graph ensemble. The connectivity is ¢ = 2.0.
The transformed SCGF only is located velow the convex en-
velope of the true rate function in the regime s ~ 0.3...0.75.
There the analytical rate function is partially concave. Bot-
tom row: Corresponding residuals, highlighting the difference
of the presented estimation methods to the exact analytical
solution.

parison rather robust estimates.

It could be interesting to test different models with en-
tirely convex rate functions, but strong finite-size effects,
in the future. This could further reveal strengths and
shortcomings of the method.
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Appendix A: Tilted Expectation Value

Using the exponentially biased distribution

(SN, q) = p(S;N), (A1)

Z(q,N)

where Z(q,N) is a normalization constant, the following
relation

<Seqs>p(5;/\/) = /_Oo Seqsp(S;N)dS

= Z(g.N) / SH(S: N, g)dS

= Z(Q>N) <S>;5(S;N,q) (A2)

is obtained. Inserting this result into the tilted expecta-
tion value yields

(Se)

maN) = 377 P

e1%) p(s:n)
Z(qﬂN) <S>ﬁ(S,N7q)

" NZ(q,N) (Dsn)
<S>;5(S;N,Q)

=N (43)

which is exactly Eq. @

Appendix B: Error-propagation in Multiple
Histogram-Reweighting

The variance of the observable S simulated at bias
value ¢; is estimated by

L N | N 2
qi\2 _ qi _ qi
(US ) N _ 1 Sa Nq, Z Sb ° (B]‘)
a=1 vt b=1

To obtain the corresponding variance for the expectation
value p and the SCGF ¥, Gaussian error propagation
is performed. This means, for a function g(x1,...,z,),
where the random numbers z1, ..., z, exhibit variances

02,...,02 and are uncorrelated, the total variance is es-
2
timated by >, (gj) o2,

In both cases p and ¥, the derivative of the normal-
ization constants f;, defined in Eq. , with respect to



a particular data point S% (a =1,...
which is given by

, Ng,) is required,

of, qe?Sa' +fa

oSE N Zfil Nieqisgl+fi

K . QjSZZJFfQ‘
sttt g, 2oi=1 Nay 3¢ ’

2
(ZfilN .e‘“sgl"’f%)

Sk
N, qu +queqS +fq 6'fq7

(Z Ny, el S%Jrfqi)? osa'”

+ e

(B2)

aéql are determined by setting

fq = fq,- This turns Eq. (| into a set of linear equation
that needs to be solved for every data point.

a. FEzpectation  Value The expectation value
through reweighting, see Eq. , at a fixed value of ¢
is given by

The necessary derivatives

K Ng;

=22

i=1 a=1 kl

S(h eqS +fq

erS +qu (Bg)

with the normalization constants f,, from Eq. . The
corresponding variance is then calculated via

K Ng, aﬂ q 2 L
-5 (HER) @y

i=1a=1

;L(q,N) (B4>

where we naturally assume here and below that all sam-

pled values SZ exhibit the same variance (o ) given by
Eq. . The needed partial derivatives read as

Oulg:N) _ (L+gSg)er™ s
sy Zfil NquQngl+fqi

. qdl
g5t

K
- N,
_ §u a5 +fa ijl
a

2
K 293y
(Zizl Ny, et f‘“)

0
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qu an q,qu+f‘ Sk 4
Ny, Spketr=e Thaj etS™ +la g f,
2 q
K g9k oS
(Zi:1“qie%sb +f‘h‘) a

(B5)

b. SCGF The error-propagation for the SCGF

1
V(g N) = NG In <eqs>p(S;N) ) (B6)
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at a finite scale A and fixed bias parameter ¢, goes in
a similar fashion. Resolving the angular brackets in Eq.

through Eq. , as shown above, yields Eq. .
The variance for the SCGF is then

(N <6qS> (s N)) i=1 a=1
(B7)
with derivatives
qS
8<6 >p(S N -4 <eqS> dfq
oS% p(SiN) 9SG
qeqsgl+fo
Zle @5 +fa;
iSal+fq,
_ e4Sa'+fo Z] 1 No;g5¢” e
(Zz lN eqlS +fg1)
K K Ng a;Sy*+fa; ,qSIk 4
N, e%"b 5 9% 0 8 )
DRI fu  (Bs)

2 qr*
K gk a8,
j=1k=1b=1 (Zi:l Nqieqle +fqi> a

Appendix C: Fit Parameters for Figure |3| and Figure

The fit parameters are showon in Tables [[] and [[I]

TABLE I. Fit parameters C';, A and B corresponding to Eq.
for the curves depicted in Figure 3| These belong to the
case study for binomial distributed data.

gWN5q) | q C A B
1.997 0.931(2) 6.71(6)  0.777(2)

(g N) 0.495 0.1473(2) 2.94(1)  0.928(1)
20.996  -0.1755(6) 9.1(1) 1.133(3)
1.997 0.694(1) 1.45(2)  0.617(4)

w(q; N) 0.495 0.3487(5) 516(4)  0.877(2)
-0.996 0.1129(6) 9.5(2) 1.226(6)
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