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▪ Part 1 - Physics of the nonlinear Schrödinger equation (NSE) in fiber optics 

▪ Part 2 - Modeling pulse propagation using the generalized NSE 

▪ Part 3 - Two-frequency pulse compounds
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▪ z-propagation of real-valued optical field 
• linearly polarized electromagnetic pulse 
• one-dimensional dispersive nonlinear medium  
• single-mode propagation 

• optical field:

• relation to optical field: 

• wavenumber: 

• conservation law (              ):
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Analytic signal based propagation models

▪ Forward model for the analytic signal
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[Amiranashvili, Demircan; AOT (2011) 989515]
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(classical analog  
of photon number)

� = nonlinear susceptibility

c = speed of light

! = angular frequency
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Fig. 6.1 Examples of ultrashort pulses. (a) An exemplary single-cycle pulse resulting from pulse
compression in a ZBLAN fiber (numerical solution of the general pulse propagation equation,
[18]). (b) A family of solitons in a cubic media with the Drude dispersion law (exact solutions of
the simplified propagation equation, [6, 62]). The shortest limiting soliton contains approximately
one and half oscillations at half maximum

other hand, spatially localized field “bursts” with extreme amplitudes and short
durations can self-organize in a variety of nonlinear systems at unexpectedly high
rate [56]. They are referred to as rogue waves. Similar bursts have been observed
in nonlinear fibers and interpreted as optical rogue waves [37, 63]. Here optical
setting provides researches with a non-destructive tool to measure statistics of such
ultrashort extreme events. Two examples of numerically calculated ultrashort pulses
yielded by different pulse propagation models are shown in Fig. 6.1.

Turning to the applications one should stress that few-cycle pulses yield possibil-
ity to excite and follow fast relaxation processes with the spatial resolution of order
of onemicron (a single wavelength) and to study light-matter interactions at extreme
intensity levels. For instance, currently available temporal and spatial confinement
results in peak intensities higher than 1015W=cm2 for pulse energies of the order of
one microjoule [17]. The corresponding field strength is comparable to that inside
atoms. In particular, intense few-cycle optical pulses are used to trigger and trace
chemical reactions, to test high-speed semiconductor devices, and for precision
processing of materials. More sophisticated applications include modeling of event
horizons of white and black holes [58], recent measurements of Hawking radiation
[9, 24], and recent experimental observations of the negative-frequency radiation
[11, 59].

Theory of the ultrashort optical pulses has been developed in several directions.
For small space scales, e.g., propagation lengths of several tenths of a wavelength,
one can address numerical solution of the fundamentalMaxwell equations equipped
by a suitable medium response model, e.g., Bloch equations [32, 36, 53, 55, 61]. On
the other hand, if some approximate but simple medium dispersion law applies, it
becomes possible to derive a simplified propagation equation. A typical example
is the so-called short pulse equation [10, 38, 43, 60]. Other settings yield the

[Amiranashvili; in New Approaches to Nonlin. Waves (2016)]

• non-envelope model 
➡ spectrally broad pulses 
➡ ultrashort pulses

Figure taken from:
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• simplify wavenumber 

• introduce reference frequency and shift to moving frame of reference 

• rewrite as standard nonlinear Schrödinger equation (NSE) 

• selected conservation law

4

Analytic signal based propagation models
▪ Equivalence to nonlinear Schrödinger equation in SVEA* limit

* Slowly varying envelope approximation (SVEA)
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(Frequency domain representation) (Time domain representation)

[Zhakarov, Shabat; JETP 34 (1972) 62]
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Part 1  
Physics of the 1D NSE in fiber optics
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• exactly integrable partial differential equation (PDE) 
➡ obeys infinitely many conservation laws 

• describes nonlinear propagation of waves 
➡ applies to fluids, optics, Bose-Einstein condensates 

• can be solved using the inverse scattering transform 
➡ provides exact solutions known as solitons 
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1D NSE in fiber optics notation
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A = A(z, t) = slowly varying pulse envelope

� = nonlinear parameter (W�1/km)

⌧ = t� �1z = retarded time (ps)

�1 = 1/vg = group delay (ps/km)

�2 = group-velocity dispersion (ps2/km)
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and is calculated to generate a Hawking tem-
perature of about 10 nK (11). 3H offers a mul-
titude of analogs between quantum fluids and
the standard model, including Einsteinian grav-
ity (2). For example, the analogy between grav-
ity and surface waves in fluids (13) has inspired
ideas for artificial event horizons at the interface
between two sliding superfluid phases (14), but
so far, none of the quantum features of horizons
has been measured in 3H. Proposals for optical
black holes (15, 16) have relied on slowing
down light (17) so that it matches the speed of
the medium (15) or on bringing light to a com-
plete standstill (16), but in these cases absorption
may pose a severe problem near the horizon,
where the spectral transparency window (17)
vanishes.

On the other hand, is it necessary to physi-
cally move a medium to establish a horizon?
What really matters are only the effective prop-
erties of the medium. If they change, for example
as a propagating front, but the medium itself re-
mains at rest, the situation is essentially indis-
tinguishable from that in a moving medium.
Such ideas have been discussed for moving
solitons and domain walls (18) in superfluid 3H
(2) and more recently for microwave transmis-
sion lines with variable capacity (19), but they
have remained impractical so far.

Here we report the first experimental ob-
servation of the classical optical effects of hori-
zons, the blue-shifting of light at a white-hole
horizon, and show theoretically that our scheme
combines several promising features for demon-
strating quantum Hawking radiation in the op-
tical domain. Our idea, illustrated in Fig. 1, is
based on the nonlinear optics of ultrashort light
pulses in optical fibers (20), where we exploit the
remarkable control of nonlinearity, birefringence,
and dispersion that is possible in microstructured
fibers (21, 22).

Using a Ti:sapphire laser, we created 70-fs-
long nondispersive pulses (solitons) at a carrier
wavelength of 803 nm and a repetition rate of 80
MHz inside 1.5 m of microstructured fiber (NL-
PM-750B from Crystal Fiber, Birkerød, Den-
mark). Each pulse modifies the optical properties
of the fiber because of the Kerr effect (20): The
effective refractive index of the fiber, n0, gains an
additional contribution dn that is proportional to
the instantaneous pulse intensity I at position z
and time t

n ¼ n0 þ dn; dnº Iðz; tÞ ð1Þ

This contribution to the refractive index nmoves
with the pulse. The pulse thus establishes a
moving medium, although nothing material is
moving. This effective medium naturally moves
at the speed of light in the fiber, because it is
made by light itself.

We also launched a continuous wave of
light, a probe, that follows the pulse with slightly
higher group velocity, attempting to overtake it.
In order to distinguish the probe from the pulse, it

oscillates at a significantly different frequency w.
Our probe-light laser is tunable over wavelengths
2pc/w from 1460 to 1540 nm. While approach-
ing the pulse, the Kerr contribution dn slows
down the probe until the probe's group velocity
reaches the speed of the pulse. The trailing end of
the pulse establishes a white-hole horizon, an
object that light cannot enter, unless it tunnels
through the pulse. Conversely, the front end
creates a black-hole horizon for probe light that is
slower than the pulse. Because dn is small, the
initial group velocity of the probe should be
sufficiently close to the speed of the pulse. In
microstructured fibers (22), the group-velocity
dispersion of light is engineered by arrangements
of air holes (submicrometer-wide hollow cylin-
ders along the fiber). We selected a fiber in which
the group velocity of pulses near the 800-nm
carrier wavelength of mode-locked Ti:sapphire
lasers matched the group velocities of probes in
the infrared telecommunication band around
1500 nm; standard optical fibers (20) do not
have this property.

At the horizon of an astrophysical black hole,
light freezes, reaching wavelengths shorter than
the Planck scale, where the physics is unknown.
[The Planck length is given by √{hG /c3}, where
G is the gravitational constant.] Some elusive
trans-Planckian mechanism must regularize this
behavior (23, 24). In our case, the fiber-optical
analog of trans-Planckian physics is known and
simple—it is contained in the frequency depen-
dance of the refractive index n, the dispersion of
the fiber. At the trailing end of the pulse, the in-
coming probe modes are compressed, oscillating
with increasing frequency; they are blue-shifted.
In turn, the dispersion limits the frequency shift-
ing by tuning the probe out of the horizon. In the
case of normal group-velocity dispersion, the
blue-shifted light falls behind. At the black-hole
horizon, the reverse occurs: A probe slower than
the pulse is red-shifted and then moves ahead of
the pulse.

Figure 2 shows the difference in the spectrum
of the probe light (incident with w1) with and
without the pulses, clearly displaying a blue-
shifted peak at w2. To quantitatively describe this
effect, we consider the frequency w′ in a co-
moving frame that is connected to the laboratory
frame frequency w by the Doppler formula

w′ ¼ 1 −
nu
c

! "

w ð2Þ

For a stable pulse, w′ is a conserved quantity,
whereas w follows the contours of fixed w′ when
dn varies with the intensity profile of the pulse
(Fig. 3). For sufficiently large dn, the frequencyw
completes an arch from the initial w1 to the final
w2; it is blue-shifted by the white-hole horizon.
At a black-hole horizon, the arch is traced the
other way round fromw2 tow1. For the frequency
at the center of the arches, an infinitesimal dn is
sufficient to cause a frequency shift; at this fre-
quency, the group velocity of the probe matches
the group velocity of the pulse. Figure 2 shows
that both the blue-shifted and probe light are
spectrally broadened. These features are easily
explained: The horizon acts only during the time
while probe and pulse propagate in the fiber,
where only a finite fraction of the probe is
frequency-shifted, forming a blue-shifted pulse
and also a gap in the probe light, a negative pulse;
these pulses have a characteristic spectrumwith a
width that is inversely proportional to the fiber
length. We compared the measured spectra with
the theory of light propagation in the presence of
horizons and found very good agreement (25).

Imagine instead of a single probe a set of probe
modes. The modes should be sufficiently weakly
excited that they do not interact with each other via
the Kerr effect, but they experience the cross Kerr
effect of the pulse, the presence of the medium
(Eq. 1) moving with the velocity u. The modes
constitute a quantum field of light in a moving
medium (25, 26). Classical light is a real electro-

Fig. 1. Fiber-optical ho-
rizons. (A) A light pulse
in a fiber slows down in-
frared probe light, attempt-
ing to overtake it. The
diagrams below are in the
co-moving frame of the
pulse. (B) Classical hori-
zons. The probe is slowed
down by the pulse until its
group velocity matches
the pulse speed at the
points indicated by black
dots, establishing a white-
hole horizon at the back
and a black-hole horizon
at the front of the pulse.
The probe light is blue-
shifted at the white hole until the optical dispersion releases it from the horizon. (C) Quantum pairs. Even
if no probe light is incident, the horizon emits photon pairs corresponding to waves of positive frequencies
from the outside of the horizon paired with waves at negative frequencies from beyond the horizon. An
optical shock has steepened the pulse edge, increasing the luminosity of the white hole.
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NONLINEAR  PHOTONIC  CRYSTAL  F IBERS

�

Highly Nonlinear PCF for 800 nm Pump Lasers

Applications

Supercontinuum Generation for Frequency
Metrology, Spectroscopy, or Optical Coherence

Tomography Using Ti:Sapphire, Nd3+ Microchip
Four-Wave Mixing and Self-Phase Modulation for
Switching, Pulse-Forming and Wavelength
Conversion Applications
Raman Amplification

Features

Zero Dispersion Wavelengths from 800 - 890 nm
Core Diameter from 2.4 - 3.2 µm
Nonlinear Coefficients from 37 to 70 (W·km)-1

Near-Gaussian Mode Profile
Pure Silica Core and Cladding

These highly nonlinear photonic crystal fibers guide light in a small solid silica core surrounded
by large air holes. The optical properties of these structures closely resemble those of a rod of
glass suspended in air, resulting in strong confinement of the light and, correspondingly, a
large nonlinear coefficient. By selecting the appropriate core diameter, the zero-dispersion wavelength can be
chosen over a wide range in the visible and near infrared spectrum, making these fibers particularly suited to the

generation of supercontinuum radiation with Ti:Sapphire or diode-pumped Nd3+ lasers, or for optical switching and
signal processing applications. These fibers are sold based on the overall optical specifications and not the physical
structure.

Please note that these fibers will ship with both ends sealed in order to prevent moisture and dust from entering the hollow capillary structure during storage.
It is necessary to cleave them prior to use using, for example, our S90R Ruby Fiber Scribe or our Vytran™ CAC400 Compact Fiber Cleaver.

O V E R V I E W

Zero Dispersion Wavelengths from 800 - 890 nm
PM Version with Zero Dispersion at 750 nm Wavelength
Core Diameter from 1.8 - 3.2 µm

► 
► 
► 

NL-PM-750

NL-PM-750 fiber
1.8� 3.2 µm
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Core diameter:

[Zhakarov, Shabat; JETP 34 (1972) 62]

[Agrawal; Nonlinear Fiber Optics (2019)]

[Yang; Nonlinear waves in integrable and nonintegrable systems (2010)]
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1D NSE in fiber optics notation

i@zA =
�2

2
@2
⌧A� �|A|2A

<latexit sha1_base64="mjYR0nvwELBecJT5bmto3Z/E4qA="></latexit>

A = A(z, t) = slowly varying pulse envelope

� = nonlinear parameter (W�1/km)

⌧ = t� �1z = retarded time (ps)

�1 = 1/vg = group delay (ps/km)

�2 = group-velocity dispersion (ps2/km)
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and is calculated to generate a Hawking tem-
perature of about 10 nK (11). 3H offers a mul-
titude of analogs between quantum fluids and
the standard model, including Einsteinian grav-
ity (2). For example, the analogy between grav-
ity and surface waves in fluids (13) has inspired
ideas for artificial event horizons at the interface
between two sliding superfluid phases (14), but
so far, none of the quantum features of horizons
has been measured in 3H. Proposals for optical
black holes (15, 16) have relied on slowing
down light (17) so that it matches the speed of
the medium (15) or on bringing light to a com-
plete standstill (16), but in these cases absorption
may pose a severe problem near the horizon,
where the spectral transparency window (17)
vanishes.

On the other hand, is it necessary to physi-
cally move a medium to establish a horizon?
What really matters are only the effective prop-
erties of the medium. If they change, for example
as a propagating front, but the medium itself re-
mains at rest, the situation is essentially indis-
tinguishable from that in a moving medium.
Such ideas have been discussed for moving
solitons and domain walls (18) in superfluid 3H
(2) and more recently for microwave transmis-
sion lines with variable capacity (19), but they
have remained impractical so far.

Here we report the first experimental ob-
servation of the classical optical effects of hori-
zons, the blue-shifting of light at a white-hole
horizon, and show theoretically that our scheme
combines several promising features for demon-
strating quantum Hawking radiation in the op-
tical domain. Our idea, illustrated in Fig. 1, is
based on the nonlinear optics of ultrashort light
pulses in optical fibers (20), where we exploit the
remarkable control of nonlinearity, birefringence,
and dispersion that is possible in microstructured
fibers (21, 22).

Using a Ti:sapphire laser, we created 70-fs-
long nondispersive pulses (solitons) at a carrier
wavelength of 803 nm and a repetition rate of 80
MHz inside 1.5 m of microstructured fiber (NL-
PM-750B from Crystal Fiber, Birkerød, Den-
mark). Each pulse modifies the optical properties
of the fiber because of the Kerr effect (20): The
effective refractive index of the fiber, n0, gains an
additional contribution dn that is proportional to
the instantaneous pulse intensity I at position z
and time t

n ¼ n0 þ dn; dnº Iðz; tÞ ð1Þ

This contribution to the refractive index nmoves
with the pulse. The pulse thus establishes a
moving medium, although nothing material is
moving. This effective medium naturally moves
at the speed of light in the fiber, because it is
made by light itself.

We also launched a continuous wave of
light, a probe, that follows the pulse with slightly
higher group velocity, attempting to overtake it.
In order to distinguish the probe from the pulse, it

oscillates at a significantly different frequency w.
Our probe-light laser is tunable over wavelengths
2pc/w from 1460 to 1540 nm. While approach-
ing the pulse, the Kerr contribution dn slows
down the probe until the probe's group velocity
reaches the speed of the pulse. The trailing end of
the pulse establishes a white-hole horizon, an
object that light cannot enter, unless it tunnels
through the pulse. Conversely, the front end
creates a black-hole horizon for probe light that is
slower than the pulse. Because dn is small, the
initial group velocity of the probe should be
sufficiently close to the speed of the pulse. In
microstructured fibers (22), the group-velocity
dispersion of light is engineered by arrangements
of air holes (submicrometer-wide hollow cylin-
ders along the fiber). We selected a fiber in which
the group velocity of pulses near the 800-nm
carrier wavelength of mode-locked Ti:sapphire
lasers matched the group velocities of probes in
the infrared telecommunication band around
1500 nm; standard optical fibers (20) do not
have this property.

At the horizon of an astrophysical black hole,
light freezes, reaching wavelengths shorter than
the Planck scale, where the physics is unknown.
[The Planck length is given by √{hG /c3}, where
G is the gravitational constant.] Some elusive
trans-Planckian mechanism must regularize this
behavior (23, 24). In our case, the fiber-optical
analog of trans-Planckian physics is known and
simple—it is contained in the frequency depen-
dance of the refractive index n, the dispersion of
the fiber. At the trailing end of the pulse, the in-
coming probe modes are compressed, oscillating
with increasing frequency; they are blue-shifted.
In turn, the dispersion limits the frequency shift-
ing by tuning the probe out of the horizon. In the
case of normal group-velocity dispersion, the
blue-shifted light falls behind. At the black-hole
horizon, the reverse occurs: A probe slower than
the pulse is red-shifted and then moves ahead of
the pulse.

Figure 2 shows the difference in the spectrum
of the probe light (incident with w1) with and
without the pulses, clearly displaying a blue-
shifted peak at w2. To quantitatively describe this
effect, we consider the frequency w′ in a co-
moving frame that is connected to the laboratory
frame frequency w by the Doppler formula

w′ ¼ 1 −
nu
c

! "

w ð2Þ

For a stable pulse, w′ is a conserved quantity,
whereas w follows the contours of fixed w′ when
dn varies with the intensity profile of the pulse
(Fig. 3). For sufficiently large dn, the frequencyw
completes an arch from the initial w1 to the final
w2; it is blue-shifted by the white-hole horizon.
At a black-hole horizon, the arch is traced the
other way round fromw2 tow1. For the frequency
at the center of the arches, an infinitesimal dn is
sufficient to cause a frequency shift; at this fre-
quency, the group velocity of the probe matches
the group velocity of the pulse. Figure 2 shows
that both the blue-shifted and probe light are
spectrally broadened. These features are easily
explained: The horizon acts only during the time
while probe and pulse propagate in the fiber,
where only a finite fraction of the probe is
frequency-shifted, forming a blue-shifted pulse
and also a gap in the probe light, a negative pulse;
these pulses have a characteristic spectrumwith a
width that is inversely proportional to the fiber
length. We compared the measured spectra with
the theory of light propagation in the presence of
horizons and found very good agreement (25).

Imagine instead of a single probe a set of probe
modes. The modes should be sufficiently weakly
excited that they do not interact with each other via
the Kerr effect, but they experience the cross Kerr
effect of the pulse, the presence of the medium
(Eq. 1) moving with the velocity u. The modes
constitute a quantum field of light in a moving
medium (25, 26). Classical light is a real electro-

Fig. 1. Fiber-optical ho-
rizons. (A) A light pulse
in a fiber slows down in-
frared probe light, attempt-
ing to overtake it. The
diagrams below are in the
co-moving frame of the
pulse. (B) Classical hori-
zons. The probe is slowed
down by the pulse until its
group velocity matches
the pulse speed at the
points indicated by black
dots, establishing a white-
hole horizon at the back
and a black-hole horizon
at the front of the pulse.
The probe light is blue-
shifted at the white hole until the optical dispersion releases it from the horizon. (C) Quantum pairs. Even
if no probe light is incident, the horizon emits photon pairs corresponding to waves of positive frequencies
from the outside of the horizon paired with waves at negative frequencies from beyond the horizon. An
optical shock has steepened the pulse edge, increasing the luminosity of the white hole.
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▪ Split-step Fourier method (SSFM) 
• nonlinear term easily evaluated in time-domain 
• derivatives easily evaluated in Fourier domain 

• simple approximate solution procedure 

➡ simple but not recommended; global error  
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LEM: Local error method 

CQE: Conservation quantity error method 

B43: Balac 4(3) ERK method
[Heidt; IEEE J. Lightwave Tech. 27 (2009) 3984]

[Balac, Mahe; Comp. Phys. Commun. 184 (2013) 1211]

[Sinkin et al.; IEEE J. Lightwave Tech. 21 (2003) 61]

▪ Tailored adaptive stepsize methods

▪ Popular fixed stepsize method 
4th order Runge-Kutta in the interaction picture method

[Hult; IEEE J. Lightwave Tech. 25 (2007) 3770]

[Taha, Ablowitz; J. Comp. Phys. 55 (1984) 203]
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▪ Prediction + demonstration of fiber-optical solitons

8

Rich variety of dynamical phenomena - Solitons
▪ Optical temporal solitons 
• exist for anomalous dispersion  
• evolve without change in shape and spectrum 

➡ balance of dispersion and nonlinearity 
• localized in time, stationary along z 

➡ temporal solitons
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Rich variety of dynamical phenomena - Solitons
▪ Optical temporal solitons 
• exist for anomalous dispersion  
• evolve without change in shape and spectrum 

➡ balance of dispersion and nonlinearity 
• localized in time, stationary along z 

➡ temporal solitons
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Rich variety of dynamical phenomena - Solitons
▪ Optical temporal solitons 
• exist for anomalous dispersion  
• evolve without change in shape and spectrum 

➡ balance of dispersion and nonlinearity 
• localized in time, stationary along z 

➡ temporal solitons
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▪ Collisions for NSE solitons 
• number of solitons is conserved 
• no energy lost to radiation 
• velocities don’t change 
• transient spectral shift 
• imprints phase and time shift 

11

Interactions between solitons
▪ NSE solitons collide elastically 
• exhibit particle-like properties 
• coherent interaction 

➡ affected by relative phase

▪ Initial condition for colliding solitons 
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Higher-order solitons
▪ Higher-order solitons 
• Bound-state of N solitons 
• localized in time, periodic along z 

• amplitude: 

• soliton period: 

• correct propagation for large N requires high accuracy 
➡ tough test for numerical algorithms 
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Third-order dispersion
▪ NSE perturbed by third-order dispersion 

• describes dynamics for zero-dispersion points 

�3 = third-order dispersion (ps2/km)
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▪ Emission of resonant radiation 
• radiation frequency 

➡ optical Cherenkov radiation
[Akhmediev, Karlsson; 51 (1995) 2602]
[Skryabin, Yulin; PRE 72 (2005) 016619]
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▪ Frequency shifts in presence of (almost) stationary solitons 

▪ Interaction between soliton (S) and dispersive wave (DW) 
• co-propagation with similar group velocity 
• strong repulsive interaction 
• based on general wave reflection mechanism 

14

Interaction of pulses across a zero-dispersion point
[Smith, Math. Proc. Camb. Phil. Soc 78 (1975) 517]
[de Sterke, Opt. Lett. 17 (1992) 914]
[Philbin et al., Science 319 (2008) 1367]

[Faccio, Cont. Phys. 1 (2012) 1]
[Demircan et al., PRL 106 (2011) 163901]
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▪ Interaction between soliton (S) and dispersive wave (DW) 
• co-propagation with similar group velocity 
• strong repulsive interaction 
• based on general wave reflection mechanism 

▪ Strong + efficient  light-light interaction (here: beyond the standard NSE model) 

15

Interaction of pulses across a zero-dispersion point
[Smith, Math. Proc. Camb. Phil. Soc 78 (1975) 517]
[de Sterke, Opt. Lett. 17 (1992) 914]
[Philbin et al., Science 319 (2008) 1367]

[Faccio, Cont. Phys. 1 (2012) 1]
[Demircan et al., PRL 106 (2011) 163901]

[Demircan et al., PRL 106 (2011) 163901]

the CP cannot pass the soliton. Because of strong nonlinear
refractive index changes, the weak pulse is reflected at the
trailing edge of the soliton, and the nonlinear interaction
persists only between the weak pulse and the trailing edge
of the strong pulse. After reflection, both pulses thus drift
apart with smaller group velocities than before. An impor-
tant feature here is that the soliton SP is strongly affected
by the reflection process. Figure 2(b) shows the CP fre-
quency shift towards shorter wavelength and an adverse
shift towards longer wavelengths of the soliton pulse.
In [6,9] the redshift of the soliton center wavelength and
the change of the soliton group velocity interfere with the
Raman effect. In the absence of the Raman effect, Fig. 2(b)
can then be understood as an energy transfer between the
pulses during collision. Given energy conservation, the
weaker pulse experiences a stronger shift than the main
pulse, and the latter is still shifted by more than its half-
width maintaining stable propagation as a fundamental
soliton. This finding opens the perspective of a solitonic
transistor, enabling switching of a strong soliton pulse with
a much weaker CP, as is shown in Fig. 3 and will be
discussed subsequently. Now, the fundamental soliton
is kept as before, but is injected after a CP with
!c ¼ 1:8 PHz, i.e., at a slightly smaller group velocity
than the soliton. The collision increases the group velocity
of both pulses [Fig. 3(a)]. The central frequency of the CP
is shifted to the red from !c ¼ 1:8 to 1.45 PHz [Fig. 3(b)].
The soliton central frequency shifts toward the blue from
!s ¼ 0:6 to 0.62 PHz such that !2 ¼ "0:229 fs2="m is
reduced to "0:199 fs2="m. This leads to a soliton
with double the initial peak power and a smaller duration
of 11 fs.

The reflection process and the accompanied energy
transfer between the pulses do not suffice to cause such a
strong change in the temporal properties of the soliton as
the induced shift of the soliton central frequency is small
and the strong temporal change depends on the dispersion
variation in the range of the induced frequency shift. This
mechanism is comparable to soliton compression in a

dispersion decreasing fiber, where the soliton adiabatically
changes its shape due to the change of!2 [2]. Adjusting the
properties of the CP we can decrease or increase the
frequency shift acting on the soliton and thereby manipu-
late the compression ratio. Figure 4 shows the increase of
peak power and the decrease of soliton duration behind the
fiber. The very mechanism behind this switching phenome-
non can yet again be understood from energy conservation.
An increase of intensity or pulse width of the CP leads to a
stronger frequency shift for the control pulse as well as for
the soliton. Consequently, the soliton frequency is shifted
to a lower value of !2, corresponding to a fundamental
soliton with higher peak power. Thus the manipulation of
the soliton strongly depends on the change of dispersion
resulting from the frequency shift. The stronger the differ-
ence of the dispersion values, the smaller the frequency
shift has to be, and vice versa. The simulations indicates
that up to 10% of the energy of the fundamental soliton can
be transferred between the pulses. One can also increase
the difference between the input pulse velocities, leading to
a higher frequency shift, due to the Doppler effect [6]. Yet
any change of the control pulse parameters that can be
induced to manipulate the soliton pulse is constrained by
the requirement to enable the scattering process at the
optical event horizon. With increasing CP energy the
efficiency of the scattering process might be reduced,
such that the CP is only partially reflected at the horizon,
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FIG. 2 (color online). Time domain (a) and spectral (b) evo-
lution along the fiber with a signal at !s ¼ 0:6 PHz and a faster
CP 1 at!c ¼ 1:52 PHz, representing a typical scattering process
of a dispersive wave at an optical horizon of a soliton. Energy is
transferred from the soliton to the dispersive wave.
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FIG. 4 (color online). Output soliton pulses (B and C shifted to
t ¼ 0) in relation to the input soliton pulse (A) after collision of
the signal with a CP. (a) CP widths are tc ¼ 70 fs (A ! B) and
tc ¼ 90 fs (A ! C). (b) Peak intensity of the soliton relates to
that of the CP as 6:1 (A ! B) and 4:1 (A ! C).
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FIG. 3 (color online). Time domain (a) and spectral (b) evo-
lution along the fiber with a signal at!s ¼ 0:6 PHz and a slower
CP 2 at !c ¼ 1:8 PHz, representing a scattering process with a
transfer of energy from the dispersive wave to the soliton.
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• energy transfer from S to DW • energy transfer from DW to S 



Theoriekolloquium CvO Universität Oldenburg, 2021-11-18 16

Part 2  
Modeling pulse propagation using the generalized NSE
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▪ Generalized nonlinear Schrödinger equation (GNSE)

‣ Applicable beyond slowly varying envelope approximation 

‣ Includes instantaneous Kerr and delayed Raman response 

‣ Conservation law (classical analog of photon number) 

17

Generalized nonlinear Schrödinger equation (GNSE)

dispersion operator self-steepening total response function

[Dudley, Genty, Coen; Rev. Mod. Phys. 78 (2006) 1135]

[Brabec, Krausz; Phys. Rev. Lett. 78 (1997) 3282]

[Blow, Wood; IEEE J. Quant. Electr. 25 (1989) 2665]

h(t) = (1� fR)�(t) + fRhR(t)
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field envelope

BW: [Blow, Wood; IEEE J. Quant. Electron. 25 (1989) 2665]
LA: [Lin, Agrawal; Opt. Lett. 21 (2006) 3086]
HC: [Hollenbeck, Cantrell; JOSA B 19 (2002) 2886]

‣ Raman response models for silica fibers
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Supercontinuum generation
▪ Effects leading to extreme spectral broadening 
• soliton fission + soliton self-frequency shift 

[Dudley, Genty, Coen; Rev. Mod. Phys. 78 (2006) 1135]

Open Source Software for Simulation and
Analysis of Nonlinear Pulse Propagation
O. Melchert, A. Demircan

Benchmarking of Algorithms

Funded by the Deutsche Forschungsgemeinschaft (DFG) under Germany’s Excellence Strategy within the Cluster of Excellence PhoenixD (EXC 2122, Project ID 390833453).

Developed using Hosted on

optFROG - Optimized Spectrograms [4] pyGLLE - Generalized Lugiato-Lefever Solver [5]

py-fmas - Computational Tool for Propagation of Ultrashort Optical Pulses using Python [1]

Example - Supercontinuum Generation in a Photonic Crystal Fiber

complex �eld envelope

driving �eld amplitude
frequency detuning

second order dispersion
third order dispersion
fourth order dispersion

■  Models nonlinear microring resonators  
■  Allows to study dissipative solitons for higher order dispersion [6,7]
■  Simulation run using
     Dynamical evolution of (a) intensity, and, (b) spectrum

■  Accurate propagation of soliton of order 20  
■  Di�cult test case based on standard NSE
■  Simulation via embedded Runge-Kutta method
     Dynamical evolution of (a) intensity, and, (b) phase
      Variation of (c) stepsize, and, (d) local error

■ Simulation using FMAS-S-R: (a) group delay, and group-velocity dispersion. (b) Intensity, and,
   (c) spectrum at z =14 m. (d) Intensity, and, (e) spectrum. (f) Performance of di�erent algorithms.

[5] OM, A. Demircan, SoftwareX 15 (2021) 100741 
[6] OM, A. Yulin, A. Demircan, Opt. Lett. 45 (2020) 2764
[7] OM, A. Demircan, A. Yulin, Sci. Rep. 10 (2020) 8849[4] OM, B. Roth, U. Morgner, A. Demircan, SoftwareX 10 (2019) 100275 

[1] OM, A. Demircan, arXiv:2104.11649

Goal local error:

user de�ned window function with parameters σ

represent the original intensities similarly well!

■  Issue: time and frequency resolution are not optimal simultaneously
■  Aim: �nd parameters for which the marginals  

■  Example for
     (a) Intensity, (b) spectrum, and, (c) spectrogram

■ Propagation constant

■ Raman response function
Expansion coe�cients detailed in [1]

nonlinear operator conservation law (for α= 0)

■ Easily extendible object oriented design 

�xed stepsize

adaptive stepsize

■ Computational problem solved by py-fmas

Implies periodic boundaries + requires initial condition

■ Analytic signal (   ) for real optical �eld (E)

Solves for z-propagation dynamics of spectrally 
broad, ultrashort optical pulses in single mode 
nonlinear waveguides using propagation models 
for the analytic signal of the optical �eld.

■ Implements several propagation models

Fourier transforms

propagation constant
attenuation factor

speed of light
nonlinear susceptibility
nonlinear refractive index
fractional Raman response

Simple split-step Fourier method  
      [Taha, Ablowitz, J. Comp. Phys. 55 (1984) 203]
Symmetric split-step Fourier method  
      [de Vries, AIP Conf. Proc. 160 (1987) 269]
Runge-Kutta in the interaction picture (RK4IP) 
      [Hult, J. Lightwave Tech. 25 (2007) 3770]
Local error method (LEM)
      [Sinkin et al., J. Lightwave Tech. 21 (2003) 61]
Conservation quantity error method (CQE)
      [Heidt, J. Lightwave Tech. 27 (2009) 3984]

■ Implements various algorithms

[2] OM et al., Phys. Rev. Lett. 123 (2019) 243905
[3] OM et al., Sci. Rep. 11 (2021) 11190

■ Used to study two color soliton molecules [2,3]

■ Veri�cation test: comparison to pyNLO
   (nonlinear Schrödinger equation (NSE) solver) 
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user de�ned window function with parameters σ

represent the original intensities similarly well!

■  Issue: time and frequency resolution are not optimal simultaneously
■  Aim: �nd parameters for which the marginals  

■  Example for
     (a) Intensity, (b) spectrum, and, (c) spectrogram

■ Propagation constant

■ Raman response function
Expansion coe�cients detailed in [1]

nonlinear operator conservation law (for α= 0)

■ Easily extendible object oriented design 

�xed stepsize

adaptive stepsize

■ Computational problem solved by py-fmas

Implies periodic boundaries + requires initial condition

■ Analytic signal (   ) for real optical �eld (E)

Solves for z-propagation dynamics of spectrally 
broad, ultrashort optical pulses in single mode 
nonlinear waveguides using propagation models 
for the analytic signal of the optical �eld.

■ Implements several propagation models

Fourier transforms

propagation constant
attenuation factor

speed of light
nonlinear susceptibility
nonlinear refractive index
fractional Raman response

Simple split-step Fourier method  
      [Taha, Ablowitz, J. Comp. Phys. 55 (1984) 203]
Symmetric split-step Fourier method  
      [de Vries, AIP Conf. Proc. 160 (1987) 269]
Runge-Kutta in the interaction picture (RK4IP) 
      [Hult, J. Lightwave Tech. 25 (2007) 3770]
Local error method (LEM)
      [Sinkin et al., J. Lightwave Tech. 21 (2003) 61]
Conservation quantity error method (CQE)
      [Heidt, J. Lightwave Tech. 27 (2009) 3984]

■ Implements various algorithms

[2] OM et al., Phys. Rev. Lett. 123 (2019) 243905
[3] OM et al., Sci. Rep. 11 (2021) 11190

■ Used to study two color soliton molecules [2,3]

■ Veri�cation test: comparison to pyNLO
   (nonlinear Schrödinger equation (NSE) solver) 
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Switching concept enabled by nonlinear processes

▪ Customized to fit NL-PM-750 (NKT Photonics)
[Melchert et al.; Commun. Phys. 3 (2020) 146]

DWS

▪ Initial pulse delay affects self-frequency shift
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Dispersive wave induced supercontinuum (SC) switching

simulations, slowly decreasing the amount of energy of the DW.
Soliton control remains down to a ratio 1/5. Further improve-
ment of this record fan-out appears possible with solitons of
longer pulse duration. Figure 3a, b depicts the output spectral
range, demonstrating resulting frequency shifts for the affected
pulses in dependence of their initial time delay in accordance to
Fig. 2c. Numerical simulations for comparison are shown in
Fig. 3c, d (see below for further details). At large delays, there is
no interaction of soliton and DW, and one can observe the
undistorted decay of the higher-order soliton. Due to the soliton-
self-frequency shift, the first split-off fundamental soliton has
experienced a red shift to 1100 nm. A secondary soliton is located
at 900 nm.

In our experiments, we used a fiber with two ZDWs. Under
these conditions, the second ZDW (ZDW2) of the used fiber at
1250 nm imposes a barrier for further red shifting of the solitons.
This effect makes our scenario relatively insensitive to energy
fluctuations of the soliton, as the first split-off fundamental
soliton will automatically accumulate in a wavelength region
below ZDW2. In the language of Miller’s criteria1, therefore, the
choice of a fiber with two dispersion zeros removes the necessity
of critical biasing for the 1100 nm output channel. A further
advantage results from the fact that the interaction of a DW with
a SC has a strong impact on the suppression of rogue solitons50.

The center wavelengths of the output solitons can now be
manipulated by reducing the initial delay. In particular, launching
the DW about 0–500 fs ahead of the soliton (S), the soliton fission
process is inhibited, and the spectral content at 1100 nm appears

significantly reduced (Fig. 3b). At the same time, the launched
DW is completely blue shifted from 680 to 540 nm, and
superimposes the much weaker dispersive radiation generated
in the fission process (see Fig. 3a). From a switching logic point of
view, the output at 540 nm can be considered as S & DW while
the 1100 nm output appears when S & DW. The most interesting
observation is that input light at 680 nm does not experience any
frequency shift when S & DW holds, i.e., this channel is
cascadable in the sense of Miller’s criteria1. At the same time, the
680 nm channel also shows the most impressive switching
contrast among all three logical AND functionalities observed.
The experimentally observed logic operations are summarized in
Table 1 and translated into an equivalent complementary metal
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Fig. 3 Supercontinuum switching with a dispersive wave (DW). a Experimental output spectral range of the DW and b of the solitons in dependence on
the initial delay between soliton and DW. Two panels were used because measurements were made with two different spectrometers, therefore intensity
scales are not immediately comparable. c, d Corresponding numerically received output spectra averaged over an ensemble over 100 disorder instances for
each time delay. In both cases the switching mechanism appears significantly.

Table 1 Optical multigate functionality.

Inputs Outputs (Oi)

Designation DW S O1 O2 O3

λ(nm) 680 800 540 680 1100
0 0 0 0 0
0 1 0 0 1
1 0 0 1 0
1 1 1 0 0

Functionality S & DW S & DW S & DW
Cascadability – ✓ (✓)

S soliton, DW dispersive wave.

ARTICLE COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-020-00414-1

4 COMMUNICATIONS PHYSICS | ����������(2020)�3:146� | https://doi.org/10.1038/s42005-020-00414-1 | www.nature.com/commsphys

▪ Higher-order soliton + normally dispersive wave

[Melchert et al.; Commun. Phys. 3 (2020) 146]

‣ Controlling different parts of soliton-
fission induced SC spectra 

‣ Experiment

‣ Numerical simulations
(quantum noise averaged)

(delay sweep for single instance)

‣ All-optical switching logic

All-optical SC switching 

‣ Exploits wave reflection mechanism 

‣ Uses higher-order solitons 

‣ Enables 3 AND-gate functionalities 

‣ Femtosecond switching times

simulations, slowly decreasing the amount of energy of the DW.
Soliton control remains down to a ratio 1/5. Further improve-
ment of this record fan-out appears possible with solitons of
longer pulse duration. Figure 3a, b depicts the output spectral
range, demonstrating resulting frequency shifts for the affected
pulses in dependence of their initial time delay in accordance to
Fig. 2c. Numerical simulations for comparison are shown in
Fig. 3c, d (see below for further details). At large delays, there is
no interaction of soliton and DW, and one can observe the
undistorted decay of the higher-order soliton. Due to the soliton-
self-frequency shift, the first split-off fundamental soliton has
experienced a red shift to 1100 nm. A secondary soliton is located
at 900 nm.

In our experiments, we used a fiber with two ZDWs. Under
these conditions, the second ZDW (ZDW2) of the used fiber at
1250 nm imposes a barrier for further red shifting of the solitons.
This effect makes our scenario relatively insensitive to energy
fluctuations of the soliton, as the first split-off fundamental
soliton will automatically accumulate in a wavelength region
below ZDW2. In the language of Miller’s criteria1, therefore, the
choice of a fiber with two dispersion zeros removes the necessity
of critical biasing for the 1100 nm output channel. A further
advantage results from the fact that the interaction of a DW with
a SC has a strong impact on the suppression of rogue solitons50.

The center wavelengths of the output solitons can now be
manipulated by reducing the initial delay. In particular, launching
the DW about 0–500 fs ahead of the soliton (S), the soliton fission
process is inhibited, and the spectral content at 1100 nm appears

significantly reduced (Fig. 3b). At the same time, the launched
DW is completely blue shifted from 680 to 540 nm, and
superimposes the much weaker dispersive radiation generated
in the fission process (see Fig. 3a). From a switching logic point of
view, the output at 540 nm can be considered as S & DW while
the 1100 nm output appears when S & DW. The most interesting
observation is that input light at 680 nm does not experience any
frequency shift when S & DW holds, i.e., this channel is
cascadable in the sense of Miller’s criteria1. At the same time, the
680 nm channel also shows the most impressive switching
contrast among all three logical AND functionalities observed.
The experimentally observed logic operations are summarized in
Table 1 and translated into an equivalent complementary metal
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Fig. 3 Supercontinuum switching with a dispersive wave (DW). a Experimental output spectral range of the DW and b of the solitons in dependence on
the initial delay between soliton and DW. Two panels were used because measurements were made with two different spectrometers, therefore intensity
scales are not immediately comparable. c, d Corresponding numerically received output spectra averaged over an ensemble over 100 disorder instances for
each time delay. In both cases the switching mechanism appears significantly.

Table 1 Optical multigate functionality.

Inputs Outputs (Oi)

Designation DW S O1 O2 O3

λ(nm) 680 800 540 680 1100
0 0 0 0 0
0 1 0 0 1
1 0 0 1 0
1 1 1 0 0

Functionality S & DW S & DW S & DW
Cascadability – ✓ (✓)

S soliton, DW dispersive wave.

ARTICLE COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-020-00414-1

4 COMMUNICATIONS PHYSICS | ����������(2020)�3:146� | https://doi.org/10.1038/s42005-020-00414-1 | www.nature.com/commsphys
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Part 3  
Two-frequency pulse compounds
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Trapping and soliton molecules with two frequencies

[Gorbach, Skryabin, PRA 76 (2007) 053803]

▪ Radiation trapping by decelerating soliton
[Gorbach, Skryabin, Nature Photonics 1 (2007) 653]

of Aeik0z!iv0t , where v0 is the central frequency of the pulse and k0 is
the corresponding propagation constant. The notations here and
below are as follows: z is the coordinate along the fibre; t is time;
vs,l are the group velocities of the short- and long-wavelength
pulses, respectively; d ¼ l2D/(4pc) is the dispersion coefficient
(see Fig. 1c for the dispersion D(l) plot); P is the soliton power;
g " 0.021 W21 m21 is the nonlinear parameter9; and tR " 1.46 fs
is the Raman time17. The time dependence of soliton power in the
laboratory frame of reference is P ¼ 4P0/(e

t/w þ e2t/w)2, where
w is the soliton width, t ¼ t2 z/vl 2 gz2/2 and g ¼ 8tRg

2P20/15 is
the soliton acceleration18. Thus t is the time delay measured
relative to the slowing soliton.

As the Kerr nonlinearity in optical fibres is focusing, the soliton-
created potential U locally increases the refractive index. According
to the Fermat principle, a maximum of the refractive index serves
as an attracting potential for waves experiencing diffraction. The
diffraction of beams is analogous to the dispersion of pulses, with
a spectrum in the range of anomalous GVD. If, however, GVD is
normal, then the refractive index maxima serve as repelling
potential barriers and the index minima become attracting
potentials for dispersing pulses. Therefore, to explain the trapping
of radiation at the short-wavelength edge of the continuum, we
should look for a minimum in the refractive index. An alternative,
but equivalent, view of the problem is to note the similarity
between the right-hand side of equation (1) and the quantum
mechanical Schrödinger equation, in which the dispersion operator
@t
2 corresponds to kinetic energy and the function U to potential

energy. Dispersion at the short-wavelength edge of the continuum
is normal; that is, d, 0. Therefore equation (1) coincides with the
Schrödinger equation for quantum particles having positive mass.
Thus, U is a repelling potential for any given z (see the dashed line
in Fig. 3a), in which case it cannot trap waves and so cannot lead
to the formation of localized non-dispersive light pulses as
observed in experiments and modelling. What this potential can
do, however, is to serve as a barrier for the incident waves. This is
why the dispersive spreading of the short-wavelength pulse in
Fig. 2d,e only occurs towards increasing time delays.

Let us switch now from the laboratory frame to a non-inertial
frame of reference slowing down with the soliton, that is, together
with the potential U. Note that in classical mechanics inertial forces
formally reveal themselves only after equations of motion are
transformed into a non-inertial (accelerating) reference frame.
To achieve this, in our case we replace t in equation (1) with the
variable t (as defined above) and take account of the fact
(obtained from the XFROG data) that the group velocities of

the pulses at the long- and short-wavelength edges are matched:
vs ¼ vl. The possibility for this matching within the spectral
range of interest is illustrated in the Fig. 1c. Group velocities are
uniquely related to frequencies through the dispersion law.
Hence, our transformation into the non-inertial frame should
reflect the fact that the frequency of the slowing (decelerated)
pulse with spectrum in the normal GVD range should
increase. This is achieved by making the substitution
A ¼ c(z, t)exp[itgz/(4d)2 ig2z3/(24d)] (ref. 18). The amplitude
c in the non-inertial frame obeys

!i@zc ¼ ½d@2
t þ U þ ~gt&c; ~g ¼ !g=ð4dÞ . 0 ð2Þ

Therefore the potential acting on the short-wavelength pulse in the
accelerating frame has a minimum at t ¼ t0; see the full line in
Fig. 3a. The walls of the new attracting potential (U þ g̃t), are
formed, on one side, by the refractive-index change created by
the soliton through the Kerr and Raman nonlinearities and, on
the other side, by the linear growth of the refractive index
existing in the accelerating frame of reference. The linear part of
the potential is equivalent in its essence to the effective gravity
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Figure 3 Effective potential and quasi-trapped states. a Dashed line shows the potential U. Full line shows the potential U þ g̃t, which takes account of the gravity-
like force. b,c, Temporal profiles of the first, b, (blue line), second, c, (blue line) and tenth, c, (green line) modes. Red horizontal lines in a correspond to the effective energy

levels of the modes shown in b and c.

Constant velocity Constant acceleration

Figure 4 An example of balls in a moving elevator without gravity can be
used to understand trapping of the blue radiation. a, Dispersion of the blue
radiation in the laboratory frame, as in Fig. 2d,e, is analogous to weightless balls
flying around an elevator moving with a constant velocity. b, Trapped states of the
blue radiation as in Figs 2b,c and 3b,c are analogous to the balls piled on the floor of
the elevator moving with a constant acceleration.

LETTERS
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ues and eigenfunctions, and thus to have analytical estimates
for the width of the trapped states. Let us consider the varia-
tional approximation for the ground state !n=0" only. As a
trial function we choose

!̃0 = exp#− !" − #"2/w2$ , !19"

where # is the shift of the intensity maximum of the trapped
state with respect to the soliton one and w is the width of the
trapped state. One can suggest better trial functions account-
ing for the asymmetry of the profile of the ground. However,
our choice is best suited for getting transparent analytical
expressions for parameters # and w. The variational estimate
$̃0 for the true value $0%$̃0 is

$̃0 =
% d"!̃0#− &d2&!"

2 + Vb$!̃0

% d"!̃0
2

. !20"

Minimizing $̃0 with respect to # and w2 we find

w2 = 2'2&d2&
BC

=
&d2&
2q
'!d1/q"1/2 15

2T
, !21"

# =
B

4
'2&d2&

BC
−

1
B

ln( C

BA
) , !22"

$̃0 ='&d2&BC

2
+

C

B
*1 − ln( C

BA
)+ . !23"

Thus the narrow solitons !large q" and large Raman effect
!large T" result, quite naturally, in stronger localization of the
radiation. Figure 7!a" illustrates comparison between the nu-
merically calculated linear mode !0 of the potential V!""
!17" and the variational approximation. The numerically cal-
culated dependencies $0!q" and $0

!b"!q" for potentials V and
Vb, respectively, compare well with the variational result
!23", see Fig. 7!b".

FIG. 6. !Color online" Numerical propagation
of the first three bound states within coupled
equations !6" and !7". Initial conditions are soli-
ton for A1 with q=100 and linear eigenstate of V
for A2. Left column: spectrum of the total field E,
Eq. !5", with &2=−&1=20. Right column: tempo-
ral profiles of &A1&2 !dashed lines" and &A2&2 !solid
lines". Time domain results are presented in the
accelerating frame of reference: t!= t−g0z2 /2,
with g0 defined by Eq. !15".

FIG. 7. !Color online" !a" Lowest trapped linear mode of the
potential V !solid line" and its variational approximation !dashed
line", given by Eq. !19" with # and w2 defined through Eqs. !22"
and !21", respectively. Soliton parameter is q=100. !b" $0

!b"!q", solid
line, $0!q", circles, and $̃0!q", dashed line.

THEORY OF RADIATION TRAPPING BY THE … PHYSICAL REVIEW A 76, 053803 !2007"

053803-7

▪ Trapping in soliton-delimited cavities
[Driben, Yulin, Efimov, Malomed, Optics Express 21 (2013) 19091]

 

Fig. 1. The solitonic cavity produced by the fission of a 12- soliton with TFWHM = 90 fs and 
peak power of 8MW, in the PCF filled with a Raman-inactive gas, in temporal- (a) and 
spectral-domain (b) representations. Dashed blue lines in (a) designate trajectories of the 
cavity-building solitons produced by artificially filtering out all the radiation trapped between 
them. Dashed black and solid magenta lines in (b) designate the evolution of spectral maxima 
of the two solitons, starting from Z = 0.16m. The spectral region of multiple bouncing of 
dispersive waves is highlighted by a dashed rectangle. 

more detail below. To prove the critical role of the interaction with the dispersive waves in 
the bending of the solitons' trajectories and their spectral shifts, an additional simulation was 
performed, in which we filter out all the radiation between the two solitons at Z = 0.16 m. In 
this case, the solitons propagate along undistorted trajectories, as shown in Fig. 1(a) by the 
dotted blue lines. As a result of the deceleration of the first soliton and acceleration of the 
second one, the two collide at z = 0.56 m. At some distance before the collision, the “soliton 
mirrors” degrade, allowing the trapped radiation to escape. The shrinkage of the cavity 
created by the two solitons resembles the structure of tapered waveguides [30]. 

The interaction between the dispersive waves and solitons dealt with here is different from 
[13], where the dispersive waves emitted by the first soliton collided with the second one and 
mostly passed through it without being reflected back to the first soliton and affecting its 
trajectory or central wavelength. To further clarify the present effect, we have performed 
another numerical experiment, by filtering out everything from Z = 0.16, except for the cavity 
consisting of the two solitons with the field trapped between them, see Fig. 2(a). Figure 2(b) 
shows the evolution of the trapped-field spectrum while the spectral lines of the solitons are 
located far away, between 900 and 1000nm, as seen in Fig. 1(b). It can be observed from both 
panels of Fig. 2 that the trapped light experiences strong spectral changes as it collides with 
the solitons, similar to the case of the specially designed solitonic cavity [26]. The condition 
of the resonant scattering [15] for the case referred to as phase-insensitive in [18] can be 
written in the following form: 

 ( )2 3 2 2 33 3 32 2
22 6 2 2 6i i s s i

β β ββ βδ δ β δ δ δ δ δ δ§ ·+ + + = +¨
©

−¸
¹

 (2) 

where the frequency deviations from the one corresponding to the dispersion curve reference 

wavelength-λ0 are: 
0 0 0

1 1 1 1 1 1
2 ( ), 2 ( ), 2 ( ),i s

i s

c c cδ π δ π δ π
λ λ λ λ λ λ

= − = − = −   ,  and i sλ λ λ  

pertaining to the incident wave, the soliton, and the scattered wave, respectively. The left-
hand side of Eq. (2) can be referred to as the dispersion characteristic of the FWM, while the 
right-hand side represents the dispersion of the fiber. Solutions of Eq. (2) give wavelengths at 
which the FWM terms are in resonance with the system's eigenmodes. For example, for the 
first reflection shown in Fig. 2 we deduce from Eq. (2) that the trapped wave packet, centered 
around λp = 490 nm, is reflected from the first soliton (centered around λs = 950 nm) into a 
spectral region around λ = 596 nm. The change of the soliton wavelengths in the course of the 
propagation explains the observation that the cascaded re-scattering of the trapped waves is 
not exactly periodic, leading to the modification of the trapped radiation. 
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[Wang, Mussot, Conforti, Zeng, Kudlinski, Opt. Lett. 40 (2015) 3320]

▪ Soliton molecules with two frequencies

lying in the anomalous dispersion regime A2 for a potential
created by a solitonwith center frequencyωs¼1.2319rad=fs
and temporal duration ts ¼ 20 fs are depicted in Fig. 3(a),
exhibiting three eigenstates. In our system the number
of eigenstates is solely controlled by the center frequencies
of both pulses. Numerical simulations summarized in
Fig. 3(b) directly verify that Eq. (1) supports analytically
calculated trapped states by a potential well created by a
soliton.
To come closer to a molecule state, we regard now an

associated effective potential with only a single bound state
[Fig. 3(c)] by tuning the center frequency ωs and monitor
the change of the solution by increasing the energy of the
bound state. An important value which entails the degree of
mutual interaction between the two subpulses is given by
the interaction term of the conserved momentum flux [30],
Hint½B# ¼ ð3=8Þ

P
12̄34̄j T1234Bω1

B&
ω2
Bω3

B&
ω4
, where the

canonical variable Bω¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jβðωÞj=ð2μ0ω2Þ

p
Eω, and T1234 ¼

μ0χjω1ω2ω3ω4j=c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jβðω1Þβðω2Þβðω3Þβðω4Þj

p
. The sum-

index token 12̄34̄j abbreviates the condition ω1 − ω2 þ
ω3 − ω4 ¼ 0. From this, the self-interaction parts of the

pulses Hð1Þ
int and Hð2Þ

int , as well as their mutual interaction

Hð12Þ
int can be derived by filtering in the frequency domain

(see Supplemental Material [41]). As the energy of the
bound state increases, the crossover from trapping to
molecule formation is signaled by the mutual interac-
tion dominating the self-interaction contribution to Hint
[Fig. 3(e)], although the composite pulse loses a small
amount of energy to free radiation [Fig. 3(d)].
In the next step we will address the more intriguing

analogy to molecules related to a binding force. First, we
demonstrate how to induce molecule formation by soliton
collision, in the spirit of formation of bound entities in a
particle collider. Two solitons with temporal widths
t1=2 ¼ 25=15 fs and frequencies ω1=2 ¼ 1.2=2.97 rad=fs
are injected into the waveguide at time delay δ ¼ 800 fs
and energies, defined by their velocities. After the collision,
we observe three localized states [Fig. 4(a)], propagating
with different velocities. The collision process is accom-
panied by generation of strong nonsolitonic radiation. The
XFROG traces in Fig. 4(b) provide deeper insight into the
complex propagation dynamics. The three generated local-
ized structures fulfill the criteria of compound states
described above. Each of these states has a significant
energy content in the two separated dispersion regimes,
propagating in the time domain as one object. To demon-
strate that these compounds only exist as an unit, we
spectrally divide them into their separate parts in A1 and
A2, and let these parts propagate independently from each
other along the waveguide. As is evident from Fig. 4(c), the
independent propagation of the isolated spectral compo-
nents leads to nothing but linear dispersion of the pulses.
This underlines again an analogy to a binding energy and
especially the fact that this molecule state is not simply a
copropagation of two solitons.

(a)

(c) (d)

(e)

(b)

FIG. 3. Trapped states in a propagating refractive index
well. (a) Effective potential with three eigenstates ϕ0, ϕ1, and
ϕ2, indicated at a depth corresponding to their eigenvalues
(horizontal dotted lines). (b) From bottom to top: XFROG traces
of initial configurations of the soliton and its weak eigenstates
(labeled n ¼ 0, 1, 2). Horizontal dotted lines indicate the
zero-dispersion frequencies. Close-up views of eigenstates at
selected propagation distances in multiples of the dispersion
length LD ¼ t2s=jβ2ðωsÞj. (c) Potential with a single eigenstate.
(d) Fractional contribution eM of the compound pulse to the total
energy (at z ¼ 0.3 m). (e) Normalized values of self-interaction
Hð1Þ

int , H
ð2Þ
int and mutual interaction Hð12Þ

int .

(a) (b) (c)

FIG. 4. Soliton molecule generation by collision. (a) Time-
domain propagation of two colliding solitons leading to three
molecule states and nonsolitonic radiation (a movie (MOV2) of the
evolution is provided in SupplementalMaterial [41]). (b) Sequence
of XFROG traces at selected propagation distances (see Supple-
mental Material [41] for details). (c) Propagation of the bound
states (top panel) and separate propagation of their isolated
constituents in only A1 (middle panel) and A2 (bottom panel).

PHYSICAL REVIEW LETTERS 123, 243905 (2019)

243905-4

[Melchert et al., PRL 123 (2019) 243905]
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Fig. 2. Measurements of two-colour soliton molecules. The first four rows show experimental 
results. From top to fourth row, 𝛽2 = 0, 35, 50 and 70 ps2/km. The net cubic and quartic dispersion 
are fixed at 𝛽3 = 0 ps3/km and 𝛽4 =  -135 ps4/km. The final row shows associated numerical results 
for 𝛽2 =  70 ps2/km. (A-D) Measured output spectra (blue) and linear dispersion relation (orange). 
(E-H) Measured spectrograms. (I-L) Retrieved temporal intensity profiles (blue), temporal phase 
(yellow) and hyperbolic secant shaped meta-envelopes (dashed). (M-O) Numerical simulations 
with parameter values matching experimental values used in D, H and L. (M) Simulated output 
pulse spectrum (black) and linear dispersion relation (orange). (N) Simulated spectrogram. (O) 
Simulated temporal intensity (black) and temporal phase (green). 

 
The middle column of Fig. 2 shows the spectrograms of the output pulses. These results 
demonstrate that the two pulses are temporally locked, even as the separation of the spectral peaks 
increases. Finally, the column on the right shows the temporal intensities (blue curve), and phases 
(yellow curve). As the value of 𝛽2 increases, the pulses start to display more pronounced temporal 
fringes under an envelope that gradually broadens and has an approximate hyperbolic secant shape. 
As the temporal fringes develop, the width of the central maximum is reduced as it occupies less 

[Lourdesamy, Runge, Alexander, Hudson,  
 Blanco-Redondo, de Sterke, arxiv:2007.01351]

recent experimental demonstration:

[Tam, Alexander, Hudson, Blanco-Redondo, de Sterke, PRA 101 (2020) 043822]

generalized dispersion Kerr solitons
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vmax

vmin
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Details of the considered propagation constant

▪ Propagation constant

�(!) =
!

c
Re [n(!)]
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(group delay)

(group velocity dispersion; GVD)
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▪ Zero-dispersion frequencies

�1(!) = @!�(!)

�2(!) = @2
!�(!)

�3(!) = @3
!�(!)

vg(!) = 1/�1(!)

<latexit sha1_base64="J6X2eRKryOqdayFifkhQ2xZOfEg="></latexit>

(group velocity; GV)

GV matching possible

�2 < 0

<latexit sha1_base64="iEZ57g55JQRfAOmKBTSDgV7GuYk="></latexit>

�2 > 0

<latexit sha1_base64="CFDl3+9FzKdfQ5dyUwVL+mVje0M="></latexit>

�2 < 0

<latexit sha1_base64="iEZ57g55JQRfAOmKBTSDgV7GuYk="></latexit>

v0g(!) =


�1(!)�

�2(!)

!t20
+

�3(!)

6t20

��1

<latexit sha1_base64="tN4fTyOYUdJT+XeSNt93+5yUwsk="></latexit>

[Pickartz, Bandelow, Amiranashvili, PRA 94 (2016) 033811]
[Haus, Ippen, Opt. Lett. 26 (2001) 1654]
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Weak trapped states in solitary-wave well
▪ Linearised eigenvalue problem

[Melchert et al., PRL 123 (2019) 243905]
(primes indicate quantities calculated at               )!GVM2
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▪ similar to sech2 potential well 
in 1D quantum scattering

[Lekner, Am. J. Phys. 75 (2007) 1151]
[Landau, Lifshitz, Quantum Mechanics (1981)]
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trapping potential:

|�n(t)|
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[Melchert et al., PRL 123 (2019) 243905]
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▪ Trapped state of order n = 1:
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▪ Trapped state of order n = 2:

➡ Stable propagation over many 
soliton periods

Weak trapped states in solitary-wave well
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Simultaneous propagation of multiple trapped states - coherent dynamics
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Extreme states of light — optical halos

27
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▪ Example for 

▪ Root-mean-square duration

thalorms ⇡ 8⇥ tSrms
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Robustness against perturbation
▪ interaction with normally dispersive wave
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▪ general wave-reflection mechanism 
• co-propagation with similar GV 
• strong repulsive interaction 

‣ shift of soliton center frequency

[Smith, Math. Proc. Camb. Phil. Soc 78 (1975) 517]
[de Sterke, Opt. Lett. 17 (1992) 914]
[Philbin et al., Science 319 (2008) 1367]
[Faccio, Cont. Phys. 1 (2012) 1]

[Demircan et al., PRL 106 (2011) 163901]
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Robustness against perturbation
▪ interaction with normally dispersive wave
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▪ observation 
• trapping potential experiences acceleration 
• trapped states are dragged along 
• frequency up-shift; no radiation 

▪ Raman induced frequency shift of soliton 
‣ trapped states persist
[Willms et al., in preparation]
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Leaking trapped states
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▪ Observation close to zero-dispersion points 
• trapped state remains localised 
• trapped state emits dispersive waves 
‣ leak-effect occurs close to zero dispersion point
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Generating molecule states by direct superposition of solitons

[Melchert et al., PRL 123 (2019) 243905]
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Generating molecule states through soliton-soliton collisions

[Melchert et al., PRL 123 (2019) 243905]
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mutual interaction enabled

mutual interaction disabled

Molecule states exhibit binding force

▪ co-propagating pulses mutually sustain their shape

➡ constituent pulses are 
no solitons

▪ limits of mutual binding can be explained by simple models
[Melchert, Willms, Morgner, Babushkin, Demircan; Sci. Rep. 11 (2021) 11190]
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Robustness against perturbation
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▪ Initially overlapping solitons 
• solitons have same center frequency 
• both are initially group-velocity matched   
➡ phase dependent soliton-soliton interaction

35

Dynamical evolution of fundamental solitons

E0(t) = Re


A1 e�i!1t

cosh[(t+ �)/t1]
+

A2 e�i(!2t+��)

cosh[(t� �)/t2]
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[Melchert, Demircan; Opt. Lett. 46 (2021) 5603]
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Dynamical evolution of fundamental solitons

▪ Initially overlapping solitons 
• solitons have vast frequency gap 
• both are initially group-velocity matched   
➡ dynamics dominated by incoherent interaction between solitons

E0(t) = Re


A1 e�i!1t

cosh[(t+ �)/t1]
+

A2 e�i(!2t+��)

cosh[(t� �)/t2]

�
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[Melchert, Demircan; Opt. Lett. 46 (2021) 5603]
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▪ Restricting to pulses of same width yields effectively decoupled equations

37

A simplified theoretical model

▪ Assumptions and approximation steps 
• introduce reference frequency + shift to moving frame 
• approximate dynamics by two NSEs coupled through cross-phase modulation (XPM)  
➡ models incoherently interacting pulses

[Melchert, Demircan; Opt. Lett. 46 (2021) 5603]
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A simplified theoretical model
▪ Closed form solutions describing two-color soliton pairs
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solutions only for

▪ Two-color soliton pairs 
• each subpulse specifies a soliton solution of a standard NSE 
• they can only persist conjointly as a bonding unit 
• effect of binding partner is to modify nonlinear coefficient

▪ Limiting case of equivalent subpulses (generalized dispersion Kerr solitons) 

• fundamental metasoliton is obtained without complicated multi-scales analysis* 
  

�0
2 = �00

2 = �2�2

�0 = �00

<latexit sha1_base64="Wa7W+f21gyNPRHQX8c5cTgjepm0="></latexit>

F = u1 + u2 =

s
8�2

3�t20
sech(⌧/t0)e

iz, with  =
�2

t20

<latexit sha1_base64="x+JDTTNP3lT37dTVrRmTMU5NBRM="></latexit>

[Melchert, Demircan; Opt. Lett. 46 (2021) 5603]

[Tam et al.; Phys. Rev. A 101 (2020) 043822]

* thorough comparison in Supp. Mat. of:
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Immediate consequence for our theoretical studies
▪ Instead of generating molecules this way:

[Melchert, Willms, Morgner, Babushkin, Demircan; Sci. Rep. 11 (2021) 11190]
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▪ We can now directly initialize them:

Immediate consequence for our theoretical studies

[Melchert, Demircan; Opt. Lett. 46 (2021) 5603]
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Summary

New phenomena involving two-frequency pulse compounds 

‣ enabled by group-velocity matching across a vast frequency gap  

‣ trapped states 

‣ molecule-like bound states

(EXC 2122, projectID 390833453) 

Propagation distance Time

Modeling pulse propagation in nonlinear waveguides 

‣ forward model for the analytic signal 

‣ nonlinear Schrödinger equation 

‣ generalized nonlinear Schrödinger equation


