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Closed-Form Successive Relative Transfer Function
Vector Estimation Based on Blind Oblique Projection

Incorporating Noise Whitening
Henri Gode , Graduate Student Member, IEEE, and Simon Doclo , Senior Member, IEEE

Abstract—Relative transfer functions (RTFs) of sound sources
play a crucial role in beamforming, enabling effective noise and
interference suppression. This paper addresses the challenge of
online estimating the relative transfer function (RTF) vectors of
multiple sound sources in noisy and reverberant environments,
both addressing scenarios with source activations and deactiva-
tions. To estimate the RTF vector of a newly activating source,
the conventional blind oblique projection (BOP) method relies on
computationally expensive gradient descent, random additional
vectors, and high signal-to-noise ratio (SNR) conditions. We pro-
pose a generalized method that replaces iterative optimization with
a closed-form solution, utilizes orthogonal additional vectors to
improve accuracy, and integrates noise whitening and subtraction
to ensure robustness in low SNR scenarios. Simulations are per-
formed using real-world reverberant noisy recordings, featuring
three successively activating speakers. In addition, simulations
are performed for highly dynamic scenarios with random source
activations and deactivations. Simulation results with and without
a-priori knowledge of the source activity pattern demonstrate that
the proposed BOP method with orthogonal additional vectors and
noise whitening outperforms the conventional BOP method and
other baseline methods in terms of computational efficiency and
signal-to-interferer-and-noise ratio improvement, when applying
the estimated RTF vectors in a linearly constrained minimum
variance beamformer.

Index Terms—Relative transfer function vectors, LCMV
beamforming, Successive sources, Blind oblique projection,
Covariance whitening.

I. INTRODUCTION

IN MANY hands-free speech communication applications,
such as hearing aids, mobile phones, and smart speakers,

interfering sounds and ambient noise may degrade the recorded
microphone signals [1]. In such applications, online speech
enhancement methods, which rely only on past information, are
required to improve the quality and intelligibility of a target
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speaker. When multiple microphones are available, beamform-
ing is a widely used technique to enhance a target speaker
while suppressing interfering sources and noise [2], [3], [4].
Commonly used beamformers are the minimum variance dis-
tortionless response (MVDR) beamformer and the linearly con-
strained minimum variance (LCMV) beamformer [2]. Besides
an estimate of the noise covariance matrix, these beamformers
require an estimate of the RTF vector of the target source and
possibly also the RTF vectors of the interfering sources. The
RTF vector relates the acoustic transfer functions between a
source and all microphones to a reference microphone, and plays
an important role not only in beamforming, but also in, e.g.,
source localization [5], [6], [7], [8] and joint noise reduction
and dereverberation [9], [10].

A. Related Works

Over the last decades, several methods have been proposed
to estimate the RTF vector of a single source in a noisy en-
vironment, e.g., based on (weighted) least-squares [11], [12],
[13], using maximum likelihood estimation [14], exploiting
frequency correlations [15], using subspace decomposition
methods such as covariance subtraction (CS) and covariance
whitening (CW) [16], [17], [18], [19], [20], using manifold
learning [21], [22], or deep neural network (DNN)-based mask
estimation [23]. The CS method estimates the RTF vector by
computing the principal eigenvector of the noisy covariance
matrix after subtracting an estimate of the noise covariance
matrix. On the other hand, the CW method estimates the RTF
vector by de-whitening the principal eigenvector of the whitened
noisy covariance matrix, where an estimate of the noise covari-
ance matrix is used for the whitening operation. A performance
comparison in [20] demonstrated that the CW method achieves
superior results compared to the CS method.

In contrast to estimating the RTF vector of a single source,
estimating the RTF vectors of multiple simultaneously active
sources is more challenging. While the CS and CW methods
can estimate the joint multi-source RTF subspace [17], and [24]
introduces a generalized joint multi-source RTF representation
using Plücker coordinates, these methods do not estimate the
individual RTF vectors of each source. Joint diagonalization
methods [25], [26] directly optimize the parameters of the under-
lying rank-1 signal model to estimate individual RTF vectors, but
these methods fundamentally rely on post-processing to handle
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Fig. 1. Exemplary scenario with three activating and deactivating sources. Up-
per: Waveforms of one microphone signal and its speech and noise components
for different time segments. Lower: Source count over time.

frequency permutation ambiguity. The recursive method in [27]
solves an orthogonal Procrustes problem to estimate RTF vectors
of all sources, but requires accurate initialization and known
array geometry. In [28], individual RTF vectors are estimated by
the TRINICON blind source separation framework [29], which
however relies on geometric constraints based on direction-
of-arrival (DOA) estimates and the array geometry. Alterna-
tively, expectation maximization (EM) algorithms assuming W-
disjoint orthogonality [30] can estimate RTF vectors of multiple
sources, but they suffer from high computational complexity,
challenging initialization, and frequency permutation ambiguity.
In [31], an MVDR beamformer is guided by estimated covari-
ance matrices and RTF vectors of an online complex Gaussian
mixture model mask estimator, which however requires spatial
priors based on the array geometry and source positions. Simi-
larly, the guided source separation (GSS) method [32] employs
a complex angular central Gaussian mixture model (cACGMM)
mask estimator guided by diarization labels to compute covari-
ance matrices for Souden MVDR beamforming [33]. Although
the GSS method does not explicitly estimate RTF vectors, its
online version [34] is included as a baseline for target speaker
extraction in our experimental evaluation. Although the iterative
source steering (ISS)-based independent vector analysis (IVA)
method in [35] supports flexible online updates of individual
source RTF vectors, it is not well-suited for the considered
scenarios due to its noise-free rank-1 model and the assumption
that the numbers of sources and microphones are equal.

In this paper, we consider online estimation of RTF vectors
for successively activating and deactivating sources (exemplified
in Fig. 1 featuring three sources). Although we will only con-
sider scenarios involving source activations for the derivation
of the methods, it will be shown that the resulting methods
are also applicable to scenarios involving source deactivations.
For successively activating sources, the RTF vector of the first
source can be estimated using well-established single-source
techniques like the CW method. To estimate the RTF vectors of
subsequent sources (i.e., the second source in the dual-source
segment and the third source in the triple-source segment),
the covariance whitening with undesired covariance (CWu)
method [20] can be employed as a baseline, which conceptually
converts the multi-source problem into a single-source problem

by treating all previously active sources as part of the back-
ground noise. Other approaches utilize estimates of the RTF
vectors of already active sources to estimate the RTF vector of a
newly activating source. For the dual-source case, the covariance
blocking and whitening method in [36] estimates the RTF vector
of the second source by solving a set of non-linear equations.
The BOP method [37] estimates the RTF vector of a newly
activating source by determining the oblique projection operator
that optimally blocks this source while keeping the already active
sources distortionless. However, the practical utility of the BOP
method is limited by several issues: 1) the BOP method relies on
an iterative gradient descent method, possibly converging to a
local minimum and resulting in high computational complexity,
2) the BOP method employs random additional vectors, resulting
in a large sensitivity to model mismatch, and 3) the BOP method
is designed for high SNR, limiting its performance at low SNR.
As for all successive RTF vector estimation methods, the BOP
method requires knowledge about the source activity pattern,
i.e., when sources become active and inactive. To determine
the source activity pattern, several methods have been proposed
for counting the number of active sources within a given signal
segment, e.g., performing clustering on spatial features [38],
[39], [40] or based on DNNs [41], [42]. More recently, several
DNN-based approaches have been proposed that specifically
address the problem of low-latency online source counting [43],
[44], [45].

B. Contributions

To address the limitations of the conventional BOP
method [37], in this paper we propose three extensions. First, we
derive a closed-form solution to the BOP optimization problem,
enhancing robustness and significantly reducing computational
complexity. Second, we propose to utilize orthogonal additional
vectors instead of random vectors, reducing estimation errors
caused by model mismatch. Third, we incorporate noise han-
dling techniques inspired by the CS and CW methods, making
the BOP method suitable for low SNR conditions. For three
successively activating sources in a reverberant noisy environ-
ment, simulation results for a binaural hearing aid setup with six
microphones demonstrate that the proposed method featuring all
three extensions outperforms the conventional BOP method for
several source positions and SNRs. The improvements are evi-
dent with and without a-priori knowledge of the source activity
pattern in terms of computational complexity, RTF vector esti-
mation accuracy, and signal-to-interferer-and-noise ratio (SINR)
improvement when the estimated RTF vectors are used in an
LCMV beamformer. Furthermore, in a more realistic scenario
with random source activations and deactivations, the proposed
method also outperforms the conventional BOP method and the
baseline CWu and GSS methods in terms of SINR improvement.

The remainder of this paper is organized as follows. Section
II describes the signal model used for RTF vector estimation
of successively activating sources. Section III introduces the
conventional BOP method for successive RTF vector estimation.
In Section IV we propose three extensions, offering a closed-
form solution to the BOP optimization problem, introducing
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orthogonal additional vectors and incorporating noise handling.
Section V compares the performance of the proposed method to
the conventional BOP method and two other baseline methods
in terms of RTF vector estimation accuracy and target source
extraction performance.

II. SIGNAL MODEL

We consider an acoustic scenario withKmax spatially station-
ary sound sources in a noisy and reverberant environment where
the sound sources activate successively. The sound sources are
recorded by an array with M microphones, with Kmax ≤M .
The short-time Fourier transform (STFT) coefficients of the
microphone signals at time frame t and frequency bin f are
denoted by

yt,f =
[
y1,t,f · · · yM,t,f

]T
∈ C

M×1, (1)

where {·}T denotes the transpose operator. The frequency index
f will be omitted for notational brevity (i.e., yt = yt,f ), unless
explicitly required. At each time frame t, the multi-channel
microphone signals yt can be written as the sum of the source
components xk,t (k ∈ {1, . . . ,Kmax}) and the noise component
nt, i.e.,

yt =

Kmax∑
k=1

Ik,txk,t︸ ︷︷ ︸
=xt

+nt, (2)

where the vectors xk,t ∈ C
M×1 and nt ∈ C

M×1 are defined
similarly as in (1) and Ik,t ∈ {0, 1} denotes the activity of the
k-th source, which is not assumed to be frequency-dependent.
In this paper, we consider successively activating sources, i.e.,

Ik,t =
{
0, if t < tk
1, if t ≥ tk

, (3)

where tk denotes the activation time of the k-th source. We
assume that simultaneous activation of multiple sources does not
occur, i.e., there is at least one frame between the activation of
two sources (tk+1 − tk > 0). Assuming the source components
and the noise component are uncorrelated, the noisy covariance
matrix Ry,t = E{yty

H
t }, with E{·} denoting the expectation

operator and {·}H denoting the conjugate transpose operator,
can be written as

Ry,t = Rx,t +Rn, (4)

with Rx,t = E{xtx
H
t } the noiseless covariance matrix and

Rn = E{ntn
H
t } the noise covariance matrix, which is assumed

to be time-invariant and full-rank.
Assuming sufficiently large STFT frames, the k-th source

component xk,t can be modeled as the multiplication of the
k-th source component in a reference microphone, denoted by
r, with the (time-invariant) RTF vector gk ∈ C

M×1 of the k-th
source [46], i.e.,

xk,t = gkxk,r,t ∀k ∈ {1, . . . ,Kmax}. (5)

It should be noted that the reference entry of all RTF vectors
equals 1, i.e., eTr gk = 1, where the r-th entry (corresponding to

the reference microphone) of the selection vector er is equal to
1 and all other entries are equal to 0. We assume that the RTF
vectors of all sources are linearly independent. The problem of
estimating the RTF vectors of all sources can be reformulated
into the problem of successively estimating the RTF vector of
each source in its activating time segment Tk = [tk, tk+1[. Con-
sidering the K-th time segment, the corresponding subproblem
can be seen as a scenario with K ≤ Kmax active sources, where
the K-th source denotes the newest activating source, i.e.,

yt = xK,t︸︷︷︸
new

+

K−1∑
k=1

xk,t︸ ︷︷ ︸
old

+nt = gKxK,r,t +

K−1∑
k=1

gkxk,r,t + nt︸ ︷︷ ︸
=vt

,

(6)

where vt ∈ C
M×1 denotes the undesired component. By stack-

ing the RTF vectors of the already active sources in the matrix

GK̄ =
[
g1 g2 · · · gK−1

]
∈ C

M×(K−1), (7)

the noiseless covariance matrix can be written as

Rx,t = gKφK,t g
H
K︸ ︷︷ ︸

=RK,t

+GK̄ΦK̄,tG
H
K̄︸ ︷︷ ︸

=RK̄,t

(8)

The matrices RK,t and RK̄,t denote the M ×M -dimensional
covariance matrices of the K-th activating (new) source and
the K − 1 already active (old) sources, which have rank 1
and rank K − 1, respectively. The diagonal matrix ΦK̄,t =

diag{[φ1,t φ2,t · · · φK−1,t]} ∈ R
(K−1)×(K−1)
+ contains the

power spectral densities (PSDs) of the already active sources,
with diag{·} building a diagonal matrix from a vector and
φk,t = E{|xk,r,t|2} denoting the (time-varying) power spectral
densities (PSDs) of the k-th source component in the reference
microphone.

In practice, the noisy covariance matrixRy,t can be estimated
recursively using an exponential sliding window, i.e.,

R̂y,t = αR̂y,t−1 + (1− α)yty
H
t , (9)

whereα = e−
tfs
tα denotes the forgetting factor, with tα and tfs the

smoothing time constant and the STFT frame shift, respectively.
This paper focuses on online estimating the RTF vector gK of
the newly activating source, assuming that estimates of the noise
covariance matrix Rn and the RTF vectors GK̄ of the already
active sources are available. The RTF vectors g1 . . . gK−1 can
be successively estimated in the first (K − 1) time segments,
whereas the noise covariance matrix can be estimated in a
noise-only segment. We will first assume that the source activity
pattern Ik,t is known, while in Section V we will evaluate the
performance of all successive RTF vector estimation methods
both using oracle knowledge of the source activity pattern as
well as using the online source counting method from [45] to
estimate the source activity pattern.
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III. CONVENTIONAL BOP METHOD

In this section, we will review the conventional BOP method
from [37], which serves as the basis for the extensions proposed
in Section IV. To estimate the RTF vector gK of the source
activating in the K-th segment, the conventional BOP method
aims at blocking this source while keeping theK − 1 already ac-
tive sources distortionless. The BOP method utilizes the oblique
projection operator P∠

GK̄θ , i.e.,

P∠
GK̄θ = GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄P⊥
θ , (10)

with P⊥
θ = IM − θ

(
θHθ

)−1
θH, (11)

with GK̄ defined in (7) containing the known RTF vectors of
the already active sources and θ ∈ C

M×1 a vector variable. The
matrixP⊥

θ in (11) denotes the complement orthogonal projection
operator, which projects vectors onto the subspace orthogonal
to the vector θ, and thus blocks the vector θ, i.e.,

P⊥
θθ = 0M×1. (12)

where 0M×N denotes the M ×N -dimensional zero matrix.
By defining [GK̄ θ]⊥ as the orthogonal complement of the
matrix [GK̄ θ], i.e., the matrix containing (M −K) orthonor-
mal vectors spanning the subspace orthogonal to the column
space of [GK̄ θ], and using P⊥

θ [GK̄ θ]⊥ = [GK̄ θ]⊥, and
GH

K̄
[GK̄ θ]⊥ = 0(K−1)×(M−K), the following properties of

the oblique projection operator P∠
GK̄θ in (10) can be derived:

P∠
GK̄θGK̄ = GK̄ , P∠

GK̄θθ = 0M×1, (13)

P∠
GK̄θ

[
GK̄ θ

]
⊥

= 0M×(M−K). (14)

Aiming at blocking the K-th source while keeping the K − 1
already active sources distortionless using the oblique projection
operator P∠

GK̄θ in (10), the BOP cost function is defined as the
power of the projected signal, i.e.,

JGK̄
(θ)= tr

{
P∠

GK̄θRy,tP
∠H
GK̄θ

}
, (15)

where tr{·} denotes the trace. Using the signal model in (8) and
the fact that P∠

GK̄θGK̄ = GK̄ (which corresponds to keeping
the already active sources distortionless), the BOP cost function
in (15) can be written as

JGK̄
(θ) = tr

{
P∠

GK̄θgKφK,tg
H
KP∠H

GK̄θ

}
+ tr

{
GK̄ΦK̄,tG

H
K̄

}
+ tr

{
P∠

GK̄θRnP
∠H
GK̄θ

}
, (16)

where the term tr{GK̄ΦK̄,tG
H
K̄
} is a positive constant (inde-

pendent of θ), and both other terms depend on the variable θ.
The conventional BOP method in [37] assumes a sufficiently
large SNR, such that the noise covariance matrix Rn can be
neglected in (4) and the noisy covariance matrix Ry,t reduces
to the noiseless covariance matrix Rx,t. Under this assumption,
the BOP cost function is equal to

JGK̄
(θ) = tr

{
P∠

GK̄θRx,tP
∠H
GK̄θ

}
(17)

= tr
{
P∠

GK̄θgKφK,tg
H
KP∠H

GK̄θ

}
+ tr

{
GK̄ΦK̄,tG

H
K̄

}
, (18)

where the only term depending on θ is the first term
tr{P∠

GK̄θgKφK,tg
H
KP∠H

GK̄θ}, involving the RTF vector gK of
the K-th source, which is to be estimated. The cost function
in (18) is minimized when P∠

GK̄θgK = 0M×1, i.e., when θ is
equal to gK (or a scaled version), so that the K-th source is
blocked by the oblique projection operator P∠

GK̄θ and the first
term in (18) is zero. Therefore, an estimate of the RTF vector
gK of the K-th source can be obtained as

ĝK =
g̃K

eTr g̃K
with g̃K = arg min

θ

(
JGK̄

(θ)
)

(19)

Since no closed-form solution for the optimization problem
in (19) exists, it was proposed in [37] to use an iterative gradient
descent method with an element-wise gradient.

IV. PROPOSED EXTENSIONS

In this section, we propose three extensions to the conven-
tional BOP method, which significantly reduce computational
complexity and enhance robustness. After deriving the vector
gradient of the BOP cost function and reviewing the use of
additional random vectors in the conventional BOP method, we
derive a closed-form solution to the BOP cost function in Section
IV-A. In Section IV-B, we suggest a more appropriate choice of
additional vectors instead of random vectors. In Section IV-C,
we generalize the BOP method to low SNR conditions by inte-
grating noise handling, motivated by the covariance subtraction
(CS) and covariance whitening (CW) methods. Although the
derivations in Sections IV-A and IV-B are based on the noise-
less covariance matrix (i.e., assuming no noise is present), the
conclusions derived in these sections remain valid when noise is
present if the noise handling proposed in Section IV-C is used.

A. Closed-Form Solution

In [37] the element-wise gradient of the BOP cost function
in (17) was derived. Instead of the element-wise gradient, here
we will consider the vector gradient since it has a lower compu-
tational complexity and is more convenient for later derivations.
The vector gradient of the BOP cost function in (17) is equal to
(see detailed derivation in Appendix A):

∇θJGK̄
(θ) = −P∠H

GK̄θP
∠
GK̄θRx,tP

⊥
GK̄

θ
(
θHP⊥

GK̄
θ
)−1

−P⊥
[GK̄ ,θ]Rx,tP

∠H
GK̄θGK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄θ
(
θHθ

)−1
.

(20)

where the matrices P⊥
GK̄

and P⊥
[GK̄ ,θ] denote the complement

orthogonal projection operators defined as in (11), projecting
onto the subspace orthogonal to the column space of GK̄ and
the column space of [GK̄ θ], respectively. Following (12), they
also satisfy

P⊥
GK̄

GK̄ = 0M×(K−1), P⊥
[GK̄ ,θ]

[
GK̄ θ

]
= 0M×K .

(21)

Using the signal model in (8) and the properties in (13) and
(21), it follows that for θ = gK , both P∠

GK̄θRx,tP
⊥
GK̄

and
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P⊥
[GK̄ ,θ]Rx,t are equal to 0M×M . Consequently, it can be easily

verified that for θ = gK the gradient in (20) is equal to 0M×1,
which is consistent with the fact thatθ = gK minimizes the BOP
cost function in (17). However, when K < M , the null space
of the rank-K matrix [gK GK̄ ]H ∈ C

K×M is non-empty and
consists of vectors θ̃ for whichgH

K θ̃ = 0 andGH
K̄
θ̃ = 0(K−1)×1,

i.e., θ̃ ⊥ GK̄ . Using (10)–(14) and defining the orthogonal pro-
jection operatorP‖

GK̄
= GK̄(GH

K̄
GK̄)−1GH

K̄
with the property

P
‖
GK̄

GK̄ = GK̄ , it can be shown that the oblique projection

operator P∠
GK̄θ reduces to the orthogonal projection operator

P
‖
GK̄

for all vectors θ̃ ⊥ GK̄ , i.e.,

P∠
GK̄ θ̃

= P
‖
GK̄

. (22)

Hence, it follows that the BOP cost function in (18) for all vectors
θ̃ is equal to

JGK̄

(
θ̃
)
= tr

{
P

‖
GK̄

gKφK,tg
H
KP

‖H
GK̄

}
+ tr

{
GK̄ΦK̄,tG

H
K̄

}
.

(23)

Since the cost function in (23) does not depend on θ, for
all vectors θ̃ in the null space of [gK GK̄ ]H the gradient
is equal to zero, revealing a (potentially multidimensional)
plateau of the BOP cost function and posing a challenge
for gradient descent methods. To overcome this problem, it
was proposed in [37] to add M −K random vectors Ga =
[gK+1 · · · gM ] to the RTF vectors of the already active
sources, i.e., G̃K̄ = [GK̄ Ga] with rank{G̃K̄} =M − 1, so
that the matrix [gK G̃K̄ ] is full rank and its null space is
empty (assuming no random vector lies in the column space
of [gK GK̄ ]). Note that introducing these additional random
vectors changes the BOP cost function in (17) and the gradient
in (20) to

JG̃K̄
(θ)= J[GK̄ ,Ga](θ) = tr

{
P∠

G̃K̄θ
Rx,tP

∠H
G̃K̄θ

}
, (24)

∇θJG̃K̄
(θ)= −P∠H

G̃K̄θ
P∠

G̃K̄θ
Rx,tP

⊥
G̃K̄

θ
(
θHP⊥

G̃K̄
θ
)−1

, (25)

where the second term of the gradient vanishes since
rank{[G̃K̄ θ]} =M (except for θ in the column space of G̃K̄ ,
which is highly improbable), so that P⊥

[G̃K̄ ,θ]
= 0M×M . Using

the signal model in (8) and the fact that forθ = gK it follows that
P∠

G̃K̄θ
Rx,tP

⊥
G̃K̄

= 0M×M , it can be shown that for θ = gK the

gradient in (25) is equal to 0M×1, so that the cost function with
the additional vectors Ga in (24) has the same global minimum
as the original cost function in (17).

Using the vector gradient in (25), we now derive a closed-
form solution minimizing the BOP cost function with additional
vectors in (24). Let us consider the eigenvalue decomposition of
the matrix Rx,tP

⊥
G̃K̄

∈ C
M×M , i.e.,

Rx,tP
⊥
G̃K̄

θ̄m = λmθ̄m ∀m ∈ {1, . . . ,M}, (26)

where θ̄m and λm denote the eigenvectors and eigenvalues,
respectively. Since the rank of G̃K̄ is equal toM − 1, it follows
from (11) and (21) that the rank of P⊥

G̃K̄
and consequently the

rank of Rx,tP
⊥
G̃K̄

is equal to 1. Hence, all eigenvalues except
for the principal eigenvalue λ1 are equal to zero, i.e.,

Rx,tP
⊥
G̃K̄

θ̄1 = λ1θ̄1, (27)

Rx,tP
⊥
G̃K̄

θ̄m = 0M×1 ∀m ∈ {2, . . . ,M}, (28)

where θ̄1 denotes the principal eigenvector. Using (27), it can
be seen that the principal eigenvector sets the gradient in (25) to
zero, i.e.,

∇θJG̃K̄

(
θ̄1

)
= −P∠H

G̃K̄ θ̄1
P∠

G̃K̄ θ̄1
Rx,tP

⊥
G̃K̄

θ̄1

(
θ̄
H
1 P

⊥
G̃K̄

θ̄1

)−1

= −P∠H
G̃K̄ θ̄1

P∠
G̃K̄ θ̄1

θ̄1︸ ︷︷ ︸
=0M×1

λ1

(̄
θ
H
1 P

⊥
G̃K̄

θ̄1

)−1

. (29)

Since using the rank-nullity theorem the dimension of the null
spaces of Rx,tP

⊥
G̃K̄

and P⊥
G̃K̄

are equal to M − 1, their null

spaces are the same, so that for all other eigenvectorsP⊥
G̃K̄

θ̄m =

0M×1 (∀m ∈ {2, . . . ,M}). Hence, these eigenvectors cannot
be solutions as this would cause a division by zero in the term
(θHP⊥

G̃K̄
θ)−1 of the gradient in (25). The closed-form solution

minimizing the BOP cost function JG̃K̄
(θ) in (24) is hence given

by

ĝK =
g̃K

eTr g̃K
with g̃K = Vmax

{
Rx,tP

⊥
G̃K̄

}
(30)

with Vmax{·} denoting the principal eigenvector.

B. Orthogonal Additional Vectors

As shown in Section IV-A, when the signal model in (8) holds,
the choice of theM −K additional vectorsGa has no influence
on the global minimum of the BOP cost function. However,
since in practice the signal model in (8) and its corresponding
assumptions, e.g., the rank-1 approximation in (5) for each
source, may not perfectly hold, it should be realized that the
solution in (30) depends on the choice of additional vectors
Ga. It should be noted that the oblique projection operator
P∠

G̃K̄θ
may amplify a vector when the angle between the column

spaces of G̃K̄ and θ is small. This means that applying the
oblique projection operator P∠

G̃K̄θ
in (25) for θ = gK could

potentially lead to amplification of error signal components
caused by model mismatch when the angle between the column
spaces of G̃K̄ = [GK̄ Ga] and gK is small. To reduce such
amplification, a good choice of additional vectors Ga would
hence be vectors that are orthogonal to gK . Since obviously gK

is not known, we propose to compute the M −K additional
vectors as the minor subspace of the covariance matrix Rx,t,
which are orthogonal to gK assuming the signal model in (8)
holds, i.e.,

Ga = VM−K
min {Rx,t} , (31)

with VN
min{·} denoting the minor subspace of dimension N

spanned by the eigenvectors corresponding to the N smallest
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eigenvalues. We call this method BOP using orthogonal addi-
tional vectors (BOPO).

C. Noise Handling

Similarly as in [37], in Sections IV-A and IV-B it has been
assumed that no noise is present, i.e., all expressions have been
derived using the noiseless covariance matrix Rx,t. When noise
is present, an additional noise term appears in the cost function
in (24) similar to the last term in (16), which potentially shifts the
global minimum of the cost function away from the true RTF
vector gK and hence introduces estimation errors in (30). To
mitigate this effect, we aim to estimate the noiseless covariance
matrix Rx,t from the noisy covariance matrix Ry,t. Aiming
at generalizing the BOP method to noisy scenarios, in this
section we propose two noise handling techniques, which are
motivated by the CS and CW methods for single-source RTF
vector estimation [16], [17], [18], [19], [20]. Both techniques
assume an estimate of the noise covariance matrix Rn to be
available (e.g., estimated from a noise-only segment), which is
used to construct a noiseless covariance matrix similar to Rx,t.
The conventional BOP method from [37] assumes that no noise
is present, i.e., Rx,t = Ry,t.

1) Subtract the Noise Covariance Matrix: Based on (4), the
noiseless covariance matrix Rx,t can be simply computed by
subtracting the noise covariance matrix Rn from the noisy
covariance matrix Ry,t, i.e.,

R
(s)
x,t = Ry,t −Rn. (32)

The corresponding methods are called BOP with noise sub-
traction (BOP-S) and BOPO with noise subtraction (BOPO-S),
respectively.

2) Whiten the Noise Covariance Matrix: Similarly as for the
CW method [20], the noise covariance matrix Rn can also be
used to compute the whitened noiseless covariance matrix as

R
(w)
x,t = R

−H
2

n Ry,tR
−1
2
n − IM , (33)

where R
1
2
n denotes a matrix square root decomposition (e.g.,

Cholesky decomposition) of the noise covariance matrix, i.e.,

Rn = R
H
2
n R

1
2
n . Spatially whitening the noise term and subtract-

ing an identity matrix effectively removes the additional noise
term from the cost function in (24). This can be interpreted as
transforming the noisy covariance matrix Ry,t into a whitened

domain to estimate the noiseless covariance matrix R
(w)
x,t in this

whitened domain, allowing to apply the same methods (closed-
form solution and orthogonal additional vectors) as derived for
the original domain. However, before adding additional vectors
G

(w)
a , the RTF vectors of the already active sources also need to

be transferred into the whitened domain, i.e.,

G
(w)

K̄
= R

−H
2

n GK̄ , (34)

such that G̃(w)

K̄
= [G

(w)

K̄
G

(w)
a ]. In addition, after using (30)

to compute g̃(w)
K = Vmax{R(w)

x,t PG̃
(w)

K̄

} in the whitened domain,

this vector still needs to be transferred into the original domain

Algorithm 1: Proposed BOP-Based RTF Vector Estimation.
Require: Noisy covariance matrix Ry,t, noise covariance
matrix Rn, RTF vectors of already active sources GK̄

Noise Handling:
1: if Subtraction (BOP-S, BOPO-S):
2: R̂x,t = Ry,t −Rn by (32)
3: else if Whitening (BOP-W, BOPO-W):

4: Compute R
1
2
n

5: R̂x,t = R
−H
2

n Ry,tR
−1
2
n − IM by (33)

6: GK̄ = R
−H
2

n GK̄ by (34)
7: else None (BOP, BOPO):
8: R̂x,t = Ry,t

Additional Vectors:
9: if Orthogonal (BOPO, BOPO-S, BOPO-W):

10: Ga = VM−K
min {R̂x,t} by (31)

11: else Random (BOP, BOP-S, BOP-W):
12: Ga = random vectors
13: Construct G̃K̄ = [GK̄ Ga]

Closed-form RTF Estimation:
14: P⊥

G̃K̄
= IM − G̃K̄(G̃H

K̄
G̃K̄)−1G̃H

K̄

15: g̃K = Vmax{R̂x,tP
⊥
G̃K̄

} by (30)

16: if Whitening (BOP-W, BOPO-W):

17: g̃K = R
H
2
n g̃K by (35)

18: ĝK = g̃K

eT
r g̃K

by (30)
19: return: Estimated RTF vector ĝK

by de-whitening, i.e.,

g̃K = R
H
2
n g̃

(w)
K . (35)

The reference entry normalization is then performed in the
original domain as shown in (30). The corresponding methods
are called BOP with noise whitening (BOP-W) and BOPO
with noise whitening (BOPO-W), respectively. An overview of
the proposed BOP-based RTF vector estimation method with
the different noise handling techniques and additional vector
choices is provided in Algorithm 1.

V. EVALUATION

In this section, we compare the performance of the proposed
successive RTF vector estimation method using the extensions
discussed in Section IV to the conventional BOP method. Af-
ter introducing the acoustic scenario with three successively
activating sources in Section V-A, algorithmic implementation
details and computational complexity are discussed in Section
V-B. Section V-C discusses the considered performance metrics,
namely RTF vector estimation accuracy and SINR improvement
of an LCMV beamformer. The evaluation is divided into three
parts with increasing realism: in Section V-D three sources
activate successively at random times with a minimum time
gap of 500 ms, and oracle knowledge of source activity is
assumed. In contrast, in Section V-E the DNN-based online
source counting method proposed in [45] is used to estimate the
activations of new sources, for the same acoustic scenario with
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Fig. 2. Acoustic setup with 12 speaker positions, 2 behind-the-ear hearing
aids with two microphones each worn by a dummy head, one in-ear microphone
on each side of the dummy head, and background noise from the BRUDEX
database [47].

three successively activating sources. Finally, in Section V-F the
performance is evaluated with and without oracle knowledge of
source activity in a more realistic scenario with three sources
activating and deactivating at random times, with a minimum
time gap of 50 ms between activation or deactivation events.
The acoustic scenario for the first two experiments involving
only successive source activations is introduced in Section V-A,
whereas the specific dynamic scenario involving source deacti-
vations is detailed later in Section V-F.

A. Acoustic Scenario

To generate noisy and reverberant microphone signals, we
used measured room impulse responses (RIRs) and noise signals
from the BRUDEX database [47] at a sampling frequency of
16 kHz. The acoustic setup is illustrated in Fig. 2. A dummy
head was positioned approximately in the center of an acoustic
laboratory measuring 7 m× 6 m× 2.7 m, with a reverbera-
tion time T60 ≈ 310 ms. The dummy head was equipped with
left and right behind-the-ear hearing aids, each featuring two
microphones, and one in-ear microphone on each side, result-
ing in M = 6 microphones. Each acoustic scenario involved
Kmax = 3 speakers of random sex, activating successively with
a random time gap between activations uniformly distributed
within [0.5 s, 5 s] and continuously active background noise
(similarly as in Fig. 1). This resulted in noise-only, single-source,
dual-source, and triple-source segments with random lengths.
The source components at the microphones were generated
by convolving clean speech signals from the Librispeech ASR
Corpus [48] with RIRs measured from loudspeakers placed at
12 different positions around the dummy head in a circle with
a radius of 2 m and an angular spacing of 30◦ (see Fig. 2).
Quasi-diffuse noise was generated by playing back uncorrelated
babble noise or cafeteria noise using four loudspeakers facing
the corners of the laboratory. Using only the active samples for
each source, the sources were normalized to have equal power,
averaged across all microphones. The noise was then scaled
to set the SNR, defined as the power ratio between a single
source component and the noise component, to a value randomly
selected from {0, 5, 10, 15} dB. We considered 2640 different

TABLE I
OVERVIEW OF CONSIDERED BOP-BASED RTF VECTOR ESTIMATION

METHODS, RESULTING FROM COMBINATIONS OF NOISE HANDLING AND

ADDITIONAL VECTORS. HERE BOP REFERS TO THE CONVENTIONAL

METHOD [37] AND ∗ DENOTES THE PROPOSED METHODS

scenarios with random source positions, clean speech signals,
noise types, SNRs, and random source activation times.

B. Algorithmic Implementation

The algorithms were implemented using an STFT framework
with a frame length of 1024 samples (corresponding to 64 ms),
a frame shift of 256 samples (corresponding to tfs = 16 ms) and
a square-root-Hann window for analysis and synthesis, leading
to an algorithmic latency of 64 ms. The noise covariance matrix
is estimated as the sample covariance matrix in the noise-only
segment Tn = [0, t1[, i.e., R̂n = 1

|Tn|
∑

t∈Tn yty
H
t . The noisy

covariance matrix R̂y,t is initialized in the first time frame
and then updated recursively using (9) with a smoothing time
constant of tα = 0.5 s. The RTF vectors of the first, second
and third source ĝ1,t, ĝ2,t and ĝ3,t are estimated in the single-
source, dual-source and triple-source segments, respectively.
Table I provides an overview of the six BOP-based RTF vector
estimation methods, comprising the conventional method [37]
and the five proposed extensions formed by combining different
additional vectors (random vs. orthogonal) and noise handling
techniques (none, subtraction, or whitening). The matrix GK̄

used by BOP-based methods is constructed using the estimated
RTF vectors of the already active sources from the last frame of
the corresponding segment, i.e., G1 ∈ C

M×0 (empty matrix),
G2 = ĝ1,(̂t2−1) and G3 = [ĝ1,(̂t2−1) ĝ2,(̂t3−1)]. Note that to
estimate the RTF vectors ĝ2,t and ĝ3,t, each method utilizes its
own previously obtained estimates of the already active sources,
i.e., ĝ1,(̂t2−1) and ĝ2,(̂t3−1).

For all BOP-based RTF vector estimation methods (includ-
ing conventional BOP), we utilized the proposed closed-form
solution in (30), significantly reducing computation time com-
pared to the iterative gradient descent optimization scheme
used in [37]. In addition, the closed-form solution guarantees
computing the global minimum, whereas gradient descent may
converge to a local minimum and depends on multiple param-
eters, such as initialization, learning rate, and re-initialization
scheme. Moreover, the closed-form solution is easily paralleliz-
able across frequencies, unlike gradient descent. On an NVIDIA
RTX A6000 graphics card, the proposed closed-form solution
achieves an overall computation time speed-up of approximately
1× 106.

In addition to the conventional BOP method, we consider
two additional baseline methods: the CWu method [20] and the
GSS method [32]. The CWu method estimates the RTF vector
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of the target source by utilizing an estimate of the undesired
covariance matrix R̂v from the previous segment, capturing both
the background noise and the already active sources. Similar
to the proposed whitening-based methods, the CWu method
employs a whitening operation, principal eigenvector extrac-
tion, and a de-whitening step. However, instead of blocking the
already active sources, the sum of all already active sources and
background noise, represented by R̂v, is used for whitening.
The RTF vector of the K-th source is estimated as

ĝK =
R̂

H
2
v g̃K

eTr R̂
H
2
v g̃K

, with g̃K = Vmax

{
R̂

−H
2

v R̂yR̂
−1
2
v

}
.

(36)
The performance of all BOP-based methods and the CWu
method will be evaluated in terms of the RTF vector estimation
accuracy and the performance of an LCMV beamformer aiming
at extracting a target source based on the estimated RTF vectors
(see Section V-C). As a baseline method directly extracting a
target source we consider the GSS method [32], which uses di-
arization labels to estimate covariance matrices of the individual
sources using a complex angular central Gaussian mixture model
as a generative model. The covariance matrices are then used in a
Souden MVDR beamformer [33] to extract the target source. To
strictly meet the latency requirement of 64 ms, we employed the
block-online GSS variant from [34], hereafter referred to as GSS,
with specific adjustments of its parameters: First, to minimize
delay, we reduced the block length to 4 frames (64 ms). Second,
to ensure consistent latency across all frames, we applied the
beamformer computed in the current block only to its last frame,
processing the preceding 3 frames with the beamformer from the
previous block. In addition, consistent with [34], we utilized a
pre-context of 50 frames (800 ms). Although the GSS method
does not explicitly estimate RTF vectors, they can be extracted
as the principal eigenvectors of the respective source covariance
matrices. Therefore, we also assess the performance of the GSS
method in terms of RTF vector estimation.

C. Performance Metrics

The RTF vector estimation accuracy is evaluated using the
Hermitian angle between the estimated RTF vectors and the
ground-truth RTF vectors. The Hermitian angle measures the
directional similarity between two vectors and is invariant under
arbitrary complex scaling of either vector. A weighted sum over
all F frequency bins and all time frames t ∈ TK is computed
(K ∈ {1, 2, 3}), i.e.,

ψK =

∑
t∈TK

∑F
f=1 wK,f arccos

{ |gH
K,f ĝK,t,f |

‖gK,f ‖‖ĝK,t,f ‖

}
|TK |

∑F
f=1 wK,f

, (37)

where the vectors gK,f and ĝK,t,f denote the ground-truth
and the estimated RTF vector in frequency bin f , respectively.
The ground-truth RTF vector of the K-th source is computed
as the principal eigenvector of its sample covariance matrix,
i.e., gK,f = Vmax{RK,f}. The frequency weights are set to the
average signal power of theK-th source, i.e.,wK,f = tr{RK,f}
withRK,f = 1

|TK |
∑

t∈TK xK,t,fx
H
K,t,f . This weighting ensures

that Hermitian angles in frequency bins with low signal power,
which are less relevant for signal enhancement, are weighted
less. Note that lower values of the weighted Hermitian angle
in (37) indicate better performance.

To evaluate the practical benefit of the estimated RTF vectors
for speech enhancement as a potential application, we also con-
sider the broadband signal-to-interferer-and-noise ratio (SINR)
improvement of an LCMV beamformer [2], [49], [50]. The
LCMV beamformer utilizes the estimated RTF vectors to extract
a target source while suppressing interfering sources and back-
ground noise. In our evaluation, we consistently define the target
source as the most recently activated source among the currently
active sources, i.e. the K-th source within the segment TK ,
while all other active sources are treated as interfering sources.
This implies that while the target source remains fixed within a
segment, it changes dynamically over time as sources activate
(or deactivate in the experiment described in Section V-F). The
LCMV beamformer minimizes the noise power spectral densi-
ties (PSDs) subject to linear constraints, which aim at extracting
theK-th source component in the reference microphone without
distortion and suppressing theK − 1 interfering components by
a pre-defined amount, i.e.,

wK = arg min
w

(
wHRnw

)
s.t.

wHxK,t = xK,r,t

wHxk,t = δxk,r,t
∀k ∈ {1, . . . ,K − 1}

,

(38)

where δ ∈ [0, 1[ denotes the interference suppression factor (as-
sumed to be equal for all interfering sources). By reformulating
the linear constraints in terms of the RTF vectors, the well-known
solution to (38) is given by

wK = R−1
n CK

(
CH

KR−1
n CK

)−1
δ (39)

where the constraint matrix CK ∈ C
M×K contains the RTF

vectors of all K active sources, i.e., CK = gK GK̄ , and
δ = [1 δ · · · δ]T ∈ R

K×1
+ is the interference suppression

vector. Applying the LCMV beamformer to the microphone
signals in the K-th segment yields the output signal

zt = wH
Kyt for tK ≤ t < tK+1. (40)

The LCMV beamformer in (39) with δ = −20 dB is applied
to the K-th source component xr,K,t and the K-th undesired
component vr,K̄,t in the STFT domain, selecting the front mi-
crophone on the left hearing aid as the reference microphone
(r = 1). The corresponding single-channel time-domain output
signals xout

r,K,l ∈ R and vout
r,K̄,l

∈ R, with l denoting the time-
domain sample index, are computed by applying the inverse
STFT in an overlap-add procedure. The single-channel broad-
band SINR improvement in the K-th segment is defined as

ΔSINRK =

10 log10

{∑
l∈LK

|xout
r,K,l|2∑

l∈LK
|vout

r,K̄,l
|2

}
− 10 log10

{∑
l∈LK

|xr,K,l|2∑
l∈LK

|vr,K̄,l|2

}
,

(41)
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Fig. 3. Performance evaluation of the conventional and proposed RTF vector estimation methods for different SNRs using oracle source activity knowledge
in terms of RTF vector estimation accuracy and SINR improvement. (a) and (c) show the performance for the dual-source segments, while (b) and (d) show the
performance for the triple-source segments.

TABLE II
MEAN REAL-TIME FACTOR FOR ALL CONSIDERED METHODS ON A SINGLE

NVIDIA RTX A5000 GPU

where xr,K,l and vr,K̄,l denote the time-domain K-th source
component and undesired components in the reference micro-
phone, and LK denotes the set of samples within the K-th
segment.

D. Results Using Oracle Source Activity Knowledge

In this section, we investigate the benefit of the extensions pro-
posed in Sections IV-B and IV-C compared to the conventional
BOP method and other baseline methods in scenarios with only
source activations, assuming oracle source activity knowledge.

Before analyzing the performance, we evaluate the computa-
tional complexity. For all considered methods, Table II presents
the mean real-time factor measured on a single NVIDIA RTX

A5000 graphics card. All BOP-based methods utilizing the
proposed closed-form solution demonstrate high efficiency with
real-time factors below 0.005. While the use of orthogonal addi-
tional vectors in BOPO leads to a minor increase in complexity
(≈ 0.008), it remains comparable to the baseline CWu method.
In contrast, the GSS method exhibits a significantly higher
computational complexity, approximately 20 times higher than
the BOPO methods.

For different SNRs, Fig. 3 depicts the weighted Hermitian
angle for all considered RTF vector estimation methods in
dual-source and triple-source segments. In addition, the figure
shows the SINR improvement of the LCMV beamformer using
the estimated RTF vectors and the baseline GSS method, in
dual-source and triple-source segments. The performance of
the LCMV beamformer using oracle RTF vectors is included
for comparison. In addition, the median values are provided
in Table III. The barplots show the median over all evaluated
scenarios with confidence interval (p = 0.05). First, it can be
observed that in general the performance of all considered
RTF vector estimation methods improves (i.e., smaller weighted
Hermitian angle and larger SINR improvement) with increasing
SNR, both for the dual-source and triple-source segments. In
addition, for all SNRs all considered methods perform better
in the dual-source segments compared to the triple-source seg-
ments. Second, we compare the performance between using
orthogonal additional vectors (BOPO methods) and random
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TABLE III
MEDIAN WEIGHTED HERMITIAN ANGLE ψ AND MEDIAN SINR IMPROVEMENT FOR THE CONVENTIONAL AND THE PROPOSED METHODS FOR DIFFERENT SNRS

ASSUMING ORACLE SOURCE ACTIVITY KNOWLEDGE

additional vectors (BOP methods). For all SNRs and noise
handling techniques, the results for the dual-source segments
in Fig. 3(a) and the triple-source segments in Fig. 3(b) show
that orthogonal additional vectors outperform random additional
vectors in terms of weighted Hermitian angle, especially at low
SNRs. The advantage of orthogonal over random additional
vectors is also observed in terms of SINR improvement, see Fig.
3(c) and 3(d). Third, we compare the performance between
different noise handling techniques. Incorporating noise han-
dling for the baseline BOP method with random additional vec-
tors significantly improves performance (i.e. smaller weighted
Hermitian angle and larger SINR improvement), where noise
whitening outperforms noise subtraction for low SNR conditions
and noise subtraction outperforms noise whitening for high
SNR conditions. Also when using orthogonal additional vectors,
noise handling significantly improves performance, especially
for low SNR conditions, where noise whitening outperforms
noise subtraction. Comparing the BOP-based methods, the re-
sults in Fig. 3 show that the BOPO-W method combining
orthogonal additional vectors and noise whitening outperforms
the other BOP-based methods in terms of SINR improvement
and RTF vector estimation accuracy. For example, for the
challenging 0 dB SNR condition in the dual-source segments,
the proposed BOPO-W method yields a median improvement
of 6.6◦ in terms of weighted Hermitian angle and 1.7 dB in
terms of SINR improvement compared to the conventional BOP
method.

Finally, we compare the performance of the proposed methods
to the baseline GSS and CWu methods and the upper benchmark
using oracle RTF vectors in the LCMV beamformer. The block-
online GSS method, yields the largest weighted Hermitian angle
and the lowest SINR improvement of all considered methods.
This is likely due to the short block length of 64 ms required to

meet the low latency requirement. The CWu method yields the
lowest weighted Hermitian angle of all RTF vector estimation
methods. However, in terms of SINR improvement, the CWu
method performs significantly worse than the proposed BOPO
methods (e.g., 4.6 dB vs 5.8 dB at 0 dB SNR in the dual-source
segments). This discrepancy indicates that a lower Hermitian
angle does not always translate to a higher SINR improvement.
In terms of SINR improvement, it can be observed that there is
still a performance gap between the proposed BOPO-W method
and the LCMV beamformer using oracle RTF vectors across
all SNR conditions (e.g., 4 dB at 0 dB SNR in the dual-source
segments). This indicates that there is still potential for further
improvement in RTF vector estimation methods.

In conclusion, the results in Fig. 3 show that the proposed
BOPO-W method combining orthogonal additional vectors and
noise whitening provides the best performance of all considered
methods in terms of SINR improvement while also achieving
competitive RTF vector estimation accuracy.

E. Results Using Online Source Counting

Instead of assuming oracle source activity knowledge, in
this section we compare the performance of all considered
RTF vector estimation methods using the DNN-based online
source counting method proposed in [45]. This method estimates
the number of active sources on a frame-by-frame basis using
the generalized magnitude-squared coherence (GMSC) of a
whitened version of the noisy covariance matrix as input features
for a DNN classifier. Although the method provides estimates of
the number of active sources every 16 ms (corresponding to the
frame shift), the reliance on recursively smoothed covariance
matrices with a 500 ms time constant inherently introduces
an implicit delay before a newly active source is sufficiently
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Fig. 4. Performance evaluation of the conventional and proposed RTF vector estimation methods for different SNRs using the online source counting method
from [45] in terms of RTF vector estimation accuracy and SINR improvement. (a) and (c) show the performance for the dual-source segments, while (b) and (d)
show the performance for the triple-source segments.

reflected in the input features. Here we used the recurrent neural
network (RNN)-based architecture proposed in [45], which con-
sists of 3 gated recurrent unit (GRU) layers with a hidden size
of half the input dimension. The DNN classifier is trained on
5280 training scenarios and 528 validation scenarios. This online
source counting method achieved a frame-level accuracy of 95%
on the test scenarios. It should be noted that the GSS method is
not considered in this section, as it depends on diarization labels,
which are not provided by the online source counting method.

For different SNRs, Fig. 4 depicts the weighted Hermitian an-
gle and the SINR improvement in dual-source and triple-source
segments (median values are provided in Table IV). First, it can
be observed that the performance for all considered methods and
conditions is only slightly lower when using the GMSC-based
online source counting method compared to assuming oracle
source activity knowledge. For the weighted Hermitian angle,
the maximal degradation is 3.2◦ and for the SINR improve-
ment, the maximal degradation is 0.8 dB. The overall perfor-
mance trends when using the online source counting method
are very similar to those when assuming oracle source activity
knowledge: orthogonal additional vectors outperform random
additional vectors, and noise whitening outperforms noise sub-
traction and no noise handling, with larger benefits for lower
SNRs. The baseline CWu method shows similar performance as
when using oracle source activity knowledge, again yielding the
lowest weighted Hermitian angle, but performing significantly

worse than the proposed BOPO methods in terms of SINR
improvement. In conclusion, the proposed BOPO-W method
combining orthogonal additional vectors and noise whitening
also provides the best performance of all considered methods
in terms of SINR improvement while also achieving competi-
tive RTF vector estimation accuracy when using online source
counting.

F. Dynamic Scenario With Source Deactivations

To evaluate the performance of all considered methods in
more realistic scenarios, in this section we consider scenarios
where up to three sources can activate and deactivate within
an utterance. We use the same acoustic setup and dataset as
described in Section V-A, but now we construct scenarios
with a fixed signal length of 60 s. The time intervals between
two consecutive activation or deactivation events are randomly
chosen between 50 ms and 5 s, allowing for much
shorter segment lengths compared to the previous experiment
(Sections V-D and V-E). At each activation event, a new source
activates (up to a maximum of three active sources), while at
each deactivation event, one of the currently active sources
is randomly chosen to deactivate. Thus, at any time instant,
there can be zero, one, two, or three active sources. For this
experiment, we randomly constructed 750 test scenarios. We
provide results assuming oracle source activity knowledge, as
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TABLE IV
MEDIAN WEIGHTED HERMITIAN ANGLE ψ AND SINR IMPROVEMENT FOR THE CONVENTIONAL AND PROPOSED RTF VECTOR ESTIMATION METHODS FOR

DIFFERENT SNRS USING THE ONLINE SOURCE COUNTING METHOD [45]

Fig. 5. Performance evaluation of all considered methods in terms of SINR improvement for different SNRs in dynamic scenarios with source activations and
deactivations. (a) using oracle source activity knowledge, (b) using the DNN-based online source counting method in [45].

well as results using the online source counting method from [45]
(using the same configuration as in Section V-E and trained on
1500 training and 150 validation scenarios). In this experiment
with source deactivations, the online source counting method
achieved a frame-level accuracy of 87.4% on the test scenarios.
In segments where a source deactivates (i.e., K decreases), no
new RTF vector needs to be estimated. Instead, the matrixGK̄ is
updated by removing the RTF vector of the deactivated source.
To identify this source online, we estimate the output power
of K internal linearly constrained minimum power (LCMP)
beamformers extracting each of the currently active sources.
The RTF vector corresponding to the lowest output power is
then removed. As in previous experiments, the target source
is defined as the most recently activated source among those
remaining active. The performance is evaluated in terms of the
utterance-level SINR improvement, averaged over all segments.

For different SNRs, Fig. 5 depicts the SINR improvement
of all considered methods for the activation and deactivation
scenario, either using oracle or estimated source activity. The
median values are provided in Table V. Similarly as in Section
V-E, the GSS method is not considered when using estimated
source activity. Assuming oracle source activity knowledge,
the results in Fig. 5(a) exhibit very similar trends to the main
experiment described in Section V-D. The proposed BOPO
methods generally outperform the baseline RTF vector esti-
mation methods (CWu, BOP) and the GSS method, with the
BOPO-W method combining orthogonal additional vectors and
noise whitening achieving the highest SINR improvement across
all SNRs (e.g., 5.7 dB in the challenging 0 dB SNR condition).
Also consistent with previous findings, noise handling proves
more effective at lower SNRs with noise whitening outper-
forming noise subtraction, while orthogonal additional vectors
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TABLE V
MEDIAN SINR IMPROVEMENT OF ALL CONSIDERED METHODS FOR DIFFERENT

SNRS USING ORACLE AND ESTIMATED SOURCE ACTIVITY

provide a robust advantage over random additional vectors.
When using the online source counting method, the results
in Fig. 5(b) show a notable performance degradation and less
distinct trends compared to the oracle case. This degradation can
be attributed to the increased difficulty of estimating the source
activity in this dynamic scenario, given the incorporation of de-
activations and the short minimum segment length of50ms com-
pared to 500 ms in the previous experiment. Consequently, the
benefits of noise handling become less pronounced, especially
at higher SNRs where the BOPO method without noise handling
appears most robust. Nevertheless, the proposed BOPO-based
methods still consistently outperform the conventional CWu and
BOP methods.

VI. CONCLUSION

In this paper, we proposed three extensions to the conventional
BOP method to improve successive multi-source RTF vector
estimation. First, we derived a closed-form solution by setting
the vector gradient of the BOP cost function equal to zero,
significantly reducing the computational complexity of the BOP
method compared to using an iterative gradient descent method.
Second, we provided a deeper understanding of the need and
impact of additional vectors in the optimization process, and
proposed to use orthogonal additional vectors instead of random
additional vectors in order to reduce undesired amplification
of error signal components caused by model mismatch. Third,
we incorporated two noise handling techniques, namely noise
subtraction and noise whitening, assuming an estimate of the
noise covariance matrix is available. Both when assuming oracle
source activity knowledge as well as when using an online
source counting method, simulation results in noisy reverberant
scenarios with sources activating and deactivating with mini-
mum time gaps of 50 ms between two consecutive activation
or deactivation events demonstrate that the proposed BOPO-W
method, which combines the closed-form solution, orthogonal

additional vectors, and noise whitening, results in substantial
improvements in terms of computational complexity, RTF vector
estimation accuracy and SINR improvement compared to the
conventional BOP method. Furthermore, the proposed method
yields the highest SINR improvement among all considered
baseline methods, significantly outperforming the CWu method
despite its slightly better RTF vector estimation accuracy. These
results demonstrate the robustness and practicality of our pro-
posed extensions for multi-source RTF vector estimation in
scenarios with dynamic source activity patterns and low SNRs.
Future work will focus on eliminating the need for additional
vectors, and adapting the proposed methods to scenarios with
moving sources.

APPENDIX A
DERIVATION OF VECTOR GRADIENT

The vector gradient ∇θJGK̄
(θ) of the BOP cost function

in (17) can be derived using complex-valued matrix differen-
tiation [51]. The gradient of a scalar real-valued function is
given by ∇θJGK̄

(θ) = (DθJGK̄
(θ))H, where Dθ denotes the

complex-valued matrix derivative operator with respect to the
vector variable θ. Inserting the BOP cost function in (17), ap-
plying the chain rule described in [51, Sec. 3.4.1] and using [51,
Example 4.13] yields

DθJGK̄
(θ) = Dθtr{P∠

GK̄θRx,tP
∠H
GK̄θ}

= vecT {IM}Dθ

(
P∠

GK̄θRx,tP
∠H
GK̄θ

)
, (42)

where vec{·} denotes the vectorization operator, which stacks
the columns of a matrix into a column vector. Applying the
product rule from [51, Lemma 3.4] to (42) leads to

Dθ

(
P∠

GK̄θRx,tP
∠H
GK̄θ

)
=

((
Rx,tP

∠H
GK̄θ

)T
⊗ IM

)
DθP

∠
GK̄θ

+
(
IM ⊗

(
P∠

GK̄θRx,t

))
DθP

∠H
GK̄θ, (43)

where ⊗ denotes the Kronecker product. Using the chain rule,
identities involving complex conjugation [51, Lemma 3.3] and
results from [51, Table 4.4], the derivative of the Hermitian
oblique projection operator DθP

∠H
GK̄θ in (43) is given by

DθP
∠H
GK̄θ = CM,M

(
Dθ∗P∠

GK̄θ

)∗
, (44)

where CM,N ∈ {0, 1}MN×MN denotes the commutation ma-
trix of an M ×N dimensional matrix A, i.e., CM,Nvec{A} =
vec{AT}. The derivative of the oblique projection operator
DθP

∠
GK̄θ in (43) can be derived using the product rule, i.e.,

DθP
∠
GK̄θ = Dθ

(
GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄P⊥
θ

)
=

((
GH

K̄P⊥
θ

)T ⊗GK̄

)
Dθ

(
GH

K̄P⊥
θGK̄

)−1

+
(
IM ⊗GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄

)
DθP

⊥
θ . (45)
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Using the chain rule, the derivative of the matrix inversion [51,
Example 4.23, Table 4.4] and the product rule leads to

Dθ

(
GH

K̄P⊥
θGK̄

)−1

=−
((
GH

K̄P⊥
θGK̄

)−T⊗
(
GH

K̄P⊥
θGK̄

)−1
)
Dθ

(
GH

K̄P⊥
θGK̄

)
=−

((
GK̄

(
GH

K̄P⊥
θGK̄

)−1
)T
⊗
(
GH

K̄P⊥
θGK̄

)−1
GH

K̄

)
DθP

⊥
θ. (46)

Substituting (46) into (45), using the Kronecker product identity
from [51, Lemma 2.10] and merging terms yields

DθP
∠
GK̄θ=

((
IM−P∠

GK̄θ

)T
⊗GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄

)
DθP

⊥
θ. (47)

Note that no differentiation in (42)–(47) depends directly on θ,
so that Dθ∗P∠

GK̄θ in (44) can be derived by exchanging Dθ with
Dθ∗ in (47), i.e.,

Dθ∗P∠
GK̄θ=

((
IM−P∠

GK̄θ

)T
⊗GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄

)
Dθ∗P⊥

θ.

(48)

The derivative of the complement orthogonal projection operator
DθP

⊥
θ in (47) can be derived by first applying the product rule,

i.e.,

DθP
⊥
θ = Dθ

(
IM − θ

(
θHθ

)−1
θH

)
= −

(
θ+T⊗ IM

)
Dθθ

−
(
IM ⊗ θ+H

)
Dθθ

H − (θ∗ ⊗ θ)Dθ

(
θHθ

)−1
. (49)

Using the chain rule, the derivative of the matrix inversion in (49)
is given by

Dθ

(
θHθ

)−1
= −

((
θHθ

)−1 ⊗
(
θHθ

)−1
)
Dθ

(
θHθ

)
, (50)

with Dθ

(
θHθ

)
= θTDθθ

H + θHDθθ, (51)

using the product rule. Inserting (50) and (51) into (49) and
evaluating Dθθ

H and Dθθ according to [51, Table 4.4] yields

DθP
⊥
θ = −

(
θ+T ⊗P⊥

θ

)
. (52)

Using identities involving complex conjugation, P⊥
θ = P⊥H

θ =
(P⊥T

θ )∗, the chain rule, (52), and the Kronecker product in
combination with commutation matrices [51, Lemma 2.12], the
derivative Dθ∗P⊥

θ in (48) can be derived as

Dθ∗P⊥
θ=

(
DθP

⊥T
θ

)∗
=
(
CM,MDθP

⊥
θ

)∗
=−

(
P⊥T

θ ⊗θ+H
)
. (53)

Inserting (52) into (47) and (53) into (48), and using the
Kronecker product identity from [51, Lemma 2.10] and (10)
yields

DθP
∠
GK̄θ =

(
θ+

(
P∠

GK̄θ − IM

))T

⊗P∠
GK̄θ. (54)

Dθ∗P∠
GK̄θ=

(
P⊥

θ

(
P∠

GK̄θ−IM

))T
⊗GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄θ+H.

(55)

UsingIM−P∠
GK̄θ=P

∠
θGK̄

+P⊥
[GK̄ ,θ] simplifies (54) and (55) to

DθP
∠
GK̄θ= −

(
θ+P∠

θGK̄

)T

⊗P∠
GK̄θ (56)

Dθ∗P∠
GK̄θ= −P⊥T

[GK̄ ,θ] ⊗GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄θ+H. (57)

Inserting (57) into (44) and using [51, Lemma 2.12] yields

DθP
∠H
GK̄θ=−

(
θ+GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄

)T
⊗P⊥

[GK̄ ,θ]. (58)

Inserting (43), (56), and (58) into (42) yields

DθJGK̄
(θ)=−vecT{IM}

((
θ+P∠

θGK̄
Rx,tP

∠H
GK̄θ

)T
⊗P∠

GK̄θ

+
(
θ+GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄

)T
⊗P∠

GK̄θRx,tP
⊥
[GK̄ ,θ]

)
. (59)

Using the relation between the Kronecker product and the vec-
torization operator in [51, Lemma 2.11], (59) simplifies to

DθJGK̄
(θ) = −θ+P∠

θGK̄
Rx,tP

∠H
GK̄θP

∠
GK̄θ

− θ+GK̄

(
GH

K̄P⊥
θGK̄

)−1
GH

K̄P∠
GK̄θRx,tP

⊥
[GK̄ ,θ]. (60)

Inserting (60) into∇θJGK̄
(θ) = (DθJGK̄

(θ))H yields the vector
gradient of the cost function given in (20).
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