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Abstract

A classic definition of multisensory integration (MI) has been proposed as ‘the presence of a (statis-
tically) significant change in the response to a crossmodal stimulus complex compared to unimodal
stimuli’. However, this general definition did not result in a broad consensus on how to quantify
the amount of MI in the context of reaction time (RT). In this brief note, we argue that numeric
measures of reaction times that only involve mean or median RTs do not uncover the information
required to fully assess the effect of MI. We suggest instead novel measures that include the entire
RT distributions functions. The central role is played by relative entropy (a.k.a. Kullback—Leibler
divergence), a statistical concept in information theory, statistics, and machine learning to measure
the (non-symmetric) distance between probability distributions. We provide a number of theoretical
examples, but empirical applications and statistical testing are postponed to a later study.
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1. Introduction

The study of how information from different sensory modalities is merged to
produce a unified percept is an important topic in many research fields includ-
ing the behavioral sciences. A pragmatic definition of multisensory integration
(MI) as ‘the presence of a (statistically) significant change in the response
to a crossmodal stimulus complex compared to unimodal stimuli’ has been
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proposed in Stein et al. (2009). In the realm of reaction time (RT) measures
for MI, this amounts to comparing the average time, e.g., to detect a visual—
auditory stimulus to the average time to detect a unisensory, visual or auditory,
stimulus. The study of crossmodal interaction effects in RTs goes back more
than 100 years (Todd, 1912), and has generated a huge number of studies (see
reviews in Hershenson, 1962; Rach er al., 2011; Welch and Warren, 1986).

In this theoretical note, we argue that current MI measures for RT based
solely on parameters of central tendency, like means or medians, do not fully
reveal the information available to assess effects of integration across the
senses. We suggest a novel approach to quantifying MI that involves the entire
RT distributions but without underlying parametric assumptions. The basic
idea is to measure, in a sense to be specified below, how ‘far away’ the cross-
modal RT distribution is from the unimodal RT distributions. A central role is
played by the concept of relative entropy (a.k.a. Kullback—Leibler divergence),
a statistical concept in information theory, statistics, and machine learning to
measure the (oriented, i.e. non-symmetric) distance between probability dis-
tributions (Cover and Thomas, 1991). The new measure is illustrated by some
theoretical examples. Empirical applications including simulation and testing
are postponed to a future study.

We introduce the traditional measure of MI for RTs and point out its short-
comings due to being based on means or medians only. After presenting the
notion of relative entropy and some of its properties, we give a general defi-
nition of crossmodal response enhancement (CRE) based on relative entropy.
Subsequently, we discuss two different areas of application. In the first, mea-
sures of CRE are derived for different statistical distributions (exponential,
normal, and log-normal) yielding an alternative to classic ones based on means
(expected values) only. In the second, we use relative entropy to quantify by
how much the prediction of an (arbitrary) model deviates from observed data,
followed by the analysis of the new measure to two specific MI models, the
race model and a mixture model. We conclude with some remarks concerning
potential application of our approach to neurosensory data.

1.1. Response Enhancement in Redundant Signals Paradigm: Traditional
Measure

In the redundant signals paradigm, also known as divided attention paradigm,
a participant is instructed to respond as soon as a uni- or crossmodal signal
occurs. A traditional measure of CRE in RTs is defined as (e.g., Rach et al.,
2011)

min {ERT,, ERT 4} — ERTyp
CRERT = - x 100 (1)
min {ERTy, ERTx}
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Here, E stands for expected (mean) value, but the median is often used
instead as well. The numerator compares the faster of the unisensory RTs
(here, visual or auditory) to the crossmodal (visual-auditory) RT, and the
denominator and multiplication factor simply serve to standardize the mea-
sure. Thus, CRERT expresses multisensory enhancement or inhibition as a
proportion of the faster unisensory response. For example, CRErT = 10 means
that mean RT to the visual-auditory stimulus is 10% faster than the faster of
the expected RTs to the unimodal visual or auditory stimuli. For simplicity, we
neglect occurrence of erroneous responses, like failure to detect a stimulus.

Measure CRERT is a simple way of quantifying MI that is amenable to stan-
dard statistical testing. However, it does not take into account that integrating
information from different modalities may also affect other, more fine-grained
aspects of the associated RT distributions. For example, one possible result
of integrating information might be that short RTs become more frequent
while long RTs tend to be even longer, leaving the difference between uni-
and crossmodal mean RTs more or less invariant. Because stimulus detection
is conceived of as a stochastic event generating some random variability in
information accumulation, the way this variability is modified under cross-
modal stimulation may yield important insights into the integration process
itself (Otto et al., 2013).

2. Multisensory Integration Measures Based on Relative Entropy

All available information about the MI process is contained in how the multi-
sensory RT distribution differs from the unimodal RT distributions. Thus, an
MI measure should be some function of this difference. We identify two issues:
first, how should this difference be formally defined? Second, how should the
two unisensory RT distributions be combined to enter into that expression?

Recall that a metric d on a set S is defined as a function d : § x § —
R (R the set of real numbers) such that, for all x,y,z € S, (i) d(x,y) >0
(non-negativity); (ii) d(x, y) = 0 if and only if x = y; (iii) d(x, y) = d(y, x)
(symmetry); and (iv) d(x, y) < d(x, 2) +d(z, y) (triangle inequality).

There is a huge number of ways to define a metric on a set of probabili-
ties (Deza and Deza, 2009). However, it turns out that not all properties of a
metric are actually needed for our approach. We want a measure that quanti-
fies how the unimodal distributions have to be ‘modified’ in order to attain the
crossmodal distribution; thus, neither symmetry nor the triangle inequality are
required. This suggests using the following concept:
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Definition 1. The relative entropy (RE) between two probability mass func-
tions p(x) and g(x) is defined as

p (x)
D = 1 2
(rlg) XEEXp(x) ¢ @)
p(X)
=FE,log —= 3
P qu(X) (3)

Here, X is a discrete real-valued random variable and equation (3) means that

D(p || g) equals the expected value of random variable log % with respect

to probability mass function p(x). We use the convention that 0log g =0 and
)4 logg = 0. Relative entropy is also known as Kullback-Leibler Divergence
(KLD). Relative entropy for continuous random variables with probability
density functions (pdf) f and g is defined as

D(p ||q)=/f10g£

D(p || g) can be interpreted as measuring how well the ‘target’ distribu-
tion p(x) is approximated by g(x); it plays an important role in several
fields including information theory, statistical physics, neural networks, and
Bayesian statistics (Cover and Thomas, 1991; Kullback and Leibler, 1951;
MacKay, 2003). Relevant properties for our purposes are:

(1) D(p || g) =0if and only if p = g (self-identification)
(2) D(p |l g) = 0forall p, g (non-negativity)

Non-negativity, also known as Gibb’s inequality or information inequality, fol-
lows from Jensen’s inequality (for proofs, see the above references).

2.1. Defining a Measure of MI Based on Relative Entropy

In order to define a measure of CRE based on RE, we take the crossmodal pdf,
Jva(t), as ‘target’ function p(x), or f, and unimodal pdfs fv, fa as g(x),
or g (indexes VA, V, and A here stand again for visual-auditory crossmodal
and unimodal conditions). Without adding any modeling assumption, we take
the smaller of the Kullback—Leibler divergences (note that we are using the
shorthand KLD from now on) with respect to the unisensory distributions to
define:

Definition 2.
CREgrp = min{D(fva Il fv), D(fva ll fa)} 4

This is analogous to the traditional measure CRERT of equation (1). It equals
zero if and only if fya = fv or fya = fa. Note that KLD values can take large
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values going toward infinity. In order to make CREky p values from different
datasets comparable, a standardization like in equation (1) would be desirable,
but it seems not obvious how to do this.

2.2. Measures of MI for Some Specific Distributions

The first two examples (exponential and normal distributions) are only for
illustration of the measure defined in equation (4). The third (log-normal distri-
butions) is a plausible RT distribution. In particular, an example demonstrates
how a measure based on RE is more informative than the traditional measure:
the latter does not detect any MI effect whereas the former clearly does.

Example 1 (Exponential). We assume that fya, fv, fa are exponential dis-
tributions with parameters Ava, Ay, Aa, respectively, and let Aya > ia >
AV > 0. Then

Ava €Xp (—)\VAf)i|

D (fuall fv) = fo Ava €Xp (—Avat) IOg[ Ay exp (—Av)

A A
zlog&—l——v—l
AV Ava

so that we obtain the same as above, due to assuming A s > Avy:

CREgLp =min{D (fva | /v). D (fva ll fa)}

A A A A
:min{logLA—l——v—l,logLA—k A }
AV Ava Aa Ava—1
A A
=logZ22 + 2V
AV Ava

With (Aya/Av) — 00, that is, if the effect of MI increases without bound,
then CREx1p — oo as well. Note that the exponential is not a plausible RT
distribution and is presented here for illustration only.

Example 2 (Normal). The density of the normal distribution of a real-valued
random variable X is

£ ) . (x — py)?
X Ux,O0x) = e —
o o2 P 20}

with u, € (—o0, +00) and o, > 0, abbreviated as X ~ N (ity, oxz). The KLD
for two random variables X and Y with ¥ ~ N (u, o*yz) with densities f, fy,
respectively, is known to equal

2

1| (e — oy o2 o2

D(fz||fy)=§|:(a—2))+o—x2—10ga_x2_1 )
y y y
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We have a unisensory (visual) distribution N (uv, 0\2,), a unisensory (audi-
tory) distribution N (i, o), and a bisensory distribution N (i, o2); then

(va — uv)? o ol
D (fyall fv)——[—2+%*— og DA _
Oy Oy GV

Because EX = ;1 and Var X = o2 are functionally independent, that is, their
values can vary separately, the KLLD depends on both the means and variances
of the distributions, and so does CRExy p = min{D(fva || fv), D(fva |l fa)}.
Importantly, even under equality of the means, CRE remains non-zero. In par-
ticular, if the bisensory distribution has a larger or a smaller variance compared
to the unisensory distributions, this is taken into account in the KLD-based
measure of MI.

Because of the symmetry of the normal distribution, this example is again
not a realistic one for empirical RT data. The following example, however, is
often considered to be of a plausible shape for RTs.

Example 3 (Log-Normal). The density of the log-normal distribution of a
non-negative random variable X is

L[ Qog) —p)?
N T 20

with u € (—00, +00) and o > 0, abbreviated as X ~ LN (jty, O'XZ). Moreover,

o2
EX =exp (M + —)

fsp,o)=
X

2
Var X = [exp <02> — 1] exp (Z,u + 02)

For random variables X ~ LN (ity, x) and Y ~ LN (uy, 2y) with pdfs fy,
fy, respectively, the KLD can be shown (Dittrich, 2013) to be

1
(fx [ f)) —log 2 2 [(Mx - U«y)z +U)62 _U)%] (6)

Assume fya, fv, fa are all log-normal distributions, thus LN (uva, G\Z,A),
LN (v, 0\2,), and LN (jup, ali), respectively. Then

1
D (fur | fv) =log =~ + — : [va = 1v)* + 63, — o3
ova 20
and

1
D (funll fn) =log > 4 = 27 > [ova = ) + 0% - 03]
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Both mean and variance of log-normal random vartiables are funbctions of
both parameters (i and o), so they cannot vary independently. Still,

CREgLp =min{D (fva | fv). D (fva |l fa)}

depends on both moments.
Two special cases are of interest as well:

1. oya =0y =0p =0

min { (uya — 1mv)?, (Jva — MA)Z}

CRExip = 5
o
2. oya =0y =0a =0 and Uy = up = u:
(uva — )2
CREgi p = -—
o

Even in these restricted cases, the MI measure depends on parameter o> mod-
ulating both mean and variance.

The last example serves to illustrates that measure CREkt p is more infor-
mative than the traditional one. Indeed, assume that ERTya = ERT,; for
convenience, we also assume ua = py and op = oy implying fyv = fa and
ERTy = ERTA. Then CRERrT = 0 indicates a null effect of MI. On the other
hand, it also means that

) 2
[of o
exp |:MVA + %A} =exp |:MA + —A}

2
2 2
(o2 (o2
v+ R =pa+ (7

which does not imply fya = fa exceptif uya = s and oya = oa. For exam-
ple, let iya =3, oya =2 and Y’ = —7.5 and o'\ = 5. While both pdfs,
fva and flil), have the same mean (148), their shape is very different: /il)
has much more probability mass on short values than fya (see Fig. 1).

Moreover, by simple calculation
CREkLp = D(fva |l £4”) =2.70129 (8)

For another pdf, f (2), with Mf) =—13and f o/(f) = 6, again with the same
mean, we get

CREkLp = D(fva Il £1) = 4.20972 )

representing an even larger effect of MI.
Very similar treatments can be performed with other 2-parameter distribu-
tions, e.g., the gamma. Obviously, measure CRExy p can also be defined when
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Figure 1. Two lognormal probability distribution functions with the same mean (E = 148) but
different parameters: (u1 =3, o1 =2) vs (up = —7.5, 00 =5).

fva, fv, fa all belong to different distributional families, e.g., log-normal
unisensory distributions together with a bisensory Weibull.

3. MI Measures Based on Model Predictions

Besides calculating empirical measures of MI like CRERT, measures based
on models of the integration process are in use as well. Specifically, given a
model predicting performance in the crossmodal condition from the unimodal
conditions, a KLD-based measure quantifies how ‘far away’ the prediction
is from the observed data. This is analogous to the role of RE in statistical
testing, namely to quantify how much an empirical data set deviates from a
hypothesized distribution or model.

Let fVAvg(l‘) denote the bisensory density predicted by some model with
parameter space § C R?. The less the observed MI distribution is predictable
from the model, the larger the CRE measure should be. The KLD-based MI
measure then is defined by

CREkip = min D (fyva |l fyag) (10)
6CRd
Of course, minimization over the parameter space will be void when a model
is parameter-free.
3.1. The Race Model: Traditional versus KLD-Based MI Measures

One of the earliest multisensory models is the (horse) race model, that is, a
visual-auditory stimulus complex is supposed to trigger random visual and
auditory processes such that the observed RT equals the minimum time of
the two, i.e., the ‘winner of the race’ (Raab, 1962). Thus, combination of
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the unisensory distributions is here simply defined by probability summation.
Under stochastic independence, the bisensory distribution function of the race
model is obtained as

Fya (1) = Fy (1) + FA (1) = Fy (t) FA (1)
with corresponding density

A =FNO[1=FaO]+ fa@[1-Fv®]t=0 (1D
A violation of the race model occurs if the observed distribution Fya () is

larger than Fya (¢) for some ¢. The most traditional MI measure quantifies the
amount of violation by defining

RV = /0 [Fua () = (Fy (1) + Fa() = FA®)]"de  (12)

Thus, it simply takes the area between the observed bisensory distribution
function and the one predicted via the race model (Colonius and Diederich,
2020). Without assuming stochastic independence, the measure R{,IXD can be
replaced by the, generally smaller, measure

RVA® = /O R ) = min{ Fy () + Fa (0, 1}]* ds

corresponding to maximally negative dependence between the ‘racers’ (Colo-
nius and Diederich, 2006). It has been shown that areas R{,IXD and RQ,/R\ID
are simply equal to the difference between the observed mean (expected
value) of the bisensory distribution and the mean predicted by a race model
under stochastic independence and maximal negative dependence, respec-
tively (Colonius and Diederich, 2006).

3.2. KLD-Based MI Measures for Race Models

Under the independent race model (IND), inserting the bisensory density into
the KLD measure yields

D(fVA I fVA)
00 fva (1)
= t)log =
/0 Jva (t)log Fn ()
00 fVA (t)
_ i d 13
/0 Jva (1) log v (@) (1= Fa @)+ fa()(1 = Fy (1)) rw

In this parameter-free form, the integral (13) can be taken as CREkpp. If
some specific distributions for the IND model are assumed, minimization of
D(fva || fVA) over the parameter space would be required.

Comparing the KLD-based measure with traditional one, R{,IXD, suggests
that the former one should be more sensitive with respect to the distributional
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shapes. The reason is that in the traditional measures, integration is over distri-
butions functions, whereas integration is over densities in KLD measures (13).
Moreover, instead of race models, any other model type (e.g., diffusion co-
activation models) predicting fVA (1) can be inserted in CREky p.

3.3. KLD Measures Based on Mixtures

Consider a mixture of the unisensory distributions,

fua () =af fu (1) + (1 — @) fa (1)

with 0 < o < 1. This model holds that the bisensory response is deter-
mined by just one modality while ignoring the other, with probability « by
the visual and 1 — « the auditory modality. For a given set of RT distribu-
tions, a value of o can be determined that gives the smallest KLD value of
D[ fva llafv + (1 —a) fal, thatis:

o =arg min D(fva |l afv + (1 —a) fa) (14)
aegl0,1]
‘We then have
CREkip =D (fVA I fVA,a*) (15)

The cases of « =1 or 0 would yield the components of CREk; p again. This
example is special because the model does not predict response enhancement
but inhibition of the bisensory RT (for examples, see Welch and Warren,
1986). The value of o* may be of interest when interpreted as the relative
weight given to the visual component in approximating the bisensory distribu-
tion.

4. Discussion

Relative entropy (a.k.a. Kullback-Leibler divergence, KLLD) is an oriented
(i.e., non-symmetric) measure of ‘distance’ between probability distributions.
Here we demonstrate that it can be used to define measures of CRE that more
fully uncover the information about the integration process than classic mea-
sures based solely on means or medians of RT data. These novel measures
are defined by the RE between some combination of the unimodal RT dis-
tributions and the (observed) crossmodal RT distribution, thus gauging the
‘distance’ between the former and the latter. We present examples where the
classic measures are (close to) zero, because the difference between uni-and
crossmodal means is (close to) zero whereas the KLLD-based measure is sensi-
tive to changes in the shape of the RT distributions. We limit our presentation
to theoretical examples, but an extension of the approach to empirical data
is straightforward drawing upon the ubiquitous applications of RE in various
areas of statistics and machine learning.
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While our focus here was on measuring multisensory effects on RT, the RE
approach could easily be extended to the realm of neuronal data. Note that the
most widely used descriptive measure of the magnitude of MI, measured by
absolute spike frequency, is defined as

CM — SMpax

CRE= ———— x 100 (16)
SMmax

where, at the sample level, CM is the mean absolute number of spikes in
response to the crossmodal stimulus and SMy,,x is the mean absolute number
of spikes to the most effective modality-specific component stimulus (Mered-
ith and Stein, 1983; Stein and Meredith, 1993). We have previously suggested
to replace equation (16) by a measure taking into account possible stochas-
tic dependency between the sensory channels under crossmodal stimulation
(Colonius and Diederich, 2017). Using KLD measures on the (theoretical or
empirical) spike count frequency distributions, in analogy to the one suggested
for RTs here, would go one step further in maximizing the amount of informa-
tion uncovered by numerical measures of MI.

It had been acknowledged early on that measures based solely on mean
numbers of impulses have limitations (Rowland and Stein, 2007). In particular,
it is not sensitive to the temporal variation of the rate of information across the
stimulus processing (‘initial response enhancement’). The suggested replace-
ment of the mean spike counts in equation (16) by the KLD measure would not
resolve that problem, however. On the other hand, Miller et al. (2017) devel-
oped a continuous-time multisensory model that postulates a moment-by-
moment operation transforming unisensory inputs into a multisensory output
(‘multisensory transform’). It would be interesting to investigate whether it is
possible to define KLD measures on the unisensory—multisensory transforms,
after appropriate standardization into probability distributions, to extract addi-
tional information from the data.

Acknowledgements

This research was supported by grants from the German Science Foundation
(DFG); H.C. by grant CO 94/8-1, A.D. by grant DI 506/19-1. Computations
were performed using Mathematica version 13.3.

Author contributions

H.C. and A.D. wrote the main manuscript text and prepared the figure. Both
authors reviewed the manuscript.

Conflict of interest

The authors have no conflict of interest to delcare.



210 H. Colonius, A. Diederich / Multisensory Research 38 (2025) 199-210

References

Colonius, H. and Diederich, A. (2006). The race model inequality: interpreting a geometric
measure of the amount of violation, Psychol. Rev. 113, 148—154. DOI:10.1037/0033-295X.
113.1.148.

Colonius, H. and Diederich, A. (2017). Measuring multisensory integration: from reaction times
to spike counts, Sci. Rep. 7, 3023. DOI:10.1038/s41598-017-03219-5.

Colonius, H. and Diederich, A. (2020). Formal models and quantitative measures of multisen-
sory integration: a selective overview, Eur. J. Neurosci. 51, 1161-1178. DOI:10.1111/ejn.
13813.

Cover, T. M. and Thomas, J. A. (1991). Elements of Information Theory. John Wiley & Sons,
Inc., New York, NY, USA.

Deza, M. M. and Deza, E. (2009). Encyclopedia of Distances. Springer, Dordrecht, Netherlands.
DOI:10.1007/978-3-642-00234-2.

Dittrich, D. (2013). Statistical Methods for Estimating Loss Distributions, Master’s thesis, Dept.
Mathematics, TU Miinchen, Munich, Germany.

Hershenson, M. (1962). Reaction time as a measure of intersensory facilitation, J. Exp. Psychol.
63, 289-293. DOI:10.1037/h0039516.

Kullback, S. and Leibler, R. A. (1951). On information and sufficiency, Ann. Math. Stat. 22,
79-86.

MacKay, D. J. C. (2003). Information Theory, Inference, and Learning Algorithms. Cambridge
University Press, Cambridge, United Kingdom.

Meredith, M. A. and Stein, B. E. (1983). Interactions among converging sensory inputs in the
superior colliculus, Science 221, 389-391. DOI:10.1126/science.6867718.

Miller, R. L., Stein, B. E. and Rowland, B. A. (2017). Multisensory integration uses a
real-time unisensory—multisensory transform, J. Neurosci. 37, 5183-5194. DOI:10.1523/
JNEUROSCI.2767-16.2017.

Otto, T. U., Dassy, B. and Mamassian, P. (2013). Principles of multisensory behavior, J. Neu-
rosci. 33, 7463-7474. DOI:10.1523/INEUROSCI.4678-12.2013.

Raab, D. H. (1962). Statistical facilitation of simple reaction time, Trans. N. Y. Acad. Sci. 24,
574-590. DOI:10.1111/j.2164-0947.1962.tb01433.x.

Rach, S., Diederich, A. and Colonius, H. (2011). On quantifying multisensory interaction effects
in reaction time and detection rate, Psychol. Res. 75, 77-94. DOI:10.1007/s00426-010-
0289-0.

Rowland, B. A. and Stein, B. E. (2007). Multisensory integration produces an initial response
enhancement, Front. Integr. Neurosci. 1, 4. DOI:10.3389/neuro.07.004.2007.

Stein, B., Stanford, T. R., Ramachandran, R., Perrault Jr, T. J. and Rowland, B. A. (2009).
Challenges in quantifying multisensory integration: alternative criteria, models, and inverse
effectiveness, Exp. Brain Res. 198, 113-126. DOI:10.1007/s00221-009-1880-.

Stein, B. E. and Meredith, M. A. (1993). The Merging of the Senses. MIT Press, Cambridge,
MA, USA.

Todd, J. W. (1912). Reaction to Multiple Stimuli. The Science Press, New York, NY, USA.
DOI:10.1037/13053-000.

Welch, R. and Warren, D. (1986). Intersensory interactions, in: Handbook of Perception and
Human Performance, Vol. 1, Sensory Processes and Perception, K. Boff, L. Kaufman and
J. Thomas (Eds), pp. 1-36. John Wiley & Sons, New York, NY, USA.


https://doi.org/10.1037/0033-295X.113.1.148
https://doi.org/10.1037/0033-295X.113.1.148
https://doi.org/10.1038/s41598-017-03219-5
https://doi.org/10.1111/ejn.13813
https://doi.org/10.1111/ejn.13813
https://doi.org/10.1007/978-3-642-00234-2
https://doi.org/10.1037/h0039516
https://doi.org/10.1126/science.6867718
https://doi.org/10.1523/JNEUROSCI.2767-16.2017
https://doi.org/10.1523/JNEUROSCI.2767-16.2017
https://doi.org/10.1523/JNEUROSCI.4678-12.2013
https://doi.org/10.1111/j.2164-0947.1962.tb01433.x
https://doi.org/10.1007/s00426-010-0289-0
https://doi.org/10.1007/s00426-010-0289-0
https://doi.org/10.3389/neuro.07.004.2007
https://doi.org/10.1007/s00221-009-1880-
https://doi.org/10.1037/13053-000

