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Editorial: A celebration of A. A. J. Marley

Check for
updates

The Journal of Mathematical Psychology publishes a special issue to
honor its former editor, Tony Marley, one of the outstanding schol-
ars in mathematical psychology of the past 50 years. Born in 1940
in Devon, England, Dr. Anthony Alfred John Marley earned a B.Sc.
in mathematics from the University of Birmingham in 1961, and a
PhD in psychology from the University of Pennsylvania in 1965. In
1969, he joined the faculty of the Department of Psychology at McGill
University, where he became head of the department in 1992. After
reaching emeritus status at McGill in 2002, he joined the Department
of Psychology at the University of Victoria as an adjunct professor in
2003. Tony also held an adjunct research professor position at the
Institute for Choice at the University of South Australia and visiting
positions at various institutions around the world, including at the
University of Groningen. Marley received numerous awards, including
a Fulbright fellowship, a Woodrow Wilson Foundation fellowship, a
Killam fellowship, and a research fellowship at the Hanse Institute
for Advanced Study (Delmenhorst, Germany). He was president of the
Society for Mathematical Psychology and served on the editorial board
of the Journal of Mathematical Psychology for 30 years, including
as editor in chief from 1980 to 1985. He contributed extensively to
the mathematical behavioral and social sciences, including the well-
received Choice, Decision and Measurement: Essays in Honor of R. Duncan
Luce (Erlbaum, 1997). Until his sudden death in June 2021, just af-
ter having been named for the prestigious Society for Mathematical
Psychology Senior Fellow Award, Tony stayed scientifically active,
inventive, and highly productive.

Colleagues across disciplines share the same high esteem for the
breadth, depth, and generosity of Tony’s contributions: “Tony was one
of the giants in our field. He pioneered so many different theoretical ap-
plications, all of them extremely important and deep mathematically”.
(Jerome Busemeyer, June 2021). At various celebrations of Tony’s life,
scholar after scholar reflected on how generous Tony was with his time,
providing extremely detailed and preciously constructive comments on
manuscripts to (often previously) complete strangers. There is broad
consensus about how evidently Tony was driven purely by his passion
for both basic and applied knowledge. He did not push an agenda. He
did not try to build an empire. He never expected any sort of “return
favor” in his many services to colleagues. Tony was the quintessential,
curiosity-driven, scholar. He gladly volunteered his help and exper-
tise to hundreds of peers, simply to familiarize himself with their
work. Because Tony read new papers and manuscripts voraciously,
he was one of those “walking libraries” whom every scholar wants
to count among their co-authors. Indeed, Marley‘s work involved ex-
tensive international collaboration with economists, mathematicians,
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political scientists, psychologists, and statisticians, resulting in publi-
cations that span decision making, functional equations, measurement
theory, probabilistic choice and preference at both the individual as
well as aggregate level, psychophysics, response times, and scaling.
Tony Marley did not shy away from tackling very difficult problems.
He attended to some research paradigms on a regular basis over several
decades.

All three of us have collaborated with Tony over a long time span.
In that process, we have experienced many memorable interactions.
Hans met Tony in 1988 while holding a visiting professorship at Purdue
University. Their common interest in random utility theory quickly
resulted in a first paper (Marley & Colonius, 1992) mostly developed
over long email exchanges. What could have been the starting point of a
collaboration over several decades sadly did not realize because Hans’s
research interests went into different directions. Their cooperation
resumed in 2015 with the publication of Colonius and Marley (2015)
and quickly intensified over a series of mutual visits and, finally, grant
support. Tony’s good-humored and optimistic approach to addressing
even the most complex problems has been —and will remain- a constant
source of inspiration to Hans.

Mike first met Tony at the end of his public dissertation defense.
Within a short time, Mike managed to tell Tony that he was struggling
with a referee who “made no sense ...” only to learn that this referee
was none other than Tony. In true form, Tony offered Mike a postdoc
position at McGill, and as soon as Mike had wrapped up that paper,
they published the (other) result (Regenwetter & Marley, 2001) that
Tony had seen hidden between the lines in the original manuscript. For
two years, they blissfully argued with each other in weekly meetings
about notation and about what is good research. For the many years
of subsequent collaboration, Mike fondly recalls Tony’s endearing pas-
sion for extravagant bowties, his many hilarious stories about various
scientific superstars, his stunning ability to keep a (smiling) poker face
in awkward situations, his frenzied eating when food showed up at the
table, and his shocking ability to contribute constructively to almost
anyone’s research program.

Joffre became an acquaintance, then research collaborator, and
finally friend, to Tony late in his life, during the latter’s tenure as
Visiting Professor at the Centre for the Study of Choice (CenSOC) at
the University of Technology Sydney (UTS), and at the Institute for
Choice (I4C) at the University of South Australia, spanning the years
2011-2018. Tony would show up once a year for several weeks at a
time, and the entire staff eagerly anticipated his visits. These visits
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were not only periods of active collaboration in person with Tony,
but everyone appreciated the charm and warmth of Tony’s personality.
The visible emblems of these heart-warming aspects of his personality
were his dapper lime green linen sports jacket and multiple bow ties
he would sport during the course of his stays. Tony gave the place a
touch of style that the rest of us were unable to achieve! Joffre’s work
with Tony on goal-driven choice (e.g. Marley & Swait, 2017; Swait &
Marley, 2013) would not have come about had it not been for Tony’s
vaunted “walking library” skill set: he elevated the work from a set of
mathematical results to a well-founded and -structured elucidation of
the role of motivations and goals driving choice behavior, within the
scope of random utility models (and more specifically, the Generalized
Extreme Value class). This research stream directly builds on Tony’s
important earlier work on random utility models and multi-objective
optimization (Marley, 1997).

Tony’s untimely death prevented Tony from executing big research
plans. We now sketch one of these projects.

An axiomatic approach towards theories of preferential choice and
response time

Shortly before the time of his passing, Marley received a grant from
DFG,' jointly with one of us (HC), of the above title. Our point of
departure was the observation that the vast majority of theoretical
and applied work on discrete choice in microeconomics has focused
on choice, only, whereas much of the corresponding work in cognitive
psychology has included response times. However, microeconomists are
increasingly acknowledging that response times are informative and
model-constraining (Fudenberg, Strack, & Strzalecki, 2018). Turner et
al.’s (2018) noteworthy meta-analysis of the fit of parametric process
models to choices (with response times integrated out, if included in the
model) argues that mathematical tractability should not be the primary
impetus for model development; rather, model fit, balanced with model
complexity, should be the major criterion applied to any theoretical
account of empirical phenomena.

While agreeing with the overall sentiment of this, Tony repeatedly
stressed that there is a need for formal (axiomatic) theory that abstracts
away from object characteristics in order to understand the properties
of particular models more deeply. Specifically, given the complexity of
current (parametric) models of choice and response time, the customary
evaluation methods are (a) to compare the fit of different models
to data and/or (b) to simulate each model (with specific parameter
settings) and then find the best fit of each of the other models to
that simulation. With such work, even when one model can produce
the same fit as another model, it is frequently difficult to assess the
reasons for this mimicry. Formal (axiomatic) statements about the
models can clarify what are the essential similarities and differences
between them. For example, Fosgerau, Lindberg, Mattsson, and Weibull
(2018) characterized conditions under which a model of choice and
response time has the property that the choice made and the time to
make it are independent; the latter property often being violated by
psychological data. Thus, the major challenges are the development
of model frameworks that simultaneously (1) are abstract (axiomatic);
(2) provide a probabilistic (stochastic) specification; (3) cover context
effects; and (4) capture both the choices made and the time to make
them. In particular, the combination of properties (1) and (4) is the
most common missing feature of current modeling.

Before we continue, we define a few formal concepts.? A random
choice structure for best choices for a finite set of options A is a set of
choice probabilities By(x), x € X C A, where By (x) is the probability
that a decision maker selects object x as most preferred (best) when

1 German Science Foundation.
2 Exactly parallel definitions hold for selection of the worst option and of
the best-worst pair of options.
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presented with choice set X. The choice structure is complete when By
is defined for all non-empty, non-singleton subsets of A.

Note that a random choice structure places no structure on the
choice probabilities beyond those of probability theory. Therefore, such
structures have in the past been defined simply as a referent with
which to compare models that do place additional restrictions on choice
probabilities. In the usual modeling approach, choices are governed
by a random utility model. Most classes of random utility models used
in practice are parametric (Louviere, Hensher, & Swait, 2000), but
even a non-parametric approach to random utility provides a lot of
structure: Falmagne (1978) provided a set of linear inequalities in
choice probabilities that, together, are necessary and sufficient for a
random choice structure to be induced by some random utility model®

There are very few formal (axiomatic) results about horse race
models of choice and response time. In an unpublished and, unfortunately,
incomplete manuscript, Marley (2021) set out to achieve exactly such
a characterization.

Let A = {q;,...,a,} be a finite set of potential choice options and
let the subset B of A, with |B| > 2, be the currently available choice
set. Let T(B) be a nonnegative, discrete, finite valued random variable
denoting the time at which a choice is made (i.e., the response time), let
C(B) be a random variable denoting the single “best” element chosen,
and denote by P, (1), t > 0, the probability that option b is chosen from
B at time ¢. Thus,

P, g(1) = PriC(B)=bnT(B) =1].

A collection {P, 5(t) : b€ BC A} for a fixed B C A is called a joint
structure of choice probabilities and reaction times. If the collection ranges
over all subsets of A, the joint structure is called complete, and denoted
by (A, P,T).

A simple model generating such a joint structure is the “horse race”
random utility model (cf. Marley, 1989). Assume that associated with
each option b € B there is a nonnegative discrete random variable T,
associated with the time of occurrence of some “event” associated with
that option; the element is chosen whose “event’occurs first. In terms
of the above notation, for each b € B,

P, p(t,) = Prlt, = T, =minT,]. €}
cEB

A joint structure of choice probabilities and reaction times (A, P,T)
satisfies a “horse race” random utility model if there is a nonnegative
random vector T = (T,,,..., T, ) on some probability space such that
Eq. (1) holds for all subsets X C A, with |X| > 2. The random vector T
is called a random representation of the joint structure. If the components
of T are jointly independent, then the random representation (and the
corresponding “horse race” random utility model) is called independent.
In the case of a finite set of response times,

Pp= Z Prit =T, = minT,]
= PrlT, = minT] (2)

P,  denotes the probability of choosing option 4 from B. The collection
of choice probabilities {P, 5 : b€ B C A}, denoted by (4, P), consti-
tutes a complete structure of choice probabilities and the representing
vector T provides a (choice) random utility representation for those choice
probabilities. Note that the usual representation for choice in terms of
random variables U is

Py(b) = Pr{U, = max U] 3)

Egs. (2) and (3) are equivalent in that one can be derived from the
other by applying a strictly monotonic transformation on the relevant
random variables, leaving the choice probabilities unchanged.

3 The question of ‘how far’ a particular random choice structure (which is
not a random utility model) is from the class of random utility models has been
studied in a number of recent papers, e.g. Chang, Narita, and Saito (2023).
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The representation problem for a joint structure of choice prob-
abilities and reaction times is then: Given a joint structure of choice
probabilities and reaction times { P, g(t) : b € B C A}, what conditions on
the functions P, p(t) are necessary and sufficient for the existence of a
“horse race” random utility representation of that joint structure?

Marley and Colonius (1992) partially answered this question under
the assumption that the random variables T,, ¢ € A, have absolutely
continuous distributions and are defined with reference to a fixed
subset B. Marley (2021) tried to extend Falmagne’s (Falmagne, 1978)
construction of a random utility representation, via non-negativity of
the Block-Marschak polynomials, to include observable maxima (or,
equivalently, response times), yielding a partial solution to the above
defined representation problem of choice probabilities and reaction
times.

As Editors of this Special Issue celebrating Tony’s professional and
research life, we have the privilege of book-ending a life well-lived.
Tony was exemplary as a role model of an outstanding academic:
brilliant in his work, generous with his time, ideas and disciplinary
knowledge, willing to invest in the personal growth of colleagues, hard-
working, patient, moderate in his opinions and peace-loving in conflict.
We would all benefit from emulating our friend Tony! It is therefore
with pleasure that we turn your attention to the scientific content of
the special issue!

Sketch of the papers in this special issue

The special issue combines seven papers that span a range of Tony’s
areas of keen interest.

Yves Sprumont’s “Regular random choice and the triangle inequalities”
shows that whenever a system of binary probabilities satisfies the
triangle inequalities, then it is consistent with a regular system of
choice probabilities.

Li Xin Lim, Madison Fansher, and Sébastien Hélie’s “Do cognitive and
physical effort costs affect choice behavior similarly?”” uses computational
models of choice to compare effort cost in a novel “shell game task”
with that in the existing “effort expenditure for reward task”. The paper
illustrates how computational modeling helps to better understand
effort.

Remi Daviet and Ryan Webb’s “A test of attribute normalization via
a double decoy effect” compares competing accounts of asymmetric
dominance effects in a paradigm that involves a combination of two
strategically designed decoys.

Jean-Paul Doignon’s “The Best-Worst-Choice Polytope on Four Alter-
natives” characterizes the (nonparametric) best-worst random utility
model via a minimal description (i.e., a non-redundant characterization
of the affine structure) of the convex polytope that forms the model’s
parameter space.

Guy E. Hawkins, Gavin Cooper and Jon-Paul Cavallaro’s “The stan-
dard relationship between choice frequency and choice time is violated in
multi-attribute preferential choice” reveals a systematic empirical mis-
match between perceptual and multi-attribute choice tasks and dis-
cusses the implications for the general usability of sequential sampling
models.
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Clintin P. Davis-Stober, A.A.J. Marley, William J. McCausland, and
Brandon M. Turner’s “An illustrated guide to context effects” enables
researchers to better reconcile various types of context effects, as well
as various fundamental properties of different types of probabilistic
choice models.

Keivan Mallahi-Karai and Adele Diederich’s “A variation of the cube
model for best-worst choice” propose a dynamical, multivariate Wiener
process based, model for the best-worst choice task.
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