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 A B S T R A C T

Falmagne’s representation problem is revisited by maximizing Shannon entropy applied to ranking probabili-
ties, under the linear constraints imposed by choice probabilities. Unlike Falmagne’s recursive construction, our 
method leads directly to an explicit solution, obtained after transforming the initial system into an equivalent 
one via alternating sums, in the spirit of Block–Marschak polynomials. We compute this solution for the Luce 
model and the generalized extreme value model, and show that, as soon as there are at least four alternatives, 
the construction based on Shannon entropy is only one among infinitely many possible representations. Other 
solutions could be obtained by maximizing alternative entropy functions, further highlighting the potential 
role of information theory in enriching the analysis of stochastic choice.
. Introduction

The concept of random utility is based on the notion that an individ-
al’s preferences are not deterministic but stochastic. For example, if 
equested to select one from an offered set of alternatives, the subject 
ay not always choose the same alternative. The theory of random 
tility posits that each alternative is internally represented by a random 
ariable, and that the choice is determined by which of the variables 
appens to have the maximum value in a given trial. The history of the 
heory goes back to Thurstone (1927) and, later, to Block and Marschak 
1960). An important insight of the latter authors was that the existence 
f a probability measure over the set of all preferences (or rankings) 
 the so-called ranking probabilities, i.e., the elementary probabilities 
ssigned to linear orders over the alternatives – is necessary and 
ufficient to guarantee that observed choices from subsets are due to 
n underlying random utility distribution.
Random utility theory has been further developed in several dis-

iplines, including mathematical psychology, statistics, and economics. 
he focus of investigation differs somewhat from one field to the other. 
n particular, psychologists are mostly interested in the properties of 
he underlying random variables and their distribution that determine 
hoice behavior. For example, Thurstonian psychophysics studies how 
timuli of a certain intensity level are represented internally to produce 
 response like ‘‘tone a is louder than tone b’’. On the other hand, 
conomists seek to identify the probability measure on the rankings 

I The entropy-maximizing solution already appears in the appendix of an unpublished manuscript by Marley and Regenwetter, dating from 1997, where Harry 
oe derives it recursively from a conditional independence assumption; this document was communicated to us by the associate editor during the revision process.
∗ Corresponding author.
E-mail addresses: karkil2205@gmail.com (K. Kilani), hans.colonius@uol.de (H. Colonius).

(i.e., a strict linear order) that lead to selecting a specific alternative, 
so that the system of choice probabilities is ‘‘rationalizable’’.

A remarkable result was obtained in Falmagne (1978), deriving 
necessary and sufficient conditions based on the nonnegativity of 
the Block–Marschak polynomials – alternating sums of the choice
probabilities – for the existence of a random utility representation. 
Falmagne’s proof consists of recursively constructing a probability 
measure on the rankings. Later, Fiorini (2004) provided an alterna-
tive, non-recursive proof of Falmagne’s theorem by drawing upon a 
result from graph theory on so-called flow polytopes (see Doignon & 
Saito, 2023; Turansick, 2022). Recently, Suleymanov (2024) defined a 
property on the ranking distribution (‘‘branching-independence’’) and 
shows that branching-independence implies exactly the same ranking 
representation as Falmagne’s construction.

This paper follows yet a different approach to obtaining Falmagne’s 
result using an explicit construction of ranking probabilities by ap-
plying the Shannon maximum entropy theorem from information the-
ory (Jaynes, 1957). The resulting ranking representation is then ex-
tended to include the well-known Luce choice model and the gener-
alized extreme value (GEV) model. In this paper, we consider only the 
case of a finite set of alternatives.

The remainder of the paper is organized as follows: Section 2 
recalls Falmagne’s representation problem, pointing out that it can 
be viewed as a system of linear equations to be solved, whose input 
ttps://doi.org/10.1016/j.jmp.2026.102970
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data are choice probabilities. It then recalls Falmagne’s representation 
theorem, together with the Block—Marschak polynomials on which it 
relies. In Section 3, after showing that the initial linear system based 
on choice probabilities is equivalent to a linear system expressed in 
terms of Block–Marschak polynomials, we apply Shannon’s maximum 
entropy theorem to obtain an explicit particular solution to Falmagne’s 
representation problem. Section 4 presents two illustrative examples 
based on a block-structured contingency-table approach for ranking 
probabilities. The first, with four alternatives, establishes the general 
solution and two particular solutions corresponding to maximum and 
minimum entropy. The second, with five alternatives, constructs only 
the maximum-entropy solution, using two levels of contingency-table 
blocks built recursively. Section 5, after recalling Fishburn’s classical 
counterexample to the uniqueness of Falmagne’s representation prob-
lem (Fishburn, 1998), discusses the multiplicity of solutions in the 
most standard random utility models when there are more than three 
alternatives. In such cases, we emphasize the interior character of the 
maximum-entropy solution, indicating that a whole neighborhood of 
solutions exists around it. Finally, Section 6 explores two classical 
models – the Luce model and the GEV model – and shows how our 
results are used to construct explicit representations, and discusses how 
to obtain other solutions by modifying the entropy function used.

2. Falmagne’s representation theorem

Let 𝐴 be a finite set containing 𝑛 elements (|𝐴| = 𝑛) with 𝑛 ≥ 2. 
For each 𝑥 ∈ 𝐵 with 𝐵 ∈ ∗(𝐴) (the power set of 𝐴 with the empty set 
removed), let 𝑃𝑥,𝐵 represent the probability that alternative 𝑥 is chosen 
from 𝐵. For small 𝑛, as in the examples discussed throughout the paper, 
we shall denote the elements of 𝐴 by the first 𝑛 letters of the alphabet.

Definition 1.  The collection of choice probabilities:
{𝑃𝑥,𝐵 ∣ 𝑥 ∈ 𝐵, 𝐵 ∈ ∗(𝐴)}

is called a system of (best) choice probabilities. These probabilities 
satisfy the following normalization condition1:
∑

𝑥∈𝐵
𝑃𝑥,𝐵 = 1.

The collection of choice probabilities constitutes the initial data of 
the system to be solved. Their count is:
𝑛
∑

𝑖=2

(

𝑛
𝑖

)

(𝑖 − 1) = 𝑛2𝑛−1 − 2𝑛 + 1,

which equals 17 for 𝑛 = 4, and 49 for 𝑛 = 5. The unknowns of the 
problem are the values of a probability distribution defined on the 𝑛!
rankings of a set 𝐴 with 𝑛 elements, corresponding to 𝑛! nonnegative 
variables.

The representation problem addressed by Falmagne (1978) consists 
of finding necessary and sufficient conditions on the choice probabili-
ties 𝑃𝑥,𝐵 such that there exists a random utility representation, that is, a 
collection of jointly distributed random variables {𝑈𝑥 ∣ 𝑥 ∈ 𝐴} with 

𝑃𝑥,𝐵 = Pr
(

𝑈𝑥 = max
𝑦∈𝐵

𝑈𝑦

)

, (1)

for any 𝑥 ∈ 𝐵, 𝐵 ∈ ∗(𝐴).
Falmagne solved the problem by drawing upon a classic result 

by Block and Marschak (1960) (see Lemma  1 below). Before proceeding 
further, we introduce some notation and a few definitions.

The set of all permutations of the elements of 𝐴 is denoted by 𝛱𝐴, 
whose power set is denoted by (𝛱𝐴). We define a permutation 𝜋 ∈ 𝛱𝐴
as a bijection from 𝐴 to {1,… , 𝑛}. For any alternative 𝑥 ∈ 𝐴, 𝜋(𝑥) = 𝑟

1 Note that for a singleton (𝐵 = {𝑥}), the associated probability is 
tautologically 𝑃 = 1.
𝑥,{𝑥}

2 
means that 𝑥 is ranked in the 𝑟th position in this specific permutation, 
where 𝑟 = 1,… , 𝑛, with, in particular, 𝑟 = 1 corresponding to the most 
preferred alternative and 𝑟 = 𝑛 to the least preferred.

A permutation 𝜋 ∈ 𝛱𝐴 can also be represented as a ranking 
𝑥1𝑥2 … 𝑥𝑛, where 𝑥𝑟 ∈ 𝐴 is the alternative ranked in the 𝑟th position. 
For this specific permutation, 𝜋(𝑥𝑟) = 𝑟. Since 𝐴 contains 𝑛 elements, 
𝛱𝐴 contains exactly 𝑛! elements (rankings). Each ranking 𝑥1 … 𝑥𝑛 ∈
𝛱𝐴 can be interpreted as a strict linear order of preference over the 
alternatives in 𝐴, ranging from the most preferred alternative (𝑥1) to 
the least preferred (𝑥𝑛).

For any 𝑥 ∈ 𝐵, 𝐵 ∈ ∗(𝐴), we define the set of all permutations in 
which 𝑥 is ranked before all elements in 𝐵 as:
𝑥[𝐵] ≡ {𝜋 ∈ 𝛱𝐴 ∶ 𝜋(𝑥) = min

𝑦∈𝐵
𝜋(𝑦)}.

Definition 2.  A system of choice probabilities is representable by 
a distribution over rankings if there exists a probability measure P on 
(𝛱𝐴,(𝛱𝐴)) such that, for every 𝑃𝑥,𝐵 in the system, one has: 

P(𝑥[𝐵]) = 𝑃𝑥,𝐵 . (2)

When 𝐵 is a singleton (𝐵 = {𝑥}), for all 𝑥 ∈ 𝐴, we have 𝑥[{𝑥}] = 𝛱𝐴, 
and we observe that Eq.  (2) is none other than the following equation:

P(𝛱𝐴) = 1, (3)

which corresponds to the normalization condition (elementary proba-
bilities summing to 1).

Note that the probability of 𝑥[𝐵], as a subset of 𝛱𝐴, is simply the 
sum of the elementary probabilities P(𝜋) over all rankings 𝜋 that belong 
to 𝑥[𝐵]. Thus, the equations defined in (2) form a linear system in terms 
of P(𝜋). We will refer to this as the (linear) system on choice probabilities.

The case of two alternatives, where the choice set is 𝐴 = {𝑎, 𝑏}, 
is trivial. Indeed, there are only two possible rankings: 𝑎𝑏 and 𝑏𝑎. In 
this case, the events 𝑎[{𝑎, 𝑏}] and 𝑏[{𝑎, 𝑏}], which respectively denote 
the rankings where 𝑎 is preferred to 𝑏 and where 𝑏 is preferred to 𝑎, 
correspond exactly to the rankings 𝑎𝑏 and 𝑏𝑎. Eq. (2) then simplifies to:
P(𝑎𝑏) = 𝑃𝑎,{𝑎,𝑏}, P(𝑏𝑎) = 𝑃𝑏,{𝑎,𝑏}.

Moreover, the normalization condition, given by Eq.  (3), imposes:
P(𝑎𝑏) + P(𝑏𝑎) = 1.

Falmagne’s representation problem thus admits a unique, completely 
trivial solution.

Therefore, when 𝑛 = 2, the problem presents no difficulty, and the 
solution is immediate. Since this case is fully resolved, we will now 
focus on the case 𝑛 ≥ 3, where the structure of rankings becomes richer 
and requires a more in-depth analysis.

A proof of the following result, central to Falmagne’s representation 
problem, can be found in Luce and Suppes (1965): 

Lemma 1 (Block and Marschak, 1960). A system of choice probabilities 
has a random utility representation iff it is representable by a distribution 
over rankings.

Block and Marschak (1960) stated linear combinations of choice 
probabilities, later termed as Block–Marschak polynomials (BM polyno-
mials, for short), and showed that nonnegativity of the BM polyno-
mials is necessary for a random utility representation of the choice 
probabilities to exist.

Definition 3.  For any 𝐵 ⊊ 𝐴 and 𝑥 ∈ (𝐴−𝐵), the BM polynomial 𝐾𝑥,𝐵
is defined as: 
𝐾𝑥,𝐵 ≡

∑

(−1)|𝐵|−|𝐶|𝑃𝑥,𝐴−𝐶 . (4)

𝐶⊂𝐵
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The summation is performed over all subsets 𝐶 of 𝐵, including the 
empty set. The term (−1)|𝐵|−|𝐶| alternates the sign of each term based 
on the difference in cardinality between 𝐵 and 𝐶, while 𝑃𝑥,𝐴−𝐶 denotes 
the choice probability for 𝑥 in the subset 𝐴 − 𝐶. In the special case 
where 𝐵 = ∅, we obtain the trivial expression for the BM polynomial: 
𝐾𝑥,∅ = 𝑃𝑥,𝐴, representing the probability of choosing 𝑥 from the choice 
set 𝐴.

Falmagne’s landmark result was to prove that nonnegativity is also 
a sufficient condition. To this end, he relies entirely on BM polynomials 
to recursively define a probability measure on the rankings, satisfying 
the constraints of Eq.  (2). Although we do not reproduce the recursive 
process here, as presenting it would be too lengthy and would introduce 
additional notations that are not practical in this context, we will revisit 
this process later, as we will need to position our findings relative to 
Falmagne’s recursive construction.

This fundamental result in the theory of stochastic choice is recalled 
here: 

Theorem 1 (Falmagne, 1978). A system of choice probabilities has a 
random utility representation, equivalently a representation by a distribution 
over rankings, iff for any 𝐵 ⊊ 𝐴 and 𝑥 ∈ (𝐴−𝐵), the BM polynomial 𝐾𝑥,𝐵
are nonnegative.

In this paper, we show that we arrive at the same representation as 
Falmagne’s, not through a recursive construction approach, but through 
an explicit solution derived from the maximization of entropy under lin-
ear constraints. Our contribution enables us to anchor this Falmagne’s 
representation problem within the framework of information theory.

3. The Shannon entropy-maximizing representation

In this section, we begin by transforming the system defined on 
choice probabilities into an equivalent linear system expressed in terms 
of BM polynomials. This reformulation, together with the probabilistic 
interpretation it provides, lays the groundwork for applying the Shan-
non maximum entropy theorem, which in turn allows us to obtain our 
main result.

3.1. The equivalent system related to the BM polynomials

At this stage, we transform the system on choice probabilities into a 
(linear) system involving the BM polynomials, by means of elementary 
transformations of the linear equations in the initial system, which 
preserve the equivalence of the systems as well as their solution sets. 
Additionally, this transformation will provide an interpretation of the 
BM polynomials as the probability of certain subsets of 𝛱𝐴, thereby 
reaffirming that their nonnegativity is necessary for a random utility 
representation to exist.

To do this, we first need to define some useful events that will be 
needed in what follows. For any 𝐵 ∈ ∗(𝐴), 𝐵 ≠ 𝐴, and 𝑥 ∈ (𝐴 − 𝐵), 
we define the event:

[𝐵]𝑥 = {𝜋 ∈ 𝛱𝐴 ∶ max
𝑦∈𝐵

𝜋(𝑦) < 𝜋(𝑥)}.

This event corresponds to the set of rankings in which 𝑥 is ranked after 
all alternatives in 𝐵. It is noteworthy that for a singleton 𝐵 = {𝑦}, with 
𝑦 ≠ 𝑥, we have [{𝑦}]𝑥 = 𝑦[{𝑥, 𝑦}], which corresponds to the rankings 
where 𝑦 precedes 𝑥.

The following lemma gives the equivalent system obtained after 
transformations applied to the system on choice probabilities, leading 
to what we can refer to as the system on BM polynomials, while also 
providing an interpretation of the BM polynomials in terms of the 
probability of a subset of rankings.
3 
Lemma 2.  A probability measure P defined on (𝛱𝐴,(𝛱𝐴)) satisfies the 
constraints of the system described by Eq.  (2) iff it satisfies the following 
system:

For every 𝐵 ⊂ 𝐴, with 1 ≤ |𝐵| ≤ 𝑛 − 2, and for every 𝑥 ∈ (𝐴 − 𝐵), we 
have: 
P
(

([𝐵]𝑥) ∩ (𝑥[𝐴 − 𝐵])
)

= 𝐾𝑥,𝐵 . (5)

Proof.  The proof is provided in Appendix. □

Lemma  2 corresponds to a part of Theorem 5 of Falmagne (1978, 
p. 65). Nevertheless, the spirit of our approach is different: in our 
proof in the appendix, we exploit the equivalence of linear systems by 
applying elementary operations to the equations defined by Eq.  (2), 
in order to obtain a system expressed in terms of BM polynomials, 
as in Eq.  (5). The resulting proof is rather immediate. Moreover, our 
procedure naturally leads to the elimination of 𝑛 redundant equations, 
corresponding to the different possible choices of 𝐵 with |𝐵| = 𝑛 − 1. 
This elimination streamlines the system, showing that the case |𝐵| =
𝑛−1, retained by Falmagne, is in fact redundant. We have therefore kept 
our proof, which proceeds differently in spirit by relying on equivalence 
of linear systems obtained through elementary transformations and by 
eliminating redundant equations.

The enumeration of the BM polynomials 𝐾𝑥,𝐵 , which replace the 
original probabilities 𝑃𝑥,𝐵 as the right-hand side data of the linear 
system to be solved, yields an updated number of constraints. These 
polynomials are indexed by pairs (𝑥, 𝐵) for 𝐵 ⊂ 𝐴 with 1 ≤ |𝐵| ≤ 𝑛 − 2
and 𝑥 ∈ (𝐴 − 𝐵), and their number is given by:
𝑛−2
∑

𝑖=1

(

𝑛
𝑖

)

(𝑛 − 𝑖) = 𝑛 (2𝑛−1 − 2),

which equals 24 for 𝑛 = 4 and 70 for 𝑛 = 5. This number becomes 
strictly smaller than 𝑛! as soon as 𝑛 ≥ 5, showing that the system is 
then underdetermined.

This lemma shows that, for a probability measure P on (𝛱𝐴,(𝛱𝐴))
to exist and reproduce the choice probability system, the right-hand 
side of Eq.  (5) must necessarily satisfy certain conditions. In particular, 
the polynomials derived from the BM conditions must be nonnegative. 
This recovers the result of Block and Marschak (1960) about necessity, 
mentioned above after Lemma  2; its sufficiency for the existence of P
is verified later.

Note that the case 𝑛 = 3 is straightforward if the BM polynomials 
are nonnegative. To illustrate, let us consider 𝐵 = {𝑎}, so that the 
complement is (𝐴 − 𝐵) = {𝑏, 𝑐}. In this situation, the event ([{𝑎}]𝑏) ∩
(𝑏[{𝑏, 𝑐}]) corresponds precisely to the ranking 𝑎𝑏𝑐. The probability of 
this ranking can only be given by:
P(𝑎𝑏𝑐) = 𝐾𝑏,{𝑎} = 𝑃𝑏,{𝑏,𝑐} − 𝑃𝑏,{𝑎,𝑏,𝑐}.

Since the BM polynomials are simply differences of choice probabilities, 
their nonnegativity ensures that a valid probability measure exists. In 
this specific case, the ranking probabilities can be determined explicitly 
and uniquely.

Thus, for 𝑛 = 3, Falmagne’s representation problem does not 
introduce additional complexity: once the BM polynomials are verified 
to be nonnegative, the existence of a probability measure satisfying the 
ranking constraints follows immediately. From now on, we focus on the 
case 𝑛 ≥ 4, where the structure of the problem becomes significantly 
more intricate and requires a more structured approach.

We are now preparing the ground for the main theorem of this 
paper, which will follow shortly after a few remarks. We revisit the 
notation introduced at the beginning of the paper. Consider an arbitrary 
ranking 𝑥1 ⋯ 𝑥𝑛 and the BM polynomials that are related to it. Accord-
ing to the interpretation of BM polynomials, for any given 𝑟 ranging 
from 1 to 𝑛−2, the polynomial 𝐾𝑥𝑟+1 ,{𝑥1 ,…,𝑥𝑟} places the alternative 𝑥𝑟+1
after the alternatives {𝑥1,… , 𝑥𝑟} and before the remaining alternatives 
in the ranking. Obviously, if any of the BM polynomials 𝐾
𝑥𝑟+1 ,{𝑥1 ,…,𝑥𝑟}
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is zero, the probability of the ranking 𝑥1𝑥2 … 𝑥𝑛 is necessarily zero, 
provided that a solution exists. To account for this, we define the set 
as follows: 

𝛱+
𝐴 ≡

{

𝑥1 … 𝑥𝑛 ∈ 𝛱𝐴 ∶
𝑛−2
∏

𝑟=1
𝐾𝑥𝑟+1 ,{𝑥1 ,…,𝑥𝑟} > 0

}

. (6)

We are certain that the probability of rankings outside this set is 
zero, provided that the probability measure that solves Falmagne’s 
representation problem exists.

Lemma  2 provides a clear interpretation of the BM polynomials. It 
allows us to introduce aggregated sums, defined as partial sums of these 
polynomials, which are in turn easily interpretable and will prove very 
useful for our subsequent notation.2 For any subset 𝐵 ⊂ 𝐴 such that 
1 ≤ |𝐵| ≤ 𝑛 − 1, we define: 
𝐿𝐵 ≡

∑

𝑥∈(𝐴−𝐵)
𝐾𝑥,𝐵 . (7)

This expression can be interpreted as the probability that all elements of 
𝐵 appear in the ranking before those of 𝐴 − 𝐵, without any constraint 
on the internal order within each group. The quantity 𝐿𝐵 is thus an 
aggregated measure, which can be seen as a marginalization over the 
different values of 𝑥 ∈ (𝐴 − 𝐵), given the set 𝐵.

Theorem 3 of Falmagne (1978) provides an alternative way of 
writing 𝐿𝐵 , showing that it can be expressed as a sum in two equivalent 
ways. This will be important later on, in particular for the forthcoming 
numerical illustration: 
𝐿𝐵 =

∑

𝑥∈(𝐴−𝐵)
𝐾𝑥,𝐵 =

∑

𝑥∈𝐵
𝐾𝑥, 𝐵−{𝑥}. (8)

This equality highlights a symmetry in the definition of 𝐿𝐵 . It can 
indeed be expressed either by summing over the elements of 𝐴 − 𝐵, 
each being placed immediately after the set 𝐵, or by summing over the 
elements of 𝐵, each being considered as occurring immediately after 
𝐵 − {𝑥}. In both cases, one obtains the probability that all elements of 
𝐵 precede those of 𝐴 − 𝐵, regardless of the internal order within each 
subset.

This structural identity shows that 𝐿𝐵 can be obtained from the BM 
polynomials by two equivalent marginalizations: either by summing 
over the elements of 𝐴−𝐵 or over the elements of 𝐵. This duality will 
prove particularly useful in the numerical illustrations presented later 
in Section 4. Its proof goes back to Falmagne (1978), to whom it was 
useful for establishing his fundamental result.

3.2. Shannon maximum entropy theorem

Let 𝑆 denote a finite set of states, with |𝑆| ≥ 2, and let 𝑝 be 
a probability distribution over these states, where 𝑝(𝑠) denotes the 
probability of state 𝑠. We simply view a distribution as a vector of 
nonnegative numbers that sum to one.

The Shannon entropy associated with a probability distribution 𝑝 is 
defined as  (see, e.g., Cover & Thomas, 2006, Ch. 2): 
𝐻(𝑝) = −

∑

𝑠∈𝑆
𝑝(𝑠) ln 𝑝(𝑠). (9)

The natural convention 0 ln(0) = 0 is used to account for the possibility 
that a probability vanishes in the entropy calculation.

The choice of Shannon’s entropy function, defined by Eq.  (9), as a 
measure of uncertainty associated with a probability distribution 𝑝 over 
a finite set of states, is grounded in a set of properties that uniquely 
characterize it. This particular form finds its original justification in 
a theorem established by Shannon (1948), which shows that, up to a 
strictly positive multiplicative constant, Shannon entropy is the only 
function that simultaneously satisfies three characteristic properties:

2 An anonymous reviewer introduced these quantities in the tabular ex-
amples of Section 4, and we warmly thank the reviewer for this valuable 
suggestion. We found them sufficiently relevant to incorporate them into the 
general framework of the paper.
4 
(𝐏𝟏) 𝐻 is continuous in 𝑝.
(𝐏𝟐) If 𝑝 is uniform over 𝑆, i.e., 𝑝(𝑠) = 1∕|𝑆| for all 𝑠 ∈ 𝑆, then 𝐻 is 

strictly increasing in |𝑆|.
(𝐏𝟑) For any partition 𝑆1,… , 𝑆𝐾 of 𝑆, define the probability distribu-

tion 𝑤 over the partition by 𝑤(𝑘) =
∑

𝑠∈𝑆𝑘
𝑝(𝑠), so that 𝑤(𝑘) is the 

probability that a state belongs to the subset 𝑆𝑘. For each 𝑘 and 
each 𝑠 ∈ 𝑆𝑘, the probability distribution 𝑝𝑘, defined by 𝑝𝑘(𝑠) =
𝑝(𝑠)∕𝑤(𝑘), is the conditional distribution induced by 𝑝 given that 
the state belongs to 𝑆𝑘. The function 𝐻 must then satisfy:

𝐻(𝑝) = 𝐻(𝑤) +
𝐾
∑

𝑘=1
𝑤(𝑘) ⋅𝐻(𝑝𝑘).

Among the three properties imposed by Shannon, (𝐏𝟏) and (𝐏𝟐)
are technical and relatively natural. In contrast, (𝐏𝟑) plays a central 
role: it is a specific instance of the chain rule for entropy, which states 
that the entropy of a joint distribution decomposes into the sum of 
successive conditional entropies (see Cover & Thomas, 2006, Theorem 
2.5.1, p. 22). In the particular case of hierarchical grouping described 
in (𝐏𝟑), this property ensures that total uncertainty remains unchanged, 
regardless of how the states are partitioned into subsets.

We now recall a fundamental result from information theory, which 
will be useful to prove the main theorem of this paper. Consider 𝑞
functions 𝑓𝑗 ∶ 𝑆 → R, with 1 ≤ 𝑞 < |𝑆|, along with target values 
𝑐1,… , 𝑐𝑞 . These functions are subject to the following linear constraints:
∑

𝑠∈𝑆
𝑓𝑗 (𝑠)𝑝(𝑠) = 𝑐𝑗 , for 𝑗 = 1,… , 𝑞. (10)

The information theory literature has long addressed the problem of 
maximizing the Shannon entropy defined in Eq.  (9), subject to the lin-
ear constraints described in Eq.  (10). As emphasized by Jaynes (1957), 
the choice of maximizing Shannon entropy under linear constraints 
yields a distribution that is unbiased with respect to the structural 
description of the problem, as already highlighted through properties 
(𝐏𝟏)–(𝐏𝟑). The resulting solution is therefore the most neutral – or 
least committed – among all distributions consistent with the imposed 
constraints.

A classical result in this field characterizes the unique distribution 
that maximizes the entropy under such constraints:

Theorem 2 (Shannon Maximum Entropy Theorem, Jaynes, 1957).  If there 
exist strictly positive values 𝜇1,… , 𝜇𝑞 such that the probability distribution:

𝑝(𝑠) ∝
𝑞
∏

𝑗=1
𝜇
𝑓𝑗 (𝑠)
𝑗 , 𝑠 ∈ 𝑆,

satisfies the constraints of Eq.  (10), then 𝑝 is the unique probability distri-
bution that maximizes 𝐻(𝑝) under these constraints.

Proof.  A complete and detailed proof of the theorem can be found 
in Jaynes (2003, Chapter 11.6, pp. 355–358). An alternative statement 
of the theorem along with an outline of a proof is available in Cover 
and Thomas (2006, Theorem 12.1.1). □

3.3. The main theorem

At this stage, we have reformulated Falmagne’s representation prob-
lem as a system of linear equations that allows the probability measure 
to reproduce the BM polynomials, obtained after elementary operations 
on the initial system. This reformulation guarantees the equivalence of 
the two systems, showing that the nonnegativity of the BM polynomials 
is a necessary condition for the existence of a measure compatible with 
the choice probabilities.

To prove the sufficient condition, we use the entropy maximization 
theorem (Theorem  2) under the constraints imposed by the system 
on the BM polynomials, rather than a purely algebraic approach. This 
allows us to derive an explicit closed-form solution.
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Thus, our approach guarantees not only the existence of a solu-
tion but also its precise characterization. We will now establish our 
main theorem and derive a closed-form expression for the probability 
measure of the problem of maximizing Shannon entropy subject to 
the constraints associated with the BM polynomials. Before doing so, 
however, we need to introduce some additional notation, since our 
result will turn out – perhaps unexpectedly – to coincide with a recent 
finding of Suleymanov (2024), even though the paths we have taken 
appear to be rather distant.

In his paper, Suleymanov (2024) introduces three families of rank-
ing events, defined for each rank 𝑟 = 2,… , 𝑛 − 1, and associated with 
the construction of a probability measure over the set of permutations. 
Each family is built from a specific ranking 𝑥1 ⋯ 𝑥𝑛 ∈ 𝛱+

𝐴
3:

• 𝐸𝑟: the alternatives 𝑥1 … 𝑥𝑟−1 appear in that relative order;
• 𝐹𝑟: the alternative 𝑥𝑟 is ranked before all those in {𝑥𝑟+1,… , 𝑥𝑛}, 
with no constraint on the ranking within this subset;

• 𝐷𝑟: the alternatives in {𝑥1,… , 𝑥𝑟−1} are all ranked before those in 
{𝑥𝑟,… , 𝑥𝑛}, with no constraint on the ranking within each subset.

These notations will be used in Theorem  3 to express a structural 
condition on ranking probabilities.

An important point is that the probability of the event 𝐷𝑟, which 
serves as the conditioning event in the factorization proposed by Su-
leymanov (2024), can be expressed explicitly in terms of the BM 
polynomials. For every integer 𝑟 = 2,… , 𝑛 − 1, and for every specific 
ranking 𝑥1 … 𝑥𝑛 ∈ 𝛱𝐴, we have: 

P(𝐷𝑟) = 𝐿{𝑥1 ,…,𝑥𝑟−1} =
𝑛
∑

𝑖=𝑟
𝐾𝑥𝑖 ,{𝑥1 ,…,𝑥𝑟−1} > 0. (11)

These quantities must indeed be strictly positive, since we will con-
dition on the events 𝐷𝑟 later on. Now, since the BM polynomials 𝐾𝑥,𝐵
are interpreted as probabilities, they are necessarily nonnegative. More-
over, because the alternatives 𝑥1,… , 𝑥𝑛 come from a ranking 𝜋 ∈ 𝛱+

𝐴 , 
the term 𝐾𝑥𝑟 ,{𝑥1 ,…,𝑥𝑟−1} is strictly positive, which ensures that P(𝐷𝑟) > 0.

Theorem 3.  For 𝑛 ≥ 4, the following statements recall the classical neces-
sary and sufficient conditions for the existence of a solution to Falmagne’s 
representation problem, identify a particular solution obtained via entropy 
maximization, show that this solution coincides with the one satisfying a 
structural condition based on the branching-independence property, and 
finally provide its explicit form:

(i) A probability measure satisfying Falmagne’s representation problem 
exists iff, for every 𝐵 ⊂ 𝐴 with 1 ≤ |𝐵| ≤ 𝑛 − 2, and for every 
𝑥 ∈ (𝐴 − 𝐵), the BM polynomials 𝐾𝑥,𝐵 is nonnegative.

(ii) Among all possible probability measures satisfying the problem’s 
constraints, the one that maximizes Shannon entropy 𝐻 provides a 
constructive solution. This measure is uniquely determined under the 
linear constraints detailed in Definition  2.

(iii) The maximum-entropy solution described in (ii) satisfies the
branching-independence property, which holds for any ranking in 
𝛱+

𝐴  and all 𝑟 = 2,… , 𝑛 − 1, and reads: 

P(𝐸𝑟 ∩ 𝐹𝑟 ∣ 𝐷𝑟) = P(𝐸𝑟 ∣ 𝐷𝑟) ⋅ P(𝐹𝑟 ∣ 𝐷𝑟). (12)

(iv) The maximum-entropy solution – and therefore the one satisfying 
the branching-independence property described in (iii) – admits the 
following explicit form for any ranking in 𝛱+

𝐴 : 

P(𝑥1 … 𝑥𝑛) = 𝐾𝑥2 ,{𝑥1} ⋅
𝑛−1
∏

𝑟=3

𝐾𝑥𝑟 ,{𝑥1 ,…,𝑥𝑟−1}

𝐿{𝑥1 ,…,𝑥𝑟−1}
. (13)

3 The notations below are adapted from (Suleymanov, 2024), thanks to the 
effort of an anonymous reviewer, whom we warmly thank. This adaptation 
was essential to establish a clear correspondence with that work and to make 
the integration of their approach with ours possible.
5 
Proof.  The proof is provided in Appendix. □

In Theorem  3, and in particular through Equation (13), we obtain 
the same probability measure as that derived by Suleymanov (2024), 
albeit through an entirely different approach. Whereas Suleymanov 
(2024) takes as a starting assumption a set of conditional independence 
relations, formulated in (iii) through Equation (12), and referred to 
as the branching-independence property, our proof shows that the 
distribution maximizing Shannon entropy satisfies this property as a by-
product of the argument, without using it as a foundational assumption 
to arrive at the same distribution.

Furthermore, Suleymanov (2024) has shown that this measure also 
coincides with Falmagne’s recursive construction. Thus, the three ap-
proaches converge. We have not reproduced the proof of this last equiv-
alence with Falmagne’s recursive construction, since it was already 
established by Suleymanov (2024).

4. Numerical illustrations

In this section, we illustrate, using a tabular method, the construc-
tion of solutions to Falmagne’s representation problem – in particular 
the one that maximizes Shannon entropy, but also other candidate solu-
tions – first in the four-alternative case and then in the five-alternative 
case.

4.1. A four-alternative case

We first illustrate, with a numerical example, the explicit construc-
tion of the maximum-entropy solution in the case 𝑛 = 4, by applying 
Equation (13) stated in Theorem  3. At the same time, for this relatively 
small number of alternatives, we also present the general solution to 
Falmagne’s representation problem, of which the maximum-entropy 
solution and the minimum-entropy solution(s) are particular solutions.

For each generic ranking 𝑥1𝑥2𝑥3𝑥4 ∈ 𝛱+
𝐴 , the maximum-entropy 

solution satisfies:

P(𝑥1𝑥2𝑥3𝑥4) = 𝐾𝑥2 ,{𝑥1} ⋅
𝐾𝑥3 ,{𝑥1 ,𝑥2}

𝐿{𝑥1 ,𝑥2}
.

This expression allows the computation of the probabilities of the 24 
possible permutations solely from the specific BM polynomials that 
appear here, together with their sums given by 𝐿{𝑥1 ,𝑥2}.

To structure our calculations, we partition the rankings into six 
tabular blocks of four, each defined by a fixed leading pair {𝑥1, 𝑥2}. 
Within each block, the relevant data – namely the BM polynomials – 
are linked by a structural relation, obtained as a specialization of the 
general identity given in Eq.  (8):
𝐾𝑥2 ,{𝑥1} +𝐾𝑥1 ,{𝑥2} = 𝐾𝑥3 ,{𝑥1 ,𝑥2} +𝐾𝑥4 ,{𝑥1 ,𝑥2} = 𝐿{𝑥1 ,𝑥2}.

Each block thus involves the four rankings obtained by placing 𝑥1 and 
𝑥2 first, in either order, and 𝑥3 and 𝑥4 afterwards, also in either order. 
In this tabular organization, the margins represent the given data, while 
the inner cells contain the ranking probabilities to be determined.

In Table  1, we present a specific numerical example showing the 
general solution to Falmagne’s representation problem, as well as two 
particular solutions corresponding to the maximum- and minimum-
entropy cases.4 The 24 rankings are grouped into six blocks of four 
rankings.

The general solution is obtained by assigning probabilities to the 
rankings in such a way that the margins imposed by the BM polyno-
mials are respected. Any such assignment provides a valid solution to 

4 This tabular structuring was provided by an anonymous reviewer in his 
report, whom we warmly thank. It offers a particularly clear and insightful 
organization, useful for exploring the full set of solutions compatible with the 
constraints, at least in the case 𝑛 = 4. The numerical values of Table  1 are 
faithfully reproduced from the complete example given by the same reviewer. 
He also suggested to include, for comparison, a minimum-entropy solution.
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Falmagne’s representation problem. In this numerical example, the gen-
eral solution is fully determined by six free parameters, each varying 
over a specific interval (one per block).

The maximum-entropy solution is constructed by a mechanism anal-
ogous to the product of margins in a contingency table. More precisely, 
for each block of rankings where the pair {𝑥1, 𝑥2} is ranked first, one 
takes the product of the corresponding margins and then normalizes 
by their sum 𝐿{𝑥1 ,𝑥2} within the block. This procedure ensures that the 
resulting distribution simultaneously satisfies both marginal constraints 
while reflecting the branching-independence property of Suleymanov 
(2024), as discussed in the previous section.

The minimum-entropy solution was obtained by examining the 
boundary cases of the general solution. In each block, the general 
solution reduces to two extreme points. The entropy was evaluated at 
both ends, and the extremity yielding the minimum value was retained. 
Because the calculation involves logarithmic terms, the comparison 
must be carried out numerically rather than by inspection. Repeat-
ing this procedure block by block yields an overall minimum-entropy 
solution.

4.2. A five-alternative case

We now turn to the case 𝑛 = 5. This addition of an alternative 
considerably increases both the dimensionality and the complexity of 
the space of admissible rankings, making the analysis substantially 
more demanding.

In contrast with the case 𝑛 = 4 – for which we provided a more 
comprehensive study including the general solution as well as the 
maximum- and minimum-entropy solutions – we restrict ourselves 
here to the maximum-entropy solution only. Moreover, rather than 
computing the probabilities of all 120 rankings (as opposed to 24 
previously), we present only those of a block of 12 rankings (instead 
of 4 previously), chosen arbitrarily. The probabilities of the nine other 
blocks of the same size are obtained by applying the same procedure 
as for the arbitrary block. A precise definition of these blocks will be 
given later.

The probability of a generic ranking in the case of five alternatives, 
for the solution that maximizes Shannon entropy, can be written in the 
form

P(𝑥1𝑥2𝑥3𝑥4𝑥5) = 𝐾𝑥2 ,{𝑥1} ⋅
𝐾𝑥3 ,{𝑥1 ,𝑥2}

𝐿{𝑥1 ,𝑥2}
⋅
𝐾𝑥4 ,{𝑥1 ,𝑥2 ,𝑥3}

𝐿{𝑥1 ,𝑥2 ,𝑥3}
.

By summing over the two possible permutations of the top two alter-
natives, 𝑥1 and 𝑥2, we obtain an aggregate probability for the top-two 
set {𝑥1, 𝑥2}, which is given by:
P({𝑥1, 𝑥2}𝑥3𝑥4𝑥5) ≡ P(𝑥1𝑥2𝑥3𝑥4𝑥5) + P(𝑥2𝑥1𝑥3𝑥4𝑥5)

= 𝐾𝑥3 ,{𝑥1 ,𝑥2} ⋅
𝐾𝑥4 ,{𝑥1 ,𝑥2 ,𝑥3}

𝐿{𝑥1 ,𝑥2 ,𝑥3}
.

These aggregated probabilities exhibit exactly the same two-term 
factorization as in the case of four alternatives discussed earlier. The 
same computational technique based on contingency blocks can there-
fore be applied. Moreover, this construction relies on a structural 
identity, which appears as a special case of the general identity given 
by Eq.  (8):
𝐾𝑥3 ,{𝑥1 ,𝑥2} +𝐾𝑥2 ,{𝑥1 ,𝑥3} +𝐾𝑥1 ,{𝑥2 ,𝑥3} = 𝐾𝑥4 ,{𝑥1 ,𝑥2 ,𝑥3} +𝐾𝑥5 ,{𝑥1 ,𝑥2 ,𝑥3}

= 𝐿{𝑥1 ,𝑥2 ,𝑥3}.

In this framework, a first-level block refers to the set of rankings in 
which the three alternatives 𝑥1, 𝑥2, 𝑥3 occupy the top positions (in any 
order). In the numerical example presented (Table  2), only a few of 
these blocks are illustrated, for reasons of space, so as to demonstrate 
the method without providing an exhaustive account of all blocks.

Moreover, in the case of the solution that maximizes Shannon 
entropy, we have the following equality:

P(𝑥1𝑥2𝑥3𝑥4𝑥5) = P({𝑥1, 𝑥2}𝑥3𝑥4𝑥5) ⋅
𝐾𝑥3 ,{𝑥1 ,𝑥2} .

𝐿{𝑥1 ,𝑥2}

6 
This product form justifies the injection of the aggregated prob-
abilities obtained from the first table as margins into a second-level 
contingency table, corresponding to the next step of the construction. 
In this new setting, the margins correspond to terms of the form 
𝐾𝑥4 ,{𝑥1 ,𝑥2 ,𝑥3} and P({𝑥1, 𝑥2}𝑥3𝑥4𝑥5), while 𝐿{𝑥1 ,𝑥2 ,𝑥3} serves as the sum 
of these margins. Such second-level contingency tables, or at least a 
subset of them in the example under consideration, are presented in 
Table  3.

Although the initial table (Table  2), which was also partial, would 
in principle allow us to reconstruct 36 ranking probabilities, we restrict 
attention here to the 12 rankings in which the first two positions are 
occupied by alternatives 𝑎 and 𝑏, in order to facilitate the illustration of 
the procedure. We describe in more detail the computation of these 12 
probabilities by means of a single second-level contingency table. This 
table, restricted to the case where 𝑎 and 𝑏 appear at the top, is given 
in Table  3.

5. Multiplicity of solutions in standard random utility models for 
𝒏 ≥ 𝟒

The two examples in the previous section show that several distribu-
tions over rankings can be compatible with the same system of choice 
probabilities. This non-uniqueness was already highlighted by Fishburn 
(1998), through a classical counterexample for the case 𝑛 = 4, where 
two distinct distributions over rankings lead to the same system of 
choice probabilities.

We revisit this classical counterexample from Fishburn (1998) in 
the light of the tools developed in this paper. It illustrates a delib-
erately simplified situation – even technically degenerate – in which 
two distinct distributions over rankings are compatible with the same 
system of choice probabilities, thereby challenging the uniqueness of 
the representation. Moreover, thanks to the construction based on 
contingency tables presented in the previous section, we identify the 
complete set of distributions compatible with this common system of 
choice probabilities.

The counterexample concerns a set of 4 alternatives and considers 
two distinct probability measures over rankings:
P1(𝑎𝑏𝑐𝑑) = P1(𝑏𝑎𝑑𝑐) = .5, P2(𝑎𝑏𝑑𝑐) = P2(𝑏𝑎𝑐𝑑) = .5.

We show that the BM polynomials corresponding to the two prob-
ability distributions over rankings, which represent the margins of a 
future contingency table, are identical. It follows that the choice prob-
abilities must also coincide. Indeed, the only nonzero BM polynomials, 
which coincide for the two distributions, are:
𝐾𝑏,{𝑎} = 𝐾𝑎,{𝑏} = 𝐾𝑐,{𝑎,𝑏} = 𝐾𝑑,{𝑎,𝑏} = .5.

Since only the pair {𝑎, 𝑏} can appear at the top of the rankings, it 
imposes the constraint:
𝐿{𝑎,𝑏} = 𝐾𝑏,{𝑎} +𝐾𝑎,{𝑏} = 𝐾𝑐,{𝑎,𝑏} +𝐾𝑑,{𝑎,𝑏} = 1.

Consequently, a single contingency table – corresponding to the block 
where 𝑎 and 𝑏 occupy the top two positions – is sufficient to describe 
the entire set of ranking distributions compatible with this system. All 
probability measures generating the same choice probabilities as P1 and 
P2 can therefore be obtained from that unique contingency table, given 
in Table  4.

We have thus determined the complete set of ranking distributions 
compatible with the choice probabilities induced by P1 and P2 from 
the example of Fishburn (1998). Table  4 presents the general solution, 
parameterized by a unique 𝛽1 ∈ [0, .5], together with the two particular 
distributions P1 and P2 that bound it.

These two initial distributions correspond respectively to the ex-
treme cases 𝛽1 = .5 (for P1) and 𝛽1 = 0 (for P2) and are precisely the 
two distributions located at the endpoints of the admissible segment, 
and they are also the only solutions that achieve minimal entropy.
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Table 1
Numerical illustration of the general, maximum-entropy, and a minimum-entropy solution of the 
linear system associated with Falmagne’s representation problem for 𝑛 = 4.
 Probabilities General solutiona
 P(𝑎𝑏𝑐𝑑) P(𝑏𝑎𝑐𝑑) 𝐾𝑐,{𝑎,𝑏} 𝛽1 .032 − 𝛽1 .032  
 P(𝑎𝑏𝑑𝑐) P(𝑏𝑎𝑑𝑐) 𝐾𝑑,{𝑎,𝑏} .027 − 𝛽1 .019 + 𝛽1 .046  
 𝐾𝑏,{𝑎} 𝐾𝑎,{𝑏} 𝐿{𝑎,𝑏} .027⋆ .051 .078  
 P(𝑎𝑐𝑏𝑑) P(𝑐𝑎𝑏𝑑) 𝐾𝑏,{𝑎,𝑐} .045 − 𝛽2 𝛽2 .045⋆ 
 P(𝑎𝑐𝑑𝑏) P(𝑐𝑎𝑑𝑏) 𝐾𝑑,{𝑎,𝑐} .023 + 𝛽2 .065 − 𝛽2 .088  
 𝐾𝑐,{𝑎} 𝐾𝑎,{𝑐} 𝐿{𝑎,𝑐} .068 .065 .133  
 P(𝑎𝑑𝑏𝑐) P(𝑑𝑎𝑏𝑐) 𝐾𝑏,{𝑎,𝑑} .068 − 𝛽3 .001 + 𝛽3 .069  
 P(𝑎𝑑𝑐𝑏) P(𝑑𝑎𝑐𝑏) 𝐾𝑐,{𝑎,𝑑} 𝛽3 .034 − 𝛽3 .034⋆ 
 𝐾𝑑,{𝑎} 𝐾𝑎,{𝑑} 𝐿{𝑎,𝑑} .068 .035 .103  
 P(𝑏𝑐𝑎𝑑) P(𝑐𝑏𝑎𝑑) 𝐾𝑎,{𝑏,𝑐} 𝛽4 .120 − 𝛽4 .120⋆ 
 P(𝑏𝑐𝑑𝑎) P(𝑐𝑏𝑑𝑎) 𝐾𝑑,{𝑏,𝑐} .125 − 𝛽4 .051 + 𝛽4 .176  
 𝐾𝑐,{𝑏} 𝐾𝑏,{𝑐} 𝐿{𝑏,𝑐} .125 .171 .296  
 P(𝑏𝑑𝑎𝑐) P(𝑑𝑏𝑎𝑐) 𝐾𝑎,{𝑏,𝑑} 𝛽5 .141 − 𝛽5 .141  
 P(𝑏𝑑𝑐𝑎) P(𝑑𝑏𝑐𝑎) 𝐾𝑐,{𝑏,𝑑} .066 − 𝛽5 .048 + 𝛽5 .114  
 𝐾𝑑,{𝑏} 𝐾𝑏,{𝑑} 𝐿{𝑏,𝑑} .066⋆ .189 .255  
 P(𝑐𝑑𝑎𝑏) P(𝑑𝑐𝑎𝑏) 𝐾𝑎,{𝑐,𝑑} 𝛽6 .108 − 𝛽6 .108  
 P(𝑐𝑑𝑏𝑎) P(𝑑𝑐𝑏𝑎) 𝐾𝑏,{𝑐,𝑑} .018 − 𝛽6 .009 + 𝛽6 .027  
 𝐾𝑑,{𝑐} 𝐾𝑐,{𝑑} 𝐿{𝑐,𝑑} .018⋆ .117 .135  
 Maximum entropyb Minimum entropyc
 .011 .021 .032 .027 .005 .032  
 .016 .030 .046 .000 .046 .046  
 .027 .051 .078 .027 .051 .078  
 .023 .022 .045 .000 .045 .045  
 .045 .043 .088 .068 .020 .088  
 .068 .065 .133 .068 .065 .133  
 .046 .023 .069 .068 .001 .069  
 .022 .012 .034 .000 .034 .034  
 .068 .035 .103 .068 .035 .103  
 .051 .069 .120 .120 .000 .120  
 .074 .102 .176 .005 .171 .176  
 .125 .171 .296 .125 .171 .296  
 .036 .105 .141 .000 .141 .141  
 .030 .084 .114 .066 .048 .114  
 .066 .189 .255 .066 .189 .255  
 .014 .094 .108 .000 .108 .108  
 .004 .023 .027 .018 .009 .027  
 .018 .117 .135 .018 .117 .135  
a The solution is parameterized by six probabilities 𝛽𝑘 ∈ [0, 𝛽∗𝑘 ], where 𝛽∗𝑘 is an upper bound corresponding 
to the minimal BM polynomial in each block of four rankings, indicated by an asterisk (⋆) in one of the 
horizontal or vertical margins.
b The solution is obtained, within each block of four rankings, in the same way one constructs an 
independence solution in a standard contingency table.
c The solution is determined numerically by comparing entropy across two candidate corner solutions 
within the restricted block of four rankings.
Table 2
Numerical illustration of the maximum-entropy solution to Falmagne’s representation problem for 𝑛 = 5: first-level 
contingency tables.a.
 Probabilities Max.-entropy

 P({𝑎, 𝑏}𝑐𝑑𝑒) P({𝑎, 𝑐}𝑏𝑑𝑒) P({𝑏, 𝑐}𝑎𝑑𝑒) 𝐾𝑑,{𝑎,𝑏,𝑐} .0190 .0169 .0188 .0547 
 P({𝑎, 𝑏}𝑐𝑒𝑑) P({𝑎, 𝑐}𝑏𝑒𝑑) P({𝑏, 𝑐}𝑎𝑒𝑑) 𝐾𝑒,{𝑎,𝑏,𝑐} .0100 .0090 .0100 .0290 
 𝐾𝑐,{𝑎,𝑏} 𝐾𝑏,{𝑎,𝑐} 𝐾𝑎,{𝑏,𝑐} 𝐿{𝑎,𝑏,𝑐} .0290 .0259 .0288 .0837 
 P({𝑎, 𝑏}𝑑𝑐𝑒) P({𝑎, 𝑑}𝑏𝑐𝑒) P({𝑏, 𝑑}𝑎𝑐𝑒) 𝐾𝑐,{𝑎,𝑏,𝑑} .0249 .0147 .0231 .0627 
 P({𝑎, 𝑏}𝑑𝑒𝑐) P({𝑎, 𝑑}𝑏𝑒𝑐) P({𝑏, 𝑑}𝑎𝑒𝑐) 𝐾𝑒,{𝑎,𝑏,𝑑} .0164 .0097 .0151 .0412 
 𝐾𝑑,{𝑎,𝑏} 𝐾𝑏,{𝑎,𝑑} 𝐾𝑎,{𝑏,𝑑} 𝐿{𝑎,𝑏,𝑑} .0413 .0244 .0382 .1039 
 P({𝑎, 𝑏}𝑒𝑐𝑑) P({𝑎, 𝑒}𝑏𝑐𝑑) P({𝑏, 𝑒}𝑎𝑐𝑑) 𝐾𝑐,{𝑎,𝑏,𝑒} .0152 .0097 .0090 .0340 
 P({𝑎, 𝑏}𝑒𝑑𝑐) P({𝑎, 𝑒}𝑏𝑑𝑐) P({𝑏, 𝑒}𝑎𝑑𝑐) 𝐾𝑑,{𝑎,𝑏,𝑒} .0214 .0137 .0127 .0477 
 𝐾𝑒,{𝑎,𝑏} 𝐾𝑏,{𝑎,𝑒} 𝐾𝑎,{𝑏,𝑒} 𝐿{𝑎,𝑏,𝑒} .0366 .0234 .0217 .0817 
a Out of the ten possible first-level contingency tables, only the three needed at the second level are presented here, 
corresponding to the cases where 𝑎 and 𝑏 appear among the top three alternatives.
7 
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Table 3
Numerical illustration of the maximum-entropy solution to Falmagne’s representation problem 
for 𝑛 = 5: second level of construction, using as right-hand margins the probabilities computed 
at the first level (see Table  2).
 Probabilities Max.-entropy

 P(𝑎𝑏𝑐𝑑𝑒) P(𝑏𝑎𝑐𝑑𝑒) P({𝑎, 𝑏}𝑐𝑑𝑒) .0075 .0115 .0190 
 P(𝑎𝑏𝑐𝑒𝑑) P(𝑏𝑎𝑐𝑒𝑑) P({𝑎, 𝑏}𝑐𝑒𝑑) .0040 .0060 .0100 
 P(𝑎𝑏𝑑𝑐𝑒) P(𝑏𝑎𝑑𝑐𝑒) P({𝑎, 𝑏}𝑑𝑐𝑒) .0099 .0150 .0249 
 P(𝑎𝑏𝑑𝑒𝑐) P(𝑏𝑎𝑑𝑒𝑐) P({𝑎, 𝑏}𝑑𝑒𝑐) .0065 .0099 .0164 
 P(𝑎𝑏𝑒𝑐𝑑) P(𝑏𝑎𝑒𝑐𝑑) P({𝑎, 𝑏}𝑒𝑐𝑑}) .0061 .0091 .0152 
 P(𝑎𝑏𝑒𝑑𝑐) P(𝑏𝑎𝑒𝑑𝑐) P({𝑎, 𝑏}𝑒𝑑𝑐}) .0085 .0129 .0214 
 𝐾𝑏,{𝑎} 𝐾𝑎,{𝑏} 𝐿{𝑎,𝑏} .0425 .0644 .1069 
Table 4
Revisiting the counterexample of Fishburn (1998) using a contingency table (0 ≤ 𝛽1 ≤ .5).
 Probabilities Gen., max.-entropy, P1 and P2 solutions
 P(𝑎𝑏𝑐𝑑) P(𝑏𝑎𝑐𝑑) 𝐾𝑐,{𝑎,𝑏} 𝛽1 , .25, .5, .0 .5 − 𝛽1 , .25, .0, .5 .5  
 P(𝑎𝑏𝑑𝑐) P(𝑏𝑎𝑑𝑐) 𝐾𝑑,{𝑎,𝑏} .5 − 𝛽1 , .25, .0, .5 𝛽1 , .25, .5, .0 .5  
 𝐾𝑏,{𝑎} 𝐾𝑎,{𝑏} 𝐿{𝑎,𝑏} .5 .5 1  
Building on this observation of non-uniqueness, we establish a 
related result highlighting that, in standard models widely studied in 
the literature on random utility models, there exist infinitely many 
ways, when 𝑛 ≥ 4, to construct representations that generate the same 
system of choice probabilities.

Corollary 1.  For 𝑛 ≥ 4, if all the BM polynomials 𝐾𝑥,𝐵 , with 𝐵 ⊂ 𝐴, 
1 ≤ |𝐵| ≤ 𝑛−2, and 𝑥 ∈ (𝐴−𝐵), are strictly positive, then all choice proba-
bilities are strictly positive, as is the entropy-maximizing solution. Moreover, 
Falmagne’s representation problem admits infinitely many solutions.

Proof.  The proof is provided in Appendix. □

Our result shows that as soon as the entropy-maximizing solution 
remains in the interior, there exist infinitely many rationalizing prob-
ability distributions. However, we do not characterize explicitly the 
dimension of the kernel of the system. In contrast, Turansick (2022) 
provides a characterization of uniqueness based on the structure of the 
probability flow diagram, which can be reinterpreted in terms of kernel 
dimensionality. An interesting perspective would be to analyze under 
what conditions the kernel is reduced to a single point, providing an 
alternative interpretation of our findings.

Corollary  1 has an important implication for standard random utility 
models. If all the BM polynomials of a given model are strictly positive, 
then we know that an interior solution exists. Moreover, for 𝑛 ≥ 4, we 
systematically have an infinite number of solutions. In the following 
sections, we will see that this is precisely the case for the Luce model 
and the GEV model. We will construct a candidate solution based on 
Shannon entropy, while keeping in mind that this is not the unique 
solution—many others exist for 𝑛 ≥ 4.

6. Entropy-maximizing solutions for two classical models

In this section, we apply our results to two classical models of choice 
theory – the Luce model and the GEV model – in order to obtain explicit 
ranking probabilities that maximize Shannon entropy.

6.1. The Luce model

The Luce (1959) model, essentially in its substantive part, focuses 
on a system of choice probabilities where alternatives that are never 
chosen have already been eliminated. Thus, we deal with the standard 
framework in which all choice probabilities are strictly positive. For any 
8 
subset 𝐵 ⊂ 𝐴 with |𝐵| ≥ 2, and for any pair of alternatives 𝑥, 𝑦 ∈ 𝐵, 
these probabilities satisfy the following property: 
𝑃𝑥,𝐵

𝑃𝑦,𝐵
=

𝑃𝑥,𝐴

𝑃𝑦,𝐴
. (14)

It is well known (Luce, 1959, Theorem 3) that the choice proba-
bilities of systems satisfying the previous condition can be represented 
using scale values. This result states that there exist 𝑛 strictly positive 
values 𝑣𝑥, which are unique up to a strictly positive multiplicative 
constant, such that for any 𝐵 ∈ ∗(𝐴) and for all 𝑥 ∈ 𝐵, we have:

𝑃𝑥,𝐵 =
𝑣𝑥

∑

𝑦∈𝐵 𝑣𝑦
. (15)

It is particularly relevant in the context of this paper to recall 
that McFadden (1974) (see also Luce & Suppes, 1965, p.338) showed 
that the Luce model can be derived from a random utility model where 
the random utilities follow independent Gumbel distributions. More 
precisely, if the utilities 𝑈𝑥, for 𝑥 ∈ 𝐴, are independently distributed 
according to the cumulative distribution function: 

𝐹𝑈𝑥
(𝑢) = exp

(

−𝑣𝑥𝑒−𝑢
)

, (16)

where 𝑢 represents a real realization of the random variable 𝑈𝑥. This 
result will be instrumental in our argumentation in the following 
paragraph.

Since the Luce model can be derived from a random utility model 
where the utility vector of all alternatives is absolutely continuous with 
support in R𝑛, an important consequence follows: the BM polynomials 
associated with this model are necessarily strictly positive, and the 
probability measure obtained as a Shannon entropy-maximizing so-
lution will be an interior solution, meaning that all rankings have a 
strictly positive probability.

Under these constraints, we are now able to exhibit the form of 
this solution, which maximizes Shannon entropy, and to state certain 
consequences of this result in the following:

Proposition 1.  For 𝑛 ≥ 2, any system of choice probabilities that satisfies 
Luce’s axiom can be represented by a maximum-entropy solution, given by:

P(𝑥1 … 𝑥𝑛) =
𝑛−1
∏

𝑠=1

𝑣𝑥𝑠
∑𝑛

𝑡=𝑠 𝑒
𝑣𝑥𝑡

. (17)

For 𝑛 = 2, 3, this representation is the only one that can be found. However, 
for 𝑛 ≥ 4, there exists an infinite number of other potential representations.
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Proof.  For 𝑛 = 2, this case is trivial since: 

P(𝑥1𝑥2) = 𝑃𝑥1 ,𝐴 =
𝑣𝑥1

𝑣𝑥1 + 𝑣𝑥2
, (18)

which is the unique representation and coincides with the expression 
given in Eq.  (17) when 𝑛 = 2.

For 𝑛 = 3, we know that there is a unique representation given by:
P(𝑥1𝑥2𝑥3) = 𝑃𝑥2 ,{𝑥2 ,𝑥3} − 𝑃𝑥2 ,𝐴

=
𝑣𝑥2

𝑣𝑥2 + 𝑣𝑥3
−

𝑣𝑥2
𝑣𝑥1 + 𝑣𝑥2 + 𝑣𝑥3

=
𝑣𝑥1

𝑣𝑥1 + 𝑣𝑥2 + 𝑣𝑥3
⋅

𝑣𝑥2
𝑣𝑥2 + 𝑣𝑥3

.

Again, we recover the form given in Eq.  (17) when 𝑛 = 3.
We now address the case 𝑛 ≥ 4. Using Eq.  (13), we obtain the 

following expression in the framework of the Luce model:

P(𝑥1 … 𝑥𝑛) =
𝑛−1
∏

𝑠=1

𝑣𝑥𝑠
∑

𝐵⊃{𝑥𝑠 ,…,𝑥𝑛}(−1)
|𝐵|

(

∑

𝑦∈𝐵 𝑣𝑦
)−1

∑𝑛
𝑡=𝑠 𝑒

𝑣𝑥𝑡
∑

𝐵⊃{𝑥𝑠 ,…,𝑥𝑛}(−1)
|𝐵|

(

∑

𝑦∈𝐵 𝑣𝑦
)−1

.

The alternating sums appearing in both the numerators and denom-
inators simplify, which gives us the following expression given by
Eq.  (17) □

In a natural way, although there potentially exists an infinite num-
ber of possible solutions when 𝑛 ≥ 4, in this context, the solution 
that maximizes Shannon entropy coincides with that derived from a 
random utility model where the utilities are assumed to be independent 
and follow a Gumbel distribution. Indeed, among the set of probability 
measures on the possible rankings, we find the one obtained from 
the ranking distribution induced by the random utility model with 
independent Gumbel utilities. This solution takes the form of a product 
of logistic choice probability ratios (logits), a well-known structure in 
economics and statistics. This form corresponds precisely to the so-
called rank-ordered logit model (sometimes called exploded logit), which 
is widely used to model complete rankings of alternatives from choice 
data. To this end, it is worth noting that Kilani (2025) shows that by 
introducing dependencies in the utility vector whose marginals are of 
the Gumbel-type, through Archimedean copulas, the same rank-ordered 
logit model, given by Eq.  (17), is obtained. This suggested that its 
multiplicative form is not related to the independence of the utilities. 
We now know that this multiplicative form is rather associated with 
the maximization of Shannon entropy.

In random utility models, the probability of a given ranking
𝑥1𝑥2 … 𝑥𝑛, where the utilities are strictly ordered according to this 
ranking, is calculated through an 𝑛-dimensional integral as follows:
P(𝑥1𝑥2 … 𝑥𝑛) = 𝑃 (𝑈𝑥1 > 𝑈𝑥2 > ⋯ > 𝑈𝑥𝑛 )

= ∫

∞

−∞ ∫

𝑢1

−∞
⋯∫

𝑢𝑛−1

−∞
d𝐹𝐔(𝑢1,… , 𝑢𝑛),

where 𝐹𝐔 denotes the joint distribution of the utility vector 
(𝑈𝑥1 ,… , 𝑈𝑥𝑛 ), and (𝑢𝑥1 ,… , 𝑢𝑥𝑛 ) denotes a real realization of this random 
vector. Note that there are several possible rankings of the alternatives, 
but by reorganizing the utility vector in the order (𝑈𝑥1 ,… , 𝑈𝑥𝑛 ), we 
lose no generality. This reorganization simply allows us to simplify 
the expression of the strict ranking without restricting the scope of the 
result.

In a framework where the utilities follow independent Gumbel dis-
tributions, this expression can be explicitly calculated. This derivation, 
which relies on computing the probability of a strict ranking within the 
framework of a random utility model, was established notably by Beggs 
et al. (1981). Their approach involves evaluating this multiple integral, 
which requires complex calculations and technical intricacies. How-
ever, in our case, the solution maximizing Shannon entropy emerges 
naturally, without requiring integral calculations, while leading to the 
same final expression. This convergence between the two approaches 
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– one based on entropy maximization and the other on the compu-
tation of a multidimensional integral – confirms the consistency and 
robustness of this solution.

We know that, whenever 𝑛 ≥ 4, there exists an infinite number 
of possible solutions. With our method, which consists of maximizing 
Shannon entropy, we systematically arrive at an explicit solution. This 
solution coincides with the one obtained through the method of multi-
dimensional integrals within the framework of the Luce model, but it 
offers an additional advantage: if we wish to exhibit other solutions, 
it is possible to consider changing the entropy function. For example, 
we could switch to Rényi entropy (cf., e.g., Bunte & Lapidoth, 2014), 
which is a generalization of Shannon entropy and is controlled by an 
additional positive parameter 𝛼 (Shannon entropy being a special case 
of Rényi entropy when 𝛼 = 1). We have explored this path, but we 
have only obtained explicit solutions in the case of Shannon entropy. 
For other values of 𝛼, we conjecture that no explicit solutions exist. 
However, numerically, it is entirely possible to obtain these solutions 
through the implementation of convex optimization programs under 
linear constraints.

This flexibility contrasts with the integral method, where it seems 
more difficult to find other distributions that generate logit models. In 
our approach, it suffices to modify the function to be maximized (for 
example, by switching from Shannon to Rényi entropy) to necessarily 
obtain other solutions that address Falmagne’s representation problem 
for the Luce model. This possibility opens up interesting perspectives, 
particularly for exploring alternative solutions while maintaining the 
multiplicative structure of choice probabilities. This shows that our 
method, based on entropy maximization, offers a promising avenue 
for generalizing and enriching ranking models beyond the classical 
framework of the rank-ordered logit.

6.2. Extension to the GEV model

We now extend our results to the GEV model, introduced by Mc-
Fadden (1978). This model is based on a random utility framework, 
where the utilities of alternatives are jointly distributed according to a 
specific dependence structure. It generalizes the Luce model by allow-
ing for correlations between alternatives while maintaining a tractable 
analytical form.

The GEV model is characterized by a function 𝐺 ∶ R𝑛
+ → R+, 

called GEV generator function, which encodes the dependence structure 
among alternatives. The function 𝐺 is homogeneous of degree 1, ensur-
ing that the resulting choice probabilities are well-defined. The function 
𝐺𝐴 must satisfy specific properties, as detailed in McFadden (1978), to 
ensure internal consistency with a random utility model. Introducing 
the function 𝛬 = ln𝐺 allows for a more compact notation, simplifying 
the representation of the model’s equations.

Since we need to consider choice probabilities over nonempty sub-
sets 𝐵 ⊂ 𝐴, we must introduce the vectors 𝐯𝐵 . These vectors have the 
same components as 𝐯𝐴, except that the components corresponding to 
𝐴−𝐵 are set to zero. The probability of choosing an alternative 𝑥 ∈ 𝐵
in a GEV model is given by: 
𝑃𝑥,𝐵 = 𝑣𝑥𝛬𝑥(𝐯𝐵), (19)

where 𝛬𝑥 denotes the partial derivative of 𝛬 with respect to the 
component indexed by 𝑥. A particularly relevant case is obtained when 
the generator function is given by:
𝛬(𝐯𝐴) = ln

∑

𝑥∈𝐴
𝑣𝑥.

In this case, the GEV model reduces to the Luce model, illustrating that 
Luce’s model is a special case of the GEV framework.

To explicitly derive a probability distribution over rankings that 
generates the choice probabilities of the GEV model, we now apply the 
same reasoning as in the case of the Luce model. Our objective is to find 
a probability measure over rankings that maximizes Shannon entropy 
while being consistent with the GEV choice probabilities.
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Proposition 2.  For 𝑛 ≥ 2, any system of choice probabilities satisfying the 
GEV model can be represented by a maximum-entropy solution, given by: 

P(𝑥1 … 𝑥𝑛) =
𝑛−1
∏

𝑠=1

𝑣𝑥𝑠
∑

𝐵⊃{𝑥𝑠 ,…,𝑥𝑛}(−1)
|𝐵|𝛬𝑥𝑠 (𝐯𝐵)

∑𝑛
𝑡=𝑠 𝑣𝑥𝑡

∑

𝐵⊃{𝑥𝑠 ,…,𝑥𝑛}(−1)
|𝐵|𝛬𝑥𝑡 (𝐯𝐵)

. (20)

For 𝑛 = 2, 3, this representation is unique. However, for 𝑛 ≥ 4, there exists 
an infinite number of alternative representations.

Proof.  For 𝑛 = 2, we obtain:
P(𝑥1𝑥2) = 𝑣𝑥1𝛬𝑥1 (𝐯{𝑎,𝑏}).

Applying the general formula for 𝑛 = 2, we get:

P(𝑥1𝑥2) =
𝑣𝑥1𝛬𝑥1 (𝐯{𝑎,𝑏})

∑2
𝑡=1 𝑣𝑥𝑡𝛬𝑥𝑡 (𝐯{𝑎,𝑏})

.

By Euler’s identity for homogeneous functions, both expressions above 
are identical.

For 𝑛 = 3, we have:
P(𝑥1𝑥2𝑥3) = 𝑣𝑥2𝛬𝑥2 (𝐯{𝑥2 ,𝑥3}) − 𝑣𝑥2𝛬𝑥2 (𝐯{𝑎,𝑏,𝑐}).

Using our general formula and applying Euler’s identity once again, we 
obtain:

P(𝑥1𝑥2𝑥3) = 𝑣𝑥1𝛬𝑥1 (𝐯{𝑎,𝑏,𝑐}) ×
𝑣𝑥2𝛬𝑥2 (𝐯{𝑎,𝑏,𝑐}) − 𝑣𝑥2𝛬𝑥2 (𝐯{𝑥2 ,𝑥3})

𝛥
where

𝛥 ≡
[

𝑣𝑥2𝛬𝑥2 (𝐯{𝑎,𝑏,𝑐}) + 𝑣𝑥3𝛬𝑥3 (𝐯{𝑎,𝑏,𝑐})
]

−
[

𝑣𝑥2𝛬𝑥2 (𝐯{𝑥2 ,𝑥3}) + 𝑣𝑥3𝛬𝑥3 (𝐯{𝑥2 ,𝑥3})
]

.

Applying Euler’s identity twice, we find:

𝛥 =
[

1 − 𝑣𝑥1𝛬𝑥1 (𝐯{𝑎,𝑏,𝑐})
]

− 1 = 𝑣𝑥1𝛬𝑥1 (𝐯{𝑎,𝑏,𝑐}),

which gives the expected result:
P(𝑥1𝑥2𝑥3) = 𝑣𝑥2𝛬𝑥2 (𝐯{𝑥2 ,𝑥3}) − 𝑣𝑥2𝐺𝑥2 (𝐯{𝑎,𝑏,𝑐}).

For 𝑛 ≥ 4, the general expression follows immediately from
Eq.  (13). □

Therefore, it is now possible to obtain an explicit solution for the 
probability distribution over rankings within the framework of the GEV 
model, introduced many years ago by McFadden (1978) as an extension 
of the Luce model.

Until now, to the best of our knowledge, there was no explicit 
form of a probability measure over rankings that generates the GEV 
probability system. Indeed, the classical method, which relies on mul-
tidimensional integration (such as the one used by Beggs et al., 1981), 
faces insurmountable complexity as soon as the number of alternatives 
exceeds 3.

Thanks to our approach, we have demonstrated that it is possible 
to obtain an explicit solution, expressed as a product of BM polyno-
mials corresponding to the GEV model. Unlike the case of the Luce 
model, where these polynomials take a particularly simple form, in 
the GEV model, the ratios of their BM polynomials do not simplify 
significantly but remain explicit. However, their structure is known, 
and once the GEV utilities are fixed for each subset, it becomes possible 
to compute these polynomials and thus obtain the complete distribution 
over rankings. It should be emphasized that GEV models form only a 
particular parametric family within the broader class of Multivariate 
Extreme Value (MEV) random utility models. Recall the result of Joe 
(2001), according to which any ranking probability distribution can 
be approximated arbitrarily well by a sequence of ranking probability 
distributions generated by MEV models.

This result represents a significant step forward beyond traditional 
integration-based methods, which have never allowed for such an 
explicit solution. Beyond this, our approach opens a new perspective: 
10 
by modifying the entropy function, as we have explained for the Luce 
model, it becomes possible to explore other probability measures over 
rankings within the family of GEV models. All of this opens up exciting 
prospects, both for theoretical work and for practitioners interested in 
ranking data.
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Appendix. Mathematical appendix

Mathematical Appendix

Proof of Lemma  2.  The proof relies entirely on equivalence, as we 
apply elementary operations to the equations of the linear system given 
by Eq.  (2). More precisely, for each linear equation in the system, we 
retain it and apply elementary operations by adding or subtracting 
other linear equations from the system. These transformations yield 
an equivalent system with the same set of solutions (cf., e.g. Knop, 
2008, Definition 5 and Theorem 4). During the process, redundant 
equations – those identical to others – are removed, keeping only one 
representative. Subsequent operations preserve equivalence with the 
original system.

Eq.  (2) in Definition  2 expresses the problem of finding a probability 
measure P on (𝛱𝐴) that satisfies the following constraints: For each 
subset 𝐵 ⊊ 𝐴, and for each 𝑥 ∈ (𝐴 − 𝐵), the following equality holds:
P(𝑥[𝐴 − 𝐵]) = 𝑃𝑥,𝐴−𝐵 .

This defines a linear system, with one equation per pair (𝑥,𝐴 − 𝐵), 
involving sums over permutations in the event 𝑥[𝐴 − 𝐵].

When 𝐵 = 𝐴 − {𝑥}, the equation is:
P(𝑥[{𝑥}]) = P(𝛱𝐴) = 𝑃𝑥,{𝑥} = 1.

This is the normalization condition, as given in Eq.  (3), duplicated 𝑛
times. The corresponding 𝑛 equations, associated with |𝐵| = 𝑛 − 1, 
can be removed from our system by taking differences between the 
equations. Nevertheless, normalization is still preserved, even after 
this elimination, by considering 𝐵 = ∅ and through the following 
summation:
∑

𝑥∈𝐴
P(𝑥[𝐴]) = P(𝛱𝐴) =

∑

𝑥∈𝐴
𝑃𝑥,𝐴 = 1.

For the remaining equations of the system indexed by (𝑥,𝐴 − 𝐵)
with 0 ≤ |𝐵| ≤ 𝑛 − 2, each equation is modified through elementary 
operations. Each equation indexed by (𝑥,𝐴 − 𝐶) for each 𝐶 ⊂ 𝐵 is 
multiplied by (−1)|𝐵|−|𝐶|, and then added to the equation indexed by 
(𝑥,𝐴−𝐵). This method allows for the transformation and combination 
of equations while adhering to the rules of elementary operations. 
It is important to note that the initial equation indexed by (𝑥,𝐴 −
𝐵) is included in these operations, ensuring the consistency of the 
transformed system.
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It is readily apparent that the right-hand sides of the transformed 
equations correspond precisely to the BM polynomials 𝐾𝑥,𝐵 , as delin-
eated by Eq.  (4) in Definition  3.

We now turn our attention to the transformations of the right-hand 
sides of the equations indexed by (𝑥,𝐴 − 𝐵), with 𝐵 being a non-
empty subset that does not contain 𝑥 and whose cardinality satisfies 
1 ≤ |𝐵| ≤ 𝑛−2. Although a singular rule governs these transformations, 
it is applied uniquely to each equation depending on the specific subset 
𝐶 ⊊ 𝐵. For 𝐶 ⊊ 𝐵, it is important to notice that:
𝑥[𝐴 − 𝐶] =

⋂

𝑦∈𝐵−𝐶
(𝑥[(𝐴 − 𝐵) ∪ {𝑦}]),

where 𝐷 ≡ 𝐵 − 𝐶, whose cardinality is given by |𝐷| = |𝐵| − |𝐶|. This 
allows us to deduce the following equation after transformation:

P(𝑥[𝐴 − 𝐵]) −
∑

∅⊊𝐷⊂𝐵
(−1)|𝐷|−1P

(

⋂

𝑦∈𝐷
(𝑥[(𝐴 − 𝐵) ∪ {𝑦}])

)

= 𝐾𝑥,𝐵 .

By applying the inclusion–exclusion formula (see, e.g., Klenke, 
2008, Theorem 1.33, p. 15), which must be satisfied by any probability 
measure – in this case, the probability measure P – we replace the 
alternating sum and obtain:

P(𝑥[𝐴 − 𝐵]) − P

(

⋃

𝑦∈𝐵
(𝑥[(𝐴 − 𝐵) ∪ {𝑦}])

)

= 𝐾𝑥,𝐵 .

By applying the distributive property of intersection over union, we can 
simplify the expression to obtain:

P(𝑥[𝐴 − 𝐵]) − P

((

⋃

𝑦∈𝐵
([{𝑥}]𝑦)

)

∩ (𝑥[𝐴 − 𝐵])

)

= 𝐾𝑥,𝐵 .

Next, using the additivity property and De Morgan’s law, and noting 
that the complement of [{𝑥}]𝑦 is [{𝑦}]𝑥, we derive:

P

((

⋂

𝑦∈𝐵
([{𝑦}]𝑥)

)

∩ (𝑥[𝐴 − 𝐵])

)

= 𝐾𝑥,𝐵 .

Finally, recognizing that
⋂

𝑦∈𝐵
[{𝑦}]𝑥 = [𝐵]𝑥,

we recover Equation (5).
We now demonstrate how to eliminate the 𝑛 equations indexed 

by (𝑥,𝐴), which remain untransformed in their original form. These 
equations are of the form P(𝑥[𝐴]) = 𝑃𝑥,𝐴 for each 𝑥 ∈ 𝐴. To this end, we 
use the transformed equations corresponding to the equations indexed 
by (𝑥,𝐴 − {𝑥}), where 𝑦 ≠ 𝑥. These equations have been transformed 
to:

P (([{𝑥}]𝑦) ∩ (𝑦[𝐴 − {𝑥}])) = 𝐾𝑦,{𝑥}.

The events in parentheses are disjoint and represent rankings where 𝑦
arrives in second place just after 𝑥. By taking their union over each 𝑦 in 
𝐴−{𝑥}, we recover the event (𝑥[𝐴]). Thus, summing over 𝑦 in 𝐴−{𝑥}, 
we obtain:
P(𝑥[𝐴]) =

∑

𝑦∈𝐴−{𝑥}
𝐾𝑦,{𝑥}.

Since by definition 𝐾𝑦,{𝑥} = 𝑃𝑦,𝐴−{𝑥} − 𝑃𝑦,𝐴, we deduce that:

P(𝑥[𝐴]) =
∑

𝑦∈𝐴−{𝑎}
𝑃𝑦,𝐴−{𝑎} −

∑

𝑦∈𝐴−{𝑎}
𝑃𝑦,𝐴

= 1 −
∑

𝑦∈𝐴−{𝑥}
𝑃𝑦,𝐴 = 𝑃𝑥,𝐴.

By elementary operations, the equation P(𝑥[𝐴]) = 𝑃𝑥,𝐴 is canceled as 
it can be expressed as a sum of other transformed equations. This pre-
serves the integrity of the contributing equations and reduces the sys-
tem’s complexity by eliminating 𝑛 such equations, each for an arbitrary 
𝑥 in 𝐴. □
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Proof of Theorem  3.  Necessity of the nonnegativity of the BM polyno-
mials stated in (i) follows from Lemma  2. Sufficiency will result from 
the explicit construction given in Eq.  (13), which we establish below. 
Uniqueness of the entropy-maximizing solution formulated in (ii) fol-
lows from Theorem  2. In carrying out the construction announced in 
(iv), we also show that the resulting solution satisfies the branching-
independence property stated in (iii), as introduced by Suleymanov 
(2024).

Since all rankings outside 𝛱+
𝐴  have probability zero, we focus on 

rankings 𝑥1 … 𝑥𝑛 ∈ 𝛱+
𝐴 . The probability of any relevant ranking enters 

additively on the left-hand side of the constraints associated with the 
BM polynomials 𝐾𝑥𝑟 ,{𝑥1 ,…,𝑥𝑟−1} for 𝑟 = 2,… , 𝑛−1. Any such contribution 
is encoded by an indicator taking value 1 when the corresponding 
pattern is met and 0 otherwise; this encoding provides the functions 
𝑓𝑗 (⋅) in Theorem  2.

By Theorem  2, the Shannon-entropy-maximizing ranking distribu-
tion subject to the BM polynomial constraints must take the form: 

P(𝑥1 … 𝑥𝑛) =
1
𝑇1

𝑛−1
∏

𝑟=2
𝜇𝑥𝑟 ,{𝑥1 ,…,𝑥𝑟−1}, (A.1)

where the 𝜇’s are indexed in the same way as the corresponding BM 
polynomials. The normalizing constant 𝑇1 is obtained by summing the 
displayed product over all rankings 𝑥1 … 𝑥𝑛 ∈ 𝛱+

𝐴 .
We have, for 𝑟 = 2,… , 𝑛 − 1, the following equalities:

P(𝐸𝑟 ∣ 𝐷𝑟) =
𝑇𝑟
𝑇1

𝑟−1
∏

𝑠=2
𝜇𝑥𝑠 ,{𝑥1 ,…,𝑥𝑠−1}, (A.2)

P(𝐹𝑟 ∣ 𝐷𝑟) =
𝐾𝑥𝑟 ,{𝑥1 ,…,𝑥𝑟−1}

𝐿{𝑥1 ,…,𝑥𝑟−1}
=

𝑇𝑟+1
𝑇𝑟

𝜇𝑥𝑟 ,{𝑥1 ,…,𝑥𝑟−1}, (A.3)

P(𝐸𝑟 ∩ 𝐹𝑟 ∣ 𝐷𝑟) =
𝑇𝑟+1
𝑇1

𝑟
∏

𝑠=2
𝜇𝑥𝑠 ,{𝑥1 ,…,𝑥𝑠−1}, (A.4)

where the quantities 𝑇𝑟 are defined by

𝑇𝑟 ≡
∑

𝑦𝑟…𝑦𝑛∈𝛱{𝑥𝑟,…,𝑥𝑛}

𝑛−1
∏

𝑠=𝑟
𝜇𝑦𝑠 ,{𝑥1 ,…,𝑥𝑟−1 , 𝑦𝑟 ,…,𝑦𝑠−1},

and setting 𝑇𝑛 ≡ 1. Here, 𝑦𝑟 … 𝑦𝑛 denotes a ranking in 𝛱{𝑥𝑟 ,…,𝑥𝑛}, the set 
of all rankings of the subset {𝑥𝑟,… , 𝑥𝑛}. When 𝑠 = 𝑟, the list 𝑦𝑟,… , 𝑦𝑠−1
is taken to be empty; this is a mild abuse of notation used to keep the 
expression compact.

Eqs. (A.2)–(A.4) follow from the multiplicative structure of (A.1) 
and from canceling common factors in the numerator and denominator. 
Together, they establish item (iii) and the branching-independence 
property stated in (12).

Now, relying solely on Eqs. (A.1) and (A.3) and applying telescoping 
cancellations, we obtain:

P(𝑥1 … 𝑥𝑛) =
𝑇2
𝑇1

𝑛−1
∏

𝑟=2

𝐾𝑥𝑟 ,{𝑥1 ,…,𝑥𝑟−1}

𝐿{𝑥1 ,…,𝑥𝑟−1}
.

Since 𝑇2∕𝑇1 corresponds to the probability that 𝑥1 precedes all alterna-
tives in {𝑥2,… , 𝑥𝑛} in any order and therefore equals 𝐿{𝑥1}, replacing 
this value in the displayed equation above yields the form given in Eq. 
(13). □

Proof of Corollary  1.  Under the conditions of this corollary, since 
the BM polynomials 𝐾𝑥,𝐵 are strictly positive, they are therefore, a 
fortiori, nonnegative. It is then possible to represent the choice proba-
bilities by a probability measure over rankings. In particular, the choice 
probabilities in the set 𝐴 are strictly positive, since:
𝑃𝑥,𝐴 =

∑

𝑦∈𝐴−{𝑥}
𝐾𝑦,{𝑥} > 0.

According to Theorem  3, there exists a probability measure repre-
senting the choice probabilities, which is expressed as a product of 
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strictly positive terms. This measure is therefore strictly positive. It 
follows that all choice probabilities are strictly positive since they 
can be expressed as sums of ranking probabilities, which themselves 
are strictly positive. Let us now return to the initial problem, where 
we seek to determine a probability distribution that reproduces the 
choice probabilities. This amounts to solving a linear system, where the 
number of equations equals the number of choice probabilities 𝑃𝑥,𝐵 , for 
which the cardinality of 𝐵 is between 2 and 𝑛. The maximum number 
of independent equations is given by:
𝑛
∑

𝑟=2

(

𝑛
𝑟

)

𝑟 −
𝑛−1
∑

𝑟=2

(

𝑛
𝑟

)

= 2𝑛−1𝑛 − 2𝑛 + 2.

We subtracted the second sum because the probability normalization 
conditions are redundant: there are too many of them, but we kept 
only one to ensure normalization, corresponding to the sum of the 
choice probabilities over the set 𝐴. The result on the right-hand side 
is a standard simplification for this type of sum, which relies on the 
binomial theorem. The number of variables in this problem is the total 
number of rankings, i.e., 𝑛!. According to the rank theorem, if we 
solve this system in R𝑛! while ignoring the positivity constraint on the 
solutions, the dimension 𝑘(𝑛) of the kernel satisfies:
𝑘(𝑛) ≥ 𝑛! − 2𝑛−1𝑛 + 2𝑛 − 2.

For 𝑛 = 4, we find:
𝑘(4) ≥ 24 − 32 + 16 − 2 = 6.

For 𝑛 ≥ 5, we have:
𝑘(𝑛) ≥ 24 × 5 ×⋯ × 𝑛 − 16 × 2𝑛−5𝑛 + 2𝑛 − 2 > 2𝑛 − 2.

Thus, the kernel is not reduced to a single element, which implies the 
existence of multiple solutions. Now consider a particular solution of 
the kernel: the one given by our theorem, which is strictly positive and 
interior. Let us also take another solution from the kernel, i.e., one that 
satisfies the equations but does not necessarily respect the positivity 
constraint. By taking a convex combination of these two solutions, 
we can progressively adjust the coefficients and eventually enter the 
domain of nonnegative solutions. This demonstrates that the system in-
deed admits an infinite number of solutions that respect the probability 
constraints. □

Data availability

No data was used for the research described in the article.
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